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In arecent publicatiorfhys. Rev. B6 174110 (2002)] we introduced a new tech-
nique for discovering and describing planar disorder irselpacked structures
directly from their diffraction spectra. Here we providesttheoretical develop-
ment behind those results, adapting computational mechdaidescribe one-
dimensional structure in materials. We show that the regubltatistical model
of the stacking structure—called tlhemachine—allows the calculation of mea-
sures of memory, structural complexity, and configurati@maropy. By way of
contrast, we give a detailed analysis of the current altemapproach, the fault
model, and offer several criticisms. In the limit of weaklfang, we demonstrate
how various architectural features of themachine correspond to well-known
structural faults in two common types of crystal, 2H and 36e Thethods devel-
oped here can be adapted to a wide range of experimentafrsystevhich spec-

troscopic data is available.
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1. Introduction Many kinds of disorder are present in solids (Hirth & Lothe,

Fundamental to understanding the physical propertiesofice s  1982; Ashcroft & Mermin, 1976; Kittel, 1996), such as Schot-
is a thorough description of its composition and the arrangelky defects, substitution impurities, screw and edge dslo
ment of its constituent parts. While chemical analysis prolions, and planar slips. Of these, only planar slips will besid-

vides information about composition, many complementarf"red here. Plgnar defects occur in a crystal structure V\{hen o
methods—such as X-ray diffraction, electron diffractioigth ~ Crystal plane is displaced from another by a non-Bravaizéat
resolution electron microscopy, optical microscopy, antay vector. These slips can occur during crystal growth or canlte

diffraction tomography—are essential to discovering thgda ~ ffom some stress to the crystal, be it mechanical, thernmal, o
scale structure of crystalline materials. For exampleplaee- ~ €Ven through irradiation (Sebastian & Krishna, 1994). When a

ment of Bragg peaks in X-ray diffraction spectra has proeed t otherwise perfect crystal has some planar disorder, thd!)pOf
be a particularly powerful source of structural informatim  ©f the structure that cannot be thought of as part of the afist
ordered solids for nearly a century (von Laue, 1918). Fddsol Cc@lled astacking faultor more simply, dault. If there is a tran-
that deviate from a strict periodic ordering of their congnt ~ Sition between two crystal structures, the interface betwiae
atoms, however, the diffraction spectrum typically shows gwo is also known asa stacking fault, even if each layer can be
weakening and broadening of the Bragg peaks as well as ﬂlr'g_ought of_ as belonglng to one of the crystal structures:WIan
appearance of diffuse scattering. As the disorder becornes m different kinds of stacking faults have been postulatedyi
pronounced, the Bragg peaks disappear altogether and d4eavd"d growth faults, deformation faults, and layer-displaest
completely diffuse spectrum. The problem of inferring ¢ays faults (Sebastian & Krishna, 1994; Frank, 185Erey & Boy-
structure for such disordered materials from X-ray difiac ~ S€n 1981).

has been addressed by many researchers (Frey, 1995; Jagodzi Planar defects are surprisingly common in crystals, being
ski, 1987; Proffen & Welberry, 1998; Welberry, 1985; Schulz especially prevalent in a broad class of materials knopohg
1982; Guinier, 1963). In the most general case, however, thiypes(Verma & Krisha, 1966; Sebastian & Krishna, 1994; Tri-
problem remains unsolved. Indeed, it is known that withbatt gunayat, 1991; Pandey & Krishna, 1982; Fregehl, 1992).
assumption of strict crystallinity, the problem has no weiq First discovered in SiC (Baumhauer, 1912), polytypism has
solution (Woolfson, 1997). since been found in dozens of materials. Polytypism is tlee ph
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1 This is only approximately true (Trigunayat, 1991).
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nomenon of solids built up from identical layérsalledmod-  detail the connection between our model of disordered struc
ular layers(MLs) (Varn & Canright, 2001), that differ only in  tures and physically relevant parameters derivable from/é
the manner of the stacking. Typically, one finds thatititea-  will then be in a position to treat similar questions abouwd th
ML interactions are relatively strong as compared toitter- possibility of long-range order in disordered structurear(
ML interactions, so that disorderithin a ML is rare. Energetic et al,, 2005).

considerations usually restrict the allowed orientatiohMLs Our development here is organized as follows§2nwve dis-

to a discrete set, with only a small energy difference betwee cuss and offer several criticisms of the prevailing view i d
two different stackings. Thus, the description of a polgtyp order in planar structures; §8 we give a detailed account of
ordered or disordered, formally reduces to a one-dimeasion our procedure for discovering and quantifying pattern aisd d
list—called thestacking sequeneethat lists successive orien- order in CPSs; irg4 we compare our approach to previous
tations encountered as one moves along the stacking dinecti descriptions of disorder in CPSs; and§f we give our con-

The small energy difference between different stacking&!usions. In a pair of companion papers we demonstrate the us
arises because the coordination of the nearest neighbdr, ne Of our_technlque by _applylng it to several diffraction spact
nearest neighbor, and sometimes even higher neighborteis of from simulated stacking sequences (Vatral, 200%), as well
the same regardless of the stacking arrangement. It isftmere &S t0 the analysis of experimental ZnS diffraction spedtear(
possible to have many distinct stackings—some periodic angt al, 200%).
some not. For several of the most polytypic materials—e.g.z- The Fault Model

SIC, ZnS, and Cgi—there are about 150, 185, and 200 knOWnThe problem of quantifying the effects of planar disorder on

crystalline structures, respectively. Remarkably, sometunit diffraction spectra has a long history (Sebastian & Krishna

cells extending over 100 MLs (Sebastian & Krishna, 1994). ; - .

. . : . 1994). Typically we can divide these approaches into twe-cat
The stacking period of many such polytypes is far in eXcessgorieS'direct or indirect Direct methods make no assumption
of the calculated inter-ML interactions, which are estieabto :

be, for example~ 1 ML in ZnS (Engel & Needs, 1990) and about the crystal structure or disorder that may be preseat i

~3 L in SIC (Chenget a, 1987; Chengt al, 1088; Shaw TETRER T e FRE e S0 o ore
& Heine, 1990; Chenget al, 1990). Nearly a dozen theo- P :

ries have been proposed (Sebastian & Krishna, 1994; Triguc_ommonly used indirect methods which typically postulate a

. . Z7crystalline structure permeated by one or more fault stinest
nayat, 1991; Frank, 1951 Pandey & Krishna, 1982; Jagodzin- : .
ski, 1954: Yeomans, 1988: Pandey, 1989), yet a satisfaatuty The effects of these faults on the observed diffraction tspec

! S ; . . . are then used to fix the parameters of the model. We review
systematic explanation is still lacking for the diversihdkinds L . .
significant efforts in each these areas in the next two subsec
of observed structure.

_ . _ tions. We next offer our criticisms of these approaches & th
Much of the interest in polytypism has centered around thehird subsection and lastly discuss new theoretical tegtes in

issue of long-range order and the existence of so many appaitatistical mechanics which render this inference probiesne
ently stable structures. Reconciling the calculated raofye tractable.

interaction between MLs with the length scale over whicteerg
nization appears has been the chief mystery of polytypidso A 2.1. Indirect Methods

of interest is the characterization of the solid-statesfama- Perhaps the first quantitative analysis was given by Landau
tions common in many of these materials. While the lengthyng Lifschitz assuming no correlation between MLs (Landau,
scale on which spatial organization appears in these raiési  1937; Lifschitz, 1937). Wilson provided an analysis of pla-
easily found for crystal structures, the similar questimmdisor- 15, imperfections in hexagonal Co by considering the effect
dered structures has not so far been addressed. What is nee¢gdine disorder on the Bragg peaks (Wilson, 1942). This
is a model that gives a statistical description of the olEs®IvV 5nnr0ach is necessarily limited to the case of small amounts
stacking sequences from which characteristic length param of faiting. Hendricks and Teller treated the problem rathe
ters are calculable. Finally, from a unified description oftb  generally, allowing for different form factors for the difient
crystalline and noncrystalline structures, a more comgmeive  ings of MLs, variable spacing between MLs, and correlation
picture of polytypism should emerge and hopefully rendéypo  petween neighboring MLs (Hendricks & Teller, 1942). Since
typism more amenable to theoretical discussion and asalysi  hejr method relies on extensive matrix calculations, iswa

A significant source of information about the structure offound cumbersome and difficult to apply by early researchers
solids is derived from diffraction spectra. While it can bealkh Jagodzinski developed a theory of diffraction for plana- di
lenging to identify crystal structures with units cells od®0s  order by considering nearest-neighbor correlations folegs
of MLs, in fact most periodic structures have been identi-layered structures (Jagodzinski, 184%nd for next-nearest
fied (Sebastian & Krishna, 1994). In many polytypes, disor-neighbor correlations of CPSs (Jagodzinski, 1948y not-
dered sequences are also common, and a single crystal can camg the direction, length, and intensity of non-Laue steeak
tain regions of both ordered and disordered stackings. Tdie m X-ray diffraction spectra of Cu-Si alloys, Barrett was abe
goal of this present work is to develop a technique for discov estimate the kind and approximate amount of stacking dis-
ing and describing planar disorder in closed-packed strast order present (Barrett, 1950). Paterson considered tleeteff
(CPSs) directly from diffraction spectra. A further tasktss of deformation faults on face-centered cubic crystals cc



international union of crystallography

3C?) and demonstrated how one can calculate the fraction dfaction of faulting.

faulted layers from the widths and displacements of the §rag Thus, all of these approaches are limited to small amounts of
peaks (Paterson, 1952). Gevers demonstrated how to dalculalisorder that preserve the integrity of the Bragg pea®bould

the effects of growth faults with an-layer influence on the the disorder become sufficiently large, the Bragg peaksroeco
diffraction spectra of CPSs (Gevers, 18h4He also demon- too broad and do not stand out sufficiently from the diffuse,
strated how to treat both growth and deformation faults ranbackground scattering. We call these kinds of approaiitis
domly inserted into hexagonal (hcp or 2H) and cubic crys+ect, because one begins with a set of postulated faults and then
tals, as well as deformation faults randomly distributeéd #H  sorts though them, searching for one or several that bekefit t
and 6H crystals (Gevers, 1984 Johnson examined the effects data.

on the diffraction pattern of random extrinsic faulting q@m-

tion of a ML) in the 3C structure and compared this to the2.2. Direct Methods

effects of intrinsic faulting (deletion of a ML) on the Bragg  perhaps the first efforts at direct method for determin-
peaks in the limit of small fault probabilities (JohnsonB3R  ing the structure of disordered close-packed crystals were
Prasad and Lele considered the effects of faulting on ttfiedif given by Dornberger-Schiff (Dornberger-Schiff, 1972) and
tion spectra of 4H crystals containing up to nine kinds of ran Farkas-Jahnke (Farkas-Jahnke, 19 ®arkas-Jahnke, 1923
domly distributed faults (Prasad & Lele, 1970). Pandey anthornperger-Schiff gave an algorithm for relating Patterso
Krishna treated the similar case of the 6H close-packed-stru ya|es, i.e. fractions of faulted layers from Bragg peaks, to
ture containing a random distribution of 14 distinct inim sequence probabilities but, to our knowledge, did not ollo
faults (Pandey & Krishna, 1976). They later derived an expre yp with a method for finding the Patterson values from spec-
sion for the intensity of diffracted radiation from a 2H crys trg showing diffuse scattering. Farkas-Jahnke used Batter
tal containing any amount of randomly placed deformatioth an ike functions to estimate the frequency of occurrence péta
growth faults (Pandey & Krishna, 1977). By measuring thesequences up to length five. He was not able to obtain a com-
broadening of the diffraction maxima of a SiC crystal theypjete set of equations and this forced the use of inequslitie
were able to determine the amount of each kind of faultinggerived from symmetry arguments that do not generally hold
Michalski developed a general theory for the random distrii disordered crystals. Recently it has been demonstrad t
bution of single stacking faults for an arbitrary perioditus-  correlation information can be extracted from powder iffr
ture (Michalski, 1988) and applied it to several hexagomal & tion spectra to measure characteristic length parameters i
rhombohedral structures (Michalsk al., 1988). a faulted crystal (Estevez-Ranes al, 2001a; Estevez-Rams
The theory ofnonrandom faultingwas developed in an etal, 2001b; Estevez-Ramst al., 2003).
effort to understand experimental data concerning sates Unlike the previously considered techniques, these method
transformations from the 2H to the 6H structure in annealedre direct since they make no assumption about underlyyrsg cr
SiC crystals (Pandegt al, 198(%; Pandeyet al, 198; tal structure or the faults it may contain. To our knowledge,
Pandeyet al, 198G). The idea is that the presence of a since their introduction three decades ago, neither of tisé fi
fault in a structure affects the probability of finding ameth two methods have been used to discover stacking structure in
fault in close proximity. By postulating two possible fault real materials. Hence we do not treat them further here.
ing mechanisms—deformation faulting and layer-displacggme
faults—Pandeyet al. were able to understand the stacking in 2.3. The Fault Model Defined
SiC within this model. Similar work was done on the 2H to We refer to the indirect approaches_ana|yzing a Crysta]

3C transformation in ZnS crystals (Sebastian, 1988; Sebastructure assuming it contains a distribution of stackimgre
tian & Krishna, 1984; Sebastian & Krishna, 1987Sebas-  or faults—as thdault model(FM) (Varn et al, 2002). To date,
tian & Krishna, 198¢; Sebastiaret al, 1982; Sebastian & it has been the dominant way in which planar disorder in crys-
Krishna, 1994; Fregt al, 1986; Pandey & Lele, 1986Pandey  tals has been viewed. However, we find a number of difficulties
& Lele, 1986h; Jagodzinski, 1972). with the FM, many of which have been recognized by previous
All of the above methods center on finding a relationship,researchers (Gosk, 2000; Proffen & Welberry, 1998; Palosz &
preferably an analytical one, that relates the observédhdied ~ Przedmojski, 1976; Farkas-Jahnke, 187Breacyet al., 1991;
intensity to fault types and probabilities. In order to make Michalski, 1988). Our objections to the FM and the way it has
guantitative estimate of the faulting, typically the plamnt, been used to discover structural information are sevedalfo
broadening, shape, and symmetry of the Bragg peaks are com-
pared with that expected for a crystal containing a paicul (i) The FM assumes a parent crystédor the fault model to
kind of fault. Then the full width at half-maximum (FWHM) make sense, it is necessary to assume some crystal structure
of one or several of the Bragg peaks is used to determine thi@ which to introduce faulting. This may be satisfactory for

2 For close-packed crystal structures it is common to use the &lhmotation, nX, where n gives the total number of MLs in thé gell and X specifies the crystal
symmetry. We use H to denote hexagonal symmetry, C for cubic, Bhéonbohedral and L if the symmetry is unknown. This notatioroisnecessarily unique for
some longer period polytypes. We will use the Ramsdell natatispecify crystal structures. The equivalents in tiégdinotation are given in Table 2. For a more
complete discussion, see (Sebastian & Krishna, 1994).

3 An exception to this is theisorder mode(Jagodzinski, 194§). This approach has several features in common with our owrcandn fact be thought of as a
constrained case of our approach.
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weakly faulted crystals, but for those with significant diso
der or those undergoing a solid-state phase transitiondthan
crystal structure (Fregt al, 1986; Jagodzinski, 1972; Kabra &
Pandey, 1995; Krishna & Marshall, 19, Krishna & Marshall,
1971b; Pandey & Lele, 1988 Pandey & Lele, 1986 Pandey
et al, 198(; Pandeet al, 198M; Pandeyet al,, 198Q; Sebas-
tian et al, 1982; Sebastian & Krishna, 1987Sebastian &
Krishna, 198¢; Sebastian & Krishna, 1987 Sebastiaret al,,
1987; Shrestha & Pandey, 19965hrestha & Pandey, 1986

both fault and crystal structure into a single frameworkereh

is no need to treat each crystal structure or faulting schespe
arately. Our method treats any amount and kind of planar-diso
der present. Finally, we quantitatively use all of the infiation
contained in the diffraction spectra, both in Bragg peaksian
diffuse scattering, to build a unique model of the stackingcs
ture. This model doesot find the particular stacking sequence
of the specimen that generated the diffraction pattern—ihis
not possible from diffraction spectra alone—but rather fittes

Shresthaet al, 1996; Shrestha & Pandey, 1997), this picture isstatistical regularities across an ensemble of stackiggeseces

untenable.

(ii) Each parent crystal must be treated separat&liyce the
FM introduces stacking “mistakes” into a parent crystathea
kind of parent crystal must be treated individually. Thees h

that could have given rise to the observed spectra. Thiseis th
best that can be done, in principle.

The history of discovering planar disorder in crystals ig on
of consistent, incremental progress over nearly severdysye

been significant work on only two CPSs; namely, the 2H andlhere are two factors, however, that have hindered progness

3C. In polytypism hundreds of other crystalline structuses

this area. The first is calculational. Much of the early work

known to exist. In the FM, each must be analyzed separately b§entered on finding analytical expressions for the diferelct

postulating appropriate crystal-specific kinds of defeGisen
this degree of complication, it is desirable to find a theoadt
framework that unites the description of the various kinfls o
fault and parent structure into a single, coherent picture.

(i) In practice, the FM treats only the Bragg peaks quan-
titatively, effectively ignoring the diffuse scatteriniylost
researchers use formulee that give the FWHM of Bragg pea
in terms of the fraction of certain postulated defects to fhml
amount of faulting. Some do acknowledge that diffuse seatte
ing is important, but to our knowledge none use the diffusd-sc
tering toquantitativelymeasure crystal structufe.

(iv) The FM is unable to capture the variety of naturally occur-
ring stacking sequenceBy assuming a small set of possible
ways that a parent structure can deviate from crystallitlity

k

intensity of a given crystalline structure permeated with a
particular fault type. With the advent of modern numerical
and symbolic calculational methods and the concomitarit abi
ity to estimate diffraction patterns from any arbitrarilgyt
ered structure (Treacgt al, 1991), much of this early work
has been superseded. The second hindrance to progress has
been a lack of fundamental understanding of structure and
disorder in one-dimensional sequences generated by eanlin
dynamical systems. Recently, however, a unifying framé&wor
has been introduced in the theory @mputational mechan-
ics (Crutchfield & Young, 1989; Crutchfield & Feldman, 1997;
Crutchfield & Feldman, 2003; Feldman & Crutchfield, 1998;
Shalizi & Crutchfield, 2001; Young, 1991; Hansen, 1993; Feld
man, 1998).

Computational mechanics is an approach to discovering,

FM necessarily_ assumes that there are stacking sequeraxtgs tBescribing, and quantifying patterns. It provides for tioa-c
do notoccur. It is desirable to have an approach that considers;ction of the minimal and unique model for a process that

as many candidate structures as possible with asafg@niori
restrictions as possible.

(v) The FM's description of the disorder is not uniquigs pos-
sible to give two different faulting schemes that describe t
same weakly faulted material (Vaetal, 2002). This is readily
seen by noting that the layer-displacement fault in a 2Htatys

is optimally predictive; this model is called anmachine A
process’se-machine is minimal in the sense of requiring the
fewest model components to represent the process’s stesctu
and disorder; it is optimal in the sense that no alternatypea-
sentation is more accurate; and it is unique in the sensautiyat
alternative which is both minimal and optimally predictise

can be viewed as two adjacent, but oppositely oriented defoisomorphic to it. Ane-machine’s algebraic structure captures a

mation faults.

2.4. Computational Mechanics

process’s symmetries and approximate symmetries. From an
machine measures of a process’'s memory, entropy prodyction
and structural complexity can be found. We demonstrate else

Our method of discovery and quantification of planar struc-Where (Varret al, 200%) that knowledge of the-machine and

ture and disorder in crystals overcomes all of these diffiesi|

the energy coupling between MLs allows one to calculate the

for the special but important case of CPSs. We do not assume &Yerage stacking energy for a disordered polytype.

underlying crystalline structure. Indeed, we make no agsum
tions at all about either the crystal or fault structure timaty

Before being adapted to the present application of disorder
in crystals, computational mechanics had been used toznaly

be present. Instead, we find the frequency of occurrencd of astructural complexity in a wide range of nonlinear processe
possible stacking sequences up to a given length and use thisch as cellular automata (Hansen, 1993; Hanson & Crutch-

to construct a model that captures the statistics of thekstac

field, 1997; Hordijket al,, 2001), the logistic map (Crutchfield

ing sequence. In this sense, we directly determine the staclk& Young, 1989; Young, 1991), and the one-dimensional Ising

ing structure. Our scheme for describing planar disordéesin

model (Feldman, 1998; Crutchfield & Feldman, 1997), as well

4 There are other techniques for discovering structure idsthat do use the diffuse scattering quantitatively, sasreverse Monte Carlo (RMC) simulation (Keen
& McGreevy, 1990). The application of RMC to the discovenptdnar disorder in CPSs is a current topic of research.
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as to experimental physical systems, such as the drippinthrough the crystal. [In statistics parlance, we assumethiea
faucet (Goncalvest al,, 1998), atmospheric turbulence (Palmer process istationary]

et al, 2000), and geomagnetic data (Clagkeal., 2003). Addi- Let N be the number of hexagonal, close-packed MLs, with
tionally, information theoretic ideas have been appliedn® each ML occupying one of three orientations, denofed,
problem of polytypism (Estevez-Ramesal., 2003) and hidden or C (Ashcroft & Mermin, 1976; Kittel, 1996; Sebastian &
Markov models have been used to treat the problem of eledrishna, 1994). We introduce three statistical quantitigsn),
tron transport in mesoscopic systems (Kargeal, 2005). In - Qa(n) and Qs(n): the two-layercorrelation functions(CFs),
the present setting, this latter example can be thought af aswherec, a, ands stand forcyclic, anti-cyclic andsame respec-
special case of-machines. Finally, computational mechanicstively (Yi & Canright, 1996).Qc(n) is defined as the probability
has also been used to quantify structure and self-orgamiziat ~ that any two MLs at a separation nfare cyclically related. By
two dimensional patterns (Feldman & Crutchfield, 2003),tand cyclic, we mean that if thé" ML is in orientationA (B, C), say,
distinguish between healthy and diseased brain functioorfy ~ then the(i +n)"" ML is in orientationB (C, A). Qa(n) andQs(n)

et al, 2005). are defined in a similar fashion. Since these are probasiiti
0 < Q.(n) < 1, wherea € {c, a,s}. Additionally, at each it
3. e-Machine Spectral Reconstruction is clear thafs"_ Q. (n) =1
a o )

Previous techniques of-machine reconstruction have used With these assumptions and definitions in place, tttel
a sequence of data produced by the process (Crutchfield giffracted intensityalong the 10 can be written as (Guinier,
Young, 1989; Hansen, 1993; Crutchfield, 1994; Shaizal,  1963; Berliner & Werner, 1986; Yi & Canright, 1996)
2002). Here, the experimental signal comes in the form of a )

power spectrum, and we need to develop a technique to infer ||y _ d)z(l)(smz(le) B Z@ZN {(N —n) x

the e-machine from this type of data. We call this new class sirf(zl) n=1

of inference algorithms:-machine spectral reconstructien [Q (n) cog2mnl + [)

abbreviatedMSR and pronounced “emissary”. We emphasize ¢ 6

that our goal remains unchanged—to find the process’s under- T

lying description. It is only the inference procedure thst i + Qa(n) cog2mnl — g)]})» (1)
changed. In this section we give a detailed accountM$R

as applied to the problem of discovering pattern and disorde wherel is a continuous variable that indexes the magnitude of
CPSs. the perpendicular component of the diffracted wave, 2xl/c,

We divide eMSR into five steps. First, we extract corre- 2ndC is the spacing between adjacent MLg?(l) is a func-
lation information from a diffraction spectrum. Second, we!ion that accounts for atomic scattering factors, the simec
use this to estimate stacking-sequence probabilities afeng factor, dispersion factors, or any other effects for whibk t
length. Third, we reconstruct asmachine from this distribu- €XPerimentally obtained diffraction spectra may need todse
tion. Fourth, we generate a diffraction spectrum from the rected (Hahretal, 1992; Woolfson, 1997; Milburn, 1973).

machine. And, finally, we compare thismachine spectrum to It is convenient to work with the intensity per ML, instead of
the original. If there is insufficient agreement, we repkatsec- the total intensity, so we define the corrected diffracteerinity

ond through fourth steps, estimating stacking-sequensespr P’ ML, 1(1), as
bilities at a longer length, building a newmachine, and again 1(1)
comparing with the original spectrum. In the final two subsec I(1) = 2N )

tions, we give relations that can be used to determine thidyjua
of experimental data and briefly review several informatmmd ~ We will always usd(l) unless otherwise noted and simply call
computation-theoretic quantities of physical import that be  this thediffracted intensityObserve that the diffracted intensity

directly estimated from the reconstructechachine. I(l) integrated over any unitinterval is unity regardless of the
particular values of the CFs (Varn, 2001). We may then use thi
3.1. Correlation Factors from Diffraction Spectra fact to normalize experimental data.
We start with the conventional assumptions concerning-poly  The form of Egs. (1) and (2) suggests that the CFs can be
typism in CPSs. Namely, we assume that found from the diffraction pattern by Fourier analysis (var
o the MLs themselves are undefected and free of any dis2001; Varnet al, 2002; Estevez-Ramet al, 2003; Estevez-
tortions: Ramset al, 2005). Let us defin&(n) andY (n) as
e the spacing between MLs does not depend on the local
stacking arrangement; X(n) = fl(l) cog2nl) dl (3)
e each ML has the same scattering power; and
¢ the faults extend completely across the crystal. and
We make the additional assumption that the probability af-fin _
ing a given stacking sequence in the crystal remains canstan Y(n) = j{l(l)sm(ZWnl) dl, (4)

5 We use the standard notation conventions here. See (GUif&3) and references therein for a discussion of typicairgeries and notations. We $ét=h; = 1
andK = hy; = 0 asis typically reported from experiment. The stackingdiom is perpendicular to the faulted planes. Note that efindion of| (see text) differs
from that of many authors (Sebastian & Krishna, 1994).



international union of crystallography

where the small circle in the integral sign indicates thatithe-  at separation. A sequence generates a cyclic (anti-cyclic) rota-
gral is to be taken over a unit interval In It is possible to tion between MLs at separationif 2m—-n = 1 (mod 3,

show (Varn, 2001) that in the limK — oo wherem is the number of 1s (0s) in the sequence. We take as
many of the relations in Eq. (9) as necessary to form a complet
Qc(n) = 1 }{x(n) _ \/ﬁy(n)} (5)  setof equations to solve for(@). Forr = 1 andr = 2 the sets
3 3

of equations are linear and admit analytical solutions. At3,
the first nonlinearities appear due to the necessity of uUSiFg
atn = 5 to obtain a complete set of equations. We rewrite the
Qu(n) = 1 1 {X(n) n \/§Y(n)] . () conditional probabilities at = 5 in terms of those at = 4 via

and

3 3 relations of the form
Thus, the CFs can be found by Fourier analysis of the diffrac- P(sosiSossss) =  P(SoS1556)P(SeS0S15:56)
tion spectrum. ~ P(30515%)P(S4]515:55)
3.2. Estimating the Stacking-Sequence Distribution _ P(s05152%3) P(S1525%4) ’ (10)
In the second part of our approach, we estimate the distri- P(515:530) + P(s1551)

bution of stacking sequences from the two-layer CFs. First, where, in the second line, the approximation is invoked {Ead
though, we must consider what kind of information the CFs.
Politi, 1997). We refer to this approximation aemory-length
contain about stacking sequences. Therefore let us define th
reduction as it effectively limits the memory that we consider
stacking procesas the effective stochastic process induced by
%n order to obtain a complete set of equations. At fixethe
scanning the stacking sequence along the stacking dinectio
. ) . . set of equations describes the stacking sequence ¥ amler
It is convenient to represent the stacking sequence in ter arkov process
of the Hagg notation (Sebastian & Krishna, 1994), where one :

replaces the set of allowed orientatiof#s B,C} of a ML with th(\a/\;e ;Stfiarl Zotz(;itévr?s!yaizthisgel:u(ﬁ Ei‘:’}' dg)A (3\2('3 air\]g Eﬁé as
a binary alphabet4 = {0,1}. On moving from the™ to the P q g PP ' 9

(i + 1) ML, we label each inter-ML transition cspin (Varm analytical solutions for the = 1 andr = 2 spectral equations;

& Canright, 2001) as “1” if the two MLs are cyclically related we wfrite OUt. the _spectr?I equations iO&l 3. ﬁin_ce this Ig;tg
[A— B — C — A] and “0” if the two MLs are anti-cyclically set OI GQEatIO?S IS n(r)]n inear, Inumenc;a techniques ar €
related A — C — B — A]. Thus, the stacking constraint to solve them for each particular set of CFs.

that no two adjacent MLs may have the same orienta#QiB [
or C] is built into the notation. There is a one-to-one map- . . .
ping between the stacking orientation sequence and the spin In the third part of our approach, we infer the stacking pro-

sequence, up to an overall rotation of the crystal; and we Useess 'se-machine from the estimated distribution of stacking

them interchangeably. sequences. e
We estimate the probability distribution(®) of finding Suppose we know the probability distributiofuh of stack-

sequences averaged over the sample by considering a serlegqthiElﬁlenSCs@ ;nce Sr;ztrs]gsoslnsétat o\gh‘?ﬁi itéai%dltﬂjlls o
of constraints on the sequence probabilities. Some of the & 'Ng qu’ ! b9 : w
constraints are simple consequences of the mathematiog so define the ‘pastlv as all the previous transitiossseen and the
come from the CFs themselves. From conservation of probabif future” w as those transitiorsyet to be seen: that is; =ww.

3.3. e-Machine Reconstruction from the Stacking Process

ity, we have The effective states mausal state§CSs) of the stacking pro-
cess are defined as thetsof pasts$ that lead to statistically
P(u) = P(0u) + P(1u) = P(u0) + P(ul), (7)  equivalent futures:
forallu € A", where A" is the set of all sequences of length wi ~ w; ifandonlyif w |w))=Pw|wj), (11)

in the Hagg notation. Additionally, we require that the sum of
all probabilities of sequences of length- 1 be normalized,e.,  for all futuresw, where Rw | w;) is the conditional probability
> Pw) = 1 @) of seeingw having just seenv; (Crutchfield & Young, 1989;
weAT ' Crutchfield, 1994; Shalizi & Crutchfield, 2001).
As a default set of CSs, we initially assume that each history
of lengthr forms a unique CS. So, feMSR atr, we begin with
2" CSs, each labeled by its unique lengthistory. We refer to
this set of CSs asandidate causal stateas they may not be the
true CSs that describe the stacking process. We now estihgate
Qu(N) =X cun PW), (9)  State-to-state transition probabilities b(etween candi@:ss as
follows. Define theransition matncesTS —.s, as the probabil-
where A" is the subset of length-sequences that generate a ity of making a transition from a candidate CS‘,Sto a candidate
cyclic (« = c) or an anti-cyclic { = a) rotation between MLs CSS; on seeing spis. If we label each past by the lasspins

Equations (7) and (8) together providec®nstraints among the
2'+1 possible stacking sequences of length 1.

The remaining 2 constraints come from relating CFs to
sequence probabilities via the relations
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seen, then this implies that only transitions of the faggin— vs  spectrum. If there is not sufficient agreement, we increment
are allowed, wherg ¢ A'~L. All other transitions are taken to and repeat the reconstruction and comparison.

be zero. Then we can write the transition matrix as More precisely, in comparing the diffraction spectrum pre-
© dicted by the reconstructedmachine (theory) with the origi-
T‘gﬁsi = TSLVS- (12)  nal spectrum (experiment), we need a quantitative meagure o

the goodness-of-fit between them. We usepttudile R-factor,”
We estimate these transition probabilities from the comditl  \yhich is defined as

probabilities,
lem (1) — lexp() | dl
g = Hlan) el Al 0, (14)
T8 vs ~ P(slsv) Fldl
_ P(sovs) (13) wherely (1) is thee-machine diffraction spectrum ahg(1) is

P(sov) the experimental diffraction spectrum. Notice that theafen
nator is unity due to normalization.

We now apply the the equivalence relation, Eq. (11), to merge |t js important, however, not to over-fit the original date, s
histories with equivalent futures. The set of resulting Gsng e should not seek a fit that is closer than experimental.error
with the transitions between states, defines the process’s | et us definedle(l) as the fluctuation-induced error in the

machine This is the minimal, unique description of the stacking diffracted intensity as a function of Thenspectral error Ry
process that optimally produces the stacking distribuBen).  can be defined as

At this point, we should refer to this as tbandidate:-machine,

as it will reproduce the CFs used to find it, but it may fail to Rerr = M % 100%. (15)
reproduce CFs at largersatisfactorily. We address this issue of § lexpdl
agreement between theory and experimerBis. Notice that the denominator once again reduces to unity due

to normalizationRe;r gives a measure of how two diffraction
3.4. Correlation Functions. and Diffraction Spectra from the spectra taken from the same sample over the same interval wil
Reconstructed c-machine differ from each other. Clearly, we do not wish to seekean
In the fourth part, we use the reconstructedlachine to gen-  machine that gives better agreement than this. So our ieriter
erate CFs and diffraction specta. This is most simply accomfor stopping reconstruction is whéR — Rer;| < I, where the

plished by using the reconstructeemachine to generate a acceptable-error threshaldis set in advance.
sample spin sequendd spins long in the lgg representa-

tion. One can then change representations by mapping thise. Figures-of-Merit for Spectral Data

spin sequence to a stacking-orientation sequence iMB@  ap jssue we have so far neglected is the CFs’ independence.
notation. CFs can be found directly by scanning the staeking|, order to solve the spectral equations, part 3MSR (§3.3),
orientation sequenceThe diffraction spectrum is readily cal- e peed o+ independent constraints. It is therefore important
culated from Egs. (1) and (2). It has been shown that for suffiz, identify and avoid using any redundancies inherent irCifie
ciently largeM, the diffraction spectrum for diffuse scattering iy solve the spectral equations. Rather than finding thisia hi
scales a$/ (Varn, 2001), so that the number of MLs used 0 grance, any relations that CFs obey can be exploited to sisses
calculate the diffraction spectrum is not importantyifis suf- e the quality of experimental data over a giventerval. We
ficiently large [say, 10 000]. To reduce the error due to fluctu that, as a result of stacking constraints and conservati

ations, it is desirable to use as long a sequence as possible §ohapility, there are two equalities that the CFs mussBati
find the CFs. In this way, the-machine’s predicted CFs and \pe develop and define these measures here.

diffraction spectrum can be calculated. _ We find the first by observing that, at= 1, due to stacking
It is worth repeating that our method efmachine recon-  constraintsQc(1) + Qa(1) = 1. Adding Egs. (5) and (6) with
struction is novel in the sense that we do not estimate seguenp, — 1 jmmediately giveX(1) = —1/2. This suggests that we

probabilities from a long string of symbols generated by theyefine afigure-of-merity as

process, as has been done previously (Crutchfield & Young,

1989; Hansen, 1993; Crutchfield, 1994; Shaérial, 2002). N = fl(l)cos(&rl)dl ) (16)

Rather we use the two-layer CFs obtained from Fourier analy-

sis of the diffraction spectra. In this wayVISR is accomplished ~ can be used to evaluate the quality of experimental spec-

purely from spectral information. tra. For an ideal, error-free spectrum,= —1/2. Since many

spectra are known to contain some systematic error (Pandey

3.5. Comparing Original with e-Machine Diffraction Spectra et al, 1987; Sebastian & Krishna, 1994), the amount by which
In the fifth and final part, we compare the CFs and diffractiony deviates from-1/2 can be used to assess how corrupt the data

spectrum predicted by themachine to those of the original is over a given unit-interval.

6 There are other techniques one can use use to find CFs:froathines. See (Varmt al, 2005).

7 Our definition of the profileR-factor differs somewhat from that used by other authorsl{iBar& Werner, 1986). We perform an integral over a Uriibterval
instead of summing the magnitude of the difference betweemyttegl experiment. Also, we find it convenient to comparecibieected diffraction intensitieKl ),
rather than théotal diffracted intensity (I ) as is done elsewhere. Our definition remains true to the spitlite original, however.
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To find the second constraint, we observe that Eq. (7), wittEntropy Rate : The amount of irreducible randomness per
r = 1 andu = 0, gives F01) = P(10). We therefore find ML after all correlations have been accounted for. It hatsuofi
from Eq. (8) that PO0) + 2P(01) + P(11) = 1. We can write  [bits/ML]. It is also known as théhermodynamic entropy den-

P(01) = P(1) — P(11). This implies that sityin statistical mechanics and theetric entropyin dynamical
systems theory. It is given by the average per-state unogrta
P(00) + 2P(1) — P(11) =1. a7)
h:uf = - ZJGS P(J) ZSGA Tc(TSLo” |ogZ T((J'SLG" ) (21)

Making the identification from Eq. (9) tha®.(1) = P(1),

Qu(2) = P(11), andQ.(2) — P(00) gives whereg’ is the CS reached from upon seeing spis. Physi-

cally, h,, is a measure of the entropy associated with the stacking

2Qc(1) + Qe(2) — Qa(2) = 1. (18)  Process
Excess Entrop¥: The amount ofapparentmemory in a pro-
This suggests that we define a secfigdre-of-merits to be cess. The units oE are pitg]. It is defined as the amount of
Shannon information shared between the left and right kalve
B =2Qc(1) + Qc(2) — Qa(2) . (19)  of a stacking sequence:
(3 should be unity for error-free data. This can also be used E=>", Pw)log, P(;P():;;) : (22)

to evaluate the quality of the experimental data over a given i _ i
unitI-interval. Togethery and 3 are the figures-of-merit over a NOte that (Feldman & Crutchfield, 1998; Crutchfield & Feld-

unit I-interval for a diffraction spectrum. Therefore, in thetiirs Man, 2003) for range-Markov processes, these quantities are

part ofeMSR (§3.1) we evaluate each over candidatetervals ~ related by

and choose an interval farmachine reconstruction that gives C.=E+rh,. (23)
figures-of-merit best in agreement with the theoreticaligal ~ For general nonfinite-range Markov processes, at preséent al
These two constraints on the CFs imply that only two out of thehat can be said is that the statistical complexity uppemnteu
first four correlation functiongQ:(1), Qa(1), Qc(2), andQ,(2)  the excess entropf < C, (Shalizi & Crutchfield, 2001).

are independent. We choose to takerhe 2 terms as the inde- .
pendent parameters in the spectral equations. 4. e-Machine and Fault Model Structural Analyses

This completes our presentationddSR. The overall proce- NOW that a statistical description of the stacking process h
dure is summarized in Table 1. been found in the form of ammachine, it is desirable to give
an intuitive notion of what the structure of themachine tells
3.7. Measures of Structure and Intrinsic Computation us about the patterns and disorder in a stacking processisin t

There are a number of different quantities in Computa_section,we define and discuss architectural features=08 e-

tional mechanics that describe the way information is pssed machines and their relation. tothe FM. Spec;ifically, we détei
and stored. (Crutchfield & Feldman, 2003; Shalizi & Crutch-]corm that growth, deformation, and Iayer-dlsplacementtm
field, 2001). We consider only the following. for the 2H and 3C structures assume onras 3 e-machine.

With this connection in place, we then address the gendasatin
Memory Lengthr The value of that results at the termination pretation ofe-machines as related to the stacking of CPSs.
of eMSR is an estimate of the stacking process&mory length
denotedr, since it is the number of MLs that one must use to4.1. Causal-State Cycles
optimally represent the process’s sequence statistiesrighe 4.1.1. Definitions Since thee-machine reconstructed at
accuracy of the original spectrum]. can distinguish at most only" 2pasts, it can have no more

Statistical Complexity & The minimum average amount of than 2 CSs. The most general reconstructechachine of

memory needed to statistically reproduce a process is kagwn MeMOry lengthr is topologically e‘(‘quivalent to aﬂe Bruijn
the statistical complexit,. Since this is a measure of mem- graph (Teubner, 1990) of order. By “most general” we mean

ory, it has units ofBits]. It is the Shannon information stored in that all lengthr pasts are distinguished and all allowed tran-
the set of CSs: sitions between CSs exist. Under these assumptions, the mos

general binary = 3 e-machine [which has®2= 8 CSs and
Co=—3,c5P(0)l0g,P(0), (20) 23! = 16 transitions] is shown in Fig. 1. It is known that
de Bruijn graphs can broken into a finite number of closed,
whereS is the set of CSs for the process and Pis the asymp-  nonself-intersecting loops calleimple cyclegSCs) (Canright
totic probability of CSo. The latter is the left eigenvector, & Watson, 1996).
normalized in probability, of the state-to-state tramsitmatrix By analogy, we define a&ausal-state cyclCSC) as a
T=>a T, Physically, the statistical complexity is related finite, closed, nonself-intersecting, symbol-specifichpat an
to theaveragenumber of previous spins one needs to observe oa-machine. We denote a CSC by the sequence of CSs visited
scanning the spin sequence to make an optimal predictidreof t in square brackets [ ]. The states themselves are labelbdawit
next spin. The statistical complexity is also related toegal-  number (in binary notation) that gives the sequence of tse la
ization of the stacking period for non-periodic proces3&sr{ three spins leading to that CS. For example, for an3 recon-
et al, 200m). structede-machine, CSS; means that 011 were the last three
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spins observed before reaching that CS. peeodof the CSC by ane-machine, we ignore these higher-order terms. Thus, the
is the number of CSs that comprise it. issue of random versus nonrandom faulting in polytypisnots n
We further divide CSCs intstrongandweakdepending on addressed here. But, again, we note thattheachine descrip-
the strengths of the transitions between the CSs that makeeup tion quite naturally describes random, nonrandom, anagiri
CSC. Thecausal-state cycle probabilitycBc is defined as the faulting structures (Sebastian & Krishna, 1994).
cumulative probability to complete one loop of a CSC, begin-
ning on the CSC. We identify CSCs with largesc as strong 4.2.1. Growth Faults Crystal growth often proceeds by a
CSCs and all others as weak CSCs. layer-addition process. Suppose a ML is added that cannot be
thought of as a continuation of the previous crystal stmgtu
4.1.2. Structural Interpretations We begin by noting that but the MLs added subsequent to that ML return to the original
a purely crystalline structure is simply the repetition of astacking rule. Such a ML inserted into the sequence is called
sequence of MLs. This is realized on amachine as a CSC growth fault For the 2H structure, the rule is that the added ML
with a Pesc = 1. That is, ane-machine consisting of a single has the same orientation as the next-to-last ML. For example

CSC repeats the same state sequence endlessly, giving-a péfiagine an unfaulted 2H crystal, consistingAfndB MLs,
OdiC Stacking Sequence’ Wh|Ch phys|ca"y is some Crystatst is...ABABAB... Then a grOWth fault in this St-ructure 1ML
ture. It is therefore useful to catalog all of the possibleags followed by aC ML. The remaining MLs continue to follow the
on anr = 3 e-machine, and this is done in Table 2. There are2H stacking rule, giving an overall stacking sequence sech a
19 CSCs on am = 3 e-machine, and each can be thought of

as a crystal structure if that CSC is strongly represenidtege ~-ABABABCBCBCE..,

should be verified by tracing them out on Fig. 1] where underlining indicates the fault plane.

However, if a nearly perfect crystal has a few randomly Notice that the original crystal is composed of alternaiing
inserted stacking errors, these “mistakes” are physically andB MLs, while after the fault it becomes a sequence of alter-
interruption of the regular ordering of MLs. That is, someer natingB andC MLs. In terms of the Hgg notation, a growth
occurs, but after a relatively short distance the crystains to  fault for the 2H crystal corresponds to the insertion of a sin
its regular stacking rule, thus restoring the crystallimecture.  gle 0 or 1 into the spin sequence. For exampl€1010101.
This is realized on ap-machine as a CSC witRcsc(crysta) ~  becomes..010110101.. upon insertion of a 1, where the under-
1 and another weakly represented CSC WAtRc(fault) < 1. lining indicates the inserted spin.

In this way, we interpret weakly represented CSCs as faults. This can be demonstrated on thenachine shown in Fig. 2

With this understanding in place, we note thateamachine  with small faulting probabilitiesa and b. This e-machine
can quite naturally accommodate more than one crystal-struémplies that [5,Ss] is dominant, which is simply the 2H struc-
ture. Each such CSC must hav®ac(crysta) ~ 1, but they ture. With small faulting probabilitiea or b, a 0 or a 1, respec-
can be “connected” through a weak CS€;d(fault) <« 1].  tively, is randomly inserted into the 2H crystalline struret
However, to interpret two CSCs as crystalline structurehea [We do note that it is possible to express growth faults of the
must havePcsg(crysta) =~ 1, and therefore necessarily théy ~ 2H structure on & = 1 e-machine. But since most of the sam-
not share a CS. [If they did, at least one CSC could not haveles of practical interest have more structure than groautts,

a Pesc(crysta) ~ 1.] Similarly, e-machines can accommodate and hence needra= 3 e-machine, we detail their structure on

more that one faulting structure. this largere-machine.]
In the 3C structure, the stacking rule is that the added ML
4.2. Faulting Structures on e-Machines is different from the previous two MLs. There are, of course,

As we did with crystal structures on an= 3 e-machine, itis WO _distinct, symmetry-related 3C structures; one being th
instructive to identify some of the more common faults on the-ABCABC.. and the other its spatial inversionCBACBA...
most generat = 3 e-machine. We will consider only 2H and 1he Spin sequences for these ard111.. and ...000Q..,
3C structures with growth, deformation, and layer-dispiaent ~ "€SPectively. A growth fault for this crystal gives a stamki
faults; but the extension to other crystal and fault stegtis ~ S€duence such as
straight_forward_. We will pnly give the faulting §Fructure an . ABCABCBACBA..,
e-machine to first order in the faulting probability, so thiagt
basic graphical structure is clear. Thus, the connectiththie  where underlining again indicates the fault plane. It isveon
FM is valid only for weak faulting; which is consistent withe  tional to take the indicated ML as the fault plane since it is
FM’s domain of applicability. The-machine, however, is valid the only ML in the cubic stacking sequence that is hexago-
for any degree of disorder, it is only the connection to the FMnally related to its neighbors. In terms ofabig notation, the
that is limited to weak faulting. sequence is.1111300000.., where the vertical line indicates

We also note that the faults on themachine in this inter- the fault plane. The effect of a growth fault in a 3C structisre
pretation are such that the occurrence of two adjacentsf@ult then to switch from 3C structure of one chirality to another o
suppressedf the probability of encountering a fault on a ML is to flip all spins after the fault plane. This fault is also kmow
(say)p, then the probability of two adjacent faultspé. Thatis,  as atwin fault of the 3C structure, because it produces a crys-
in our attempt to use the FM to interpret the structures ceptu tal containing both kinds of 3C sequences. This growth fgult
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demonstrated in Fig. 3 with small faulting probabiliteeandb.  4.3. e-Machine Decomposition and General Interpretation
[S7] and [So] correspond to the two twinned 3C structures, with  1p¢ previous discussion has emphasized the imporédet r
the transition sequences connecting them having a small totat cSCs play in reflecting stacking structures—crystbind
probability. [Again, it is possible to express growth fauif the ¢4t \We have found that CSCs directly correspond to ctysta
3C structure on a = 1 e-machine.] and fault structures. The question then arises, can antyampi
r = 3 e-machine be decomposed into crystal and fault struc-

4.2.2. Deformation Faults Other faults can occur after a y,res? We first note that thanly difference between fault and

crystal structure has been formed. Caused by externakeges crystal structure is the magnitude of tResc associated with

or inhomogeneous temperature distributions within thetety each CSC. It seems reasonable. then. to breakwaachine into
deformation faultsre the result of one plane in the crystal slip- 5 sum of CSCs. So we formally write

ping past another in a direction transverse to the stacling.
example of deformation faulting in the 2H structure is the fo £~ 7i(CSG) (24)
lowing: i ’

..ABAB|CACACA.. wheref is thee-machiney is the fraction of the-machine that

i i S ith
The vertical bar indicates the plane across which the slip():an be attributed to thi$" CSC, andCSG is thei” CSC. The

occurred. In the Egg notation a deformation fault in the 2H most general binary = 3 e-machine can be specified by eight

: . - . : variables. It is known, however, that there are 19 CSCs oh suc
structure s realized by flipping a spin. In this example, thean -machine (Teubner, 1990). So, unless there is a fortuitous
unfaulted sequence ...10101010... transforms to ..1@1Q..., N ' .

. : . . vanishing of either CSs @rmachine transitions, or the imposi-
where again the underlined spin demarcates the one flipped. T .. I . N
. X . . g tion of additional constraints, the decomposition in E¢t)(®
e-machine representation of this fault is shown in Fig. 4.

In the 3C structure, deformation faults appear much the samQOt unigue and therefore of questionable use. We note this sit-

X : . Uation is not expected to improve with largefThe number of
An example of a deformation fault in a 3C structure is ! . .
parameters on the = r; e-machine grows exponentially in

..ABCABC/BCABCA. while the number of CSCs appears to increase as the exponen-

The vertical bar again indicates the slip plane. Expresaed iF'aI of an exponential im (Teubner, 1990). Thus, in general, it

spin notation, the unfaulted 3C crystatl1111111. becomes IS not pos;ible to decompose emachine i|_1_to C_SCS uniquel_y.
..1111011.., a single spin flip. The two corresponding _.Th(.a main purpose of such adecomposm_on is to_prowde intu-
machines are shown in Fig. 5. ition into the structure present and possibly insight irfie t
physical mechanisms that may have led to a particular struc-
ture. In this limited capacity Eq. (24) may be helpful. Weess

4.2.3. Layer-Displacement Faults Characterized by a shift- h -
that Eq. (24) has no other use than this and certainly carenot b

ing of one or two MLs in the crystal while leaving the remain- X o . .
der of the crystal undisturbethyer-displacement fauligo not ~ US€d to calculate physical quantities. Only the entineachine
disrupt the long-range order present in a structure. They ar's suitable for such calculations.

thought to be introduced at high temperatures by diffusibn o How, then do we intuitively understand structure onean
the atoms through the crystal (Sebastian & Krishna, 199w). | machine? In one picture—the weak faulting limit—we view the

the 2H structure, an example of a layer-displacement faulti ¢-machine as a collection of CSCs. The decomposition given
by Eq. (24), while not unique, may be sensible. In this cage, w

~ABABCBABA.., have the same interpretation as the FM. However-timachine

where the underlined ML is the faulted layer. Written as spinshas a broader range of applicability. It can, for instancepen-
...10101010. becomes...1011®M10..., the underlined spins Modate more than one crystal structure and detail how tbk-sta

indicating those that have flipped. A layer-displacementtfa ing alternates between the two. The FM, to our knowledge,
in the 2H structure is shown in Fig. 6. admits no such multicrystalline structures. Tdmachine pro-
Layer-displacement faults in 3C structures are more difficu Vides a more detailed account of multiple faulting struesur
to realize, since each ML is sandwiched between two unlike'he FM, too, can reflect more than one kind of faulting struc-
MLs and changing its orientation violates the stacking conture, but the description is a stochastic one. #meachine has
straints. It is therefore necessary for two adjacent MLshtfi.s  no difficulty in reflecting any stacking structures, evensely
Consequently, one expects that they are rarer. An example §paced faulting structures. Thus, we retain the structotef-
layer-displacement in the 3C structure is the following: pretations of4.1.2 for the case of weakly faulted structures.
...ABCABCB/CABCAB. .. In other _cwc_umstances, when a sensible decqmposmon _of
’ the e-machine into crystal and faulting structures is not possi-
where the underlined layers are faulted. The spin sequendde, it still gives insight into important stacking seques@nd
changes from...1111111.. to one where three consecu- their spatial relations. Although it is no longer as advgetaus
tive spins have been flipped to 0:....1100011 ... A layer-  to view thee-machine as a collection of CSCs, we note that
displacement fault on the 3C structure is shown in Fig. 7. stacking sequence probabilities are readily observed egs-th
These common faulting structures for the 2H and 3C crystalsnachine either through direct calculation—t#hmachine spec-
are given in Table 3 along with the CSCs associated with thenifies sequence frequencies of any length—or, more simply for
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shorter sequences, by asymptotic CS probabilities. Thedi-lik assume an underlying crystal structure. IndedSR makes
hood of seeing two sequences in close proximity can be foundo assumption at all about what crystal or fault structurg ma
by tracing the appropriate path through thenachine. Since be present. Unlike competing modet8/SR does not impose
the e-machine is valid forany degree of disorder, we can find a preselected architecture on the model to describe thk-stac
the relative importance of stacking sequences for even-heaing structure. [Although it is limited to Markov models.J)(i

ily faulted crystals or for crystals in which no regular #tac ¢MSR isnotlimited to structures that contain only weak fault-
ing structures exist. The architecture of tamachine—e. the  ing. That is,eMSR can be used to describe the stacking for
number, arrangement, and connections between the CSs, thany amount and kind of ordered and disordered sequence that
provides an intuitive interpretation for the complexitydasrga-  a material may contain. (iii) ThusMSR can treat crystals that
nization of the structure. One sees how the various stackingave more than one crystal or fault structure presentekA\§R
structures are related and how one blends into another uparses all of the information in the diffraction spectrum—Bgag
scanning the crystal. and diffuse—instead of considering only the effect disofaer

Thus, in addition to providing a formidable calculational on the Bragg peaks alone. (¢MSR defines two figures-of-
tool, the e-machine provides a new way of viewing structure merit—3 andy—that can be used to evaluate the error in exper-
in layered materials; it is not tethered to the assumption ofmental diffraction spectra. (vifMSR results in the minimal
a parent crystal permeated with weak faults. It gives a genand unique statistical expression of the stacking sequetiue
eralized way to view and compare the structure of different-machine. (vii) And finally, from the reconstructedanachine,
crystals, even when they have different—or no—parent strucparameters of physical interest such as the entropy per L, t
tures. This should prove especially helpful in understapdi statistical complexity, various length parameters andatbes-
solid-state transformations in layered materials (Varnr@t€h-  age stacking-fault energy for disordered stacking secesear
field, 2004). directly calculable (Varret al,, 200%; Varn et al., 2005).

Finally, we note that these are interpretations of converge We have also examined the structure of ¢hmachine in the
not necessity. The-machine is a unique description of the weak faulting limit. We have shown that closed paths on the
stacking process, and thus any quantities that dependtlgiirec reconstructed-machine, the CSCs, correspond to well-known
on a statistical description of the stacking are amenabtafto  crystalline and fault structures. Specifically we have shtie
culation. causal architecture associated with growth, deformatioth a

For those instances where a sensible decomposition ef the layer displacement faulting on 2H and 3C crystals.

machine is possible+e., the weak faulting limits—we employ  \while we have addressed only CPSs here, the extension to
Eq. (24) for the limited purpose of providing an intuitivedeT-  other layered structures is straightforward. A first théoed
standing of the disordered structure We will calleither the  task in this is to find an expression for the diffracted intgns
fractionof crystal structure or, for weak CSCs, flaeilt density  in terms of suitable CFs and to relate these CFs to the sequenc
This is, of course, different from thfault probability gener-  distribution [and thence to anmachine]. Significant progress
a”y used in the literature. The fault probablllty is theq[ency, has a|ready been made in this area (ESteVGZ-%ﬁB‘lS 200]a)

upon scanning the stacking sequence, that one finds a garticuwhile such ane-machine may draw from an alphabet larger

fault in the sequence. than two for more complicated polytypes, such as micas and
kaolins (Varn & Canright, 2001), there are in principle ne-th
5. Summary oretical obstacles to applyirdgISR to more complicated poly-

We offer here a new theoretical framework for the treatmen{ypIC structures. ) ) .
planar disorder in CPSs, which we cellSR. In two compan- FurthereMSR applied to polytypism of CPSs shows the kind

ion papers we demonstrate its application to diffractioecsa Qf detailed anglysis and new insights_ possible from a coaxput
from simulated processes (Vaet al, 2005) as well diffrac- t|0na_l mechanics treatment of experlmental data. It shbeld
tion spectra from single crystal ZnS (Vaebal, 200%). With ~ Possible to adaptMSR to other physical systems where the
a minimum of assumptions and using only correlation informa Measured signal is in the form of a power spectrum. We expect
tion between MLs¢MSR infers a statistical description of the that there will continue to be additional applications ofrm-
stacking structure—in the form of aamachine. Our descrip- ttional mechanics to those areas of physics and crystafibg
tion is necessarily statistical, in that we do not find thecifie N which one seeks to detect and analyze structural contplexi
stacking sequence that gave rise to the diffraction pattarn Additionally, eMSR also contributes to the machine-learning
rather a minimal description of the ensemble of stackings th side of computational mechanies4SR is novel, in that we use
could have generated the diffraction spectrum. We conteaid t & power spectrum to reconstruct tamachine instead of a tem-
this statistical description is the most useful form in whto  poral data sequence, as prior algorithms have. We see this as
express the structure of the crystal. Indeed, could we lawedf ~ prelude to the question of how one infers amachine from
a specific stacking sequence millions of MLs in length, oiie st general spectral data and are continuing research aloisg the
would search for some way to compress this information into dines.
useful form. In short, one would want to find #snachine. There are, however, some limitationsefdSR, as presented
eMSR offers a number of significant advantages over prehere. We only attemptedmachine reconstruction up to= 3.
vious spectral inference techniques. (i) There is no need tt has recently been shown that a model for a simple solid
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state transformation from the 2H to the 3C structure in CPSs
results in stacking sequences that imply an infinite memory

length (Varn & Crutchfield, 2004). While in principle one can PO11D) = P(1110,
attempteMSR for anyr, there are computational complexity P(000) = P(1000,
difficulties. In the most general case, the number of vagisibl P(0011) + P(101) = P(011) + P(0110 ,
one needs to solve for is exponentiatjrand many of the equa- P(0101) + P(1101) = P(1011) + P(1010,
tions are nonllnear.. More seriously, the maximum number of P(0010 + P(1010 = P(0101) -+ P(0100) ,
terms in any equation grows as an exponential of an exponen-

tial in r. Forr = 3, there were 11 terms in two of the equations. P(0001 + P(1001) = P(0011 + P(0010 ,

At r = 4, two of the equations have 171 terms, all of them non-
linear. For = 5, this grows to 43690 terms (Varn, 2001). These
terms are all additive, so a fortuitous cancellation is resgy
ble. Itis possible, however, that physical insight intotlative
importance of sequences may allow one to neglect a number
terms in these equations. We feel that the general case-of

is tractable, and this is a subject of current research. ¥desals-
pect that there are alternative algorithms that will gsesgtiuce

P(0100 + P(1100

bilities of length-5 to those of length
given by Eq. (10). We find,

P(1001) + P(1000) .

Equation (8) provides for normalization, providing one iadd
tional constraint. Finally, the remaining 8 relations biatiag
sequence probabilities to CFs as prescribed by Eq. (9). We fu
$her reduce the last two relations which involve sequenchar

-4 via relations oéttorm

the computational complexity of finding solutions. Q:(2) = P(0000 + P(0001 + P(0010 + P(0011) ,
Q(2) P(1100 + P(1101) + P(1110 + P(1111) ,
Appendix A Q:(3) = P(0110 + P(0111) + P(1010 + P(1011)
The Spectral Equations +P(1100 + (1103,
Q(3) = P(0010 + P(0011) + P(0100 + P(0101)
+P(1000 + P(1001) ,
Q:(4) = P(1111) + P(1000 + P(0100 + P(0010
Alr=1 . . . +P(0001) ,
The spectral equations at= 1 are linear and admit an ana-
Iytical solution. Specifically, we write out Egs. (7), (8nd&(9) r(4) = P(0000 + P(011]) + P(1011) + P(1103)
for r = 1 and solve them. We find, +P(1110,
B B P2(0000) P(0011)P(0111)
PAD = Q). 1 Q) = P(0000 + P(0001) ' P(0111) + P(0110
P01) = p(10) = 5[1-Q:(2) - (2)], P(0101)P(1011) P(0110P(1101)
PO0) = Qu2). P(1011 + P(1010 ' P(1101) + P(1100
P(0111)P(1110 P(1001)P(0011)
A2.r=2 P(1110 + P(1112) ' P(0011) + P(0010
Similarly, the spectral equationsat= 2 are linear and also P(1010P(0101 P(1011)P(0110
can be solved analytically. Again, we write out Egs. (7), &id P(0101) + P(0100 ' P(0110 -+ P(0111)
(9) forr = 2 and solve them. We find, P(1100P(1001) P(1101)P(1010
P(000) = [3Qc(2) — 2Qc(3) — 3Q:(2) — 4Q,(3) + 3)/6, P(1001) + P(1000 ' P(1010 -+ P(1011)
P(001) = [3Qc(2) +2Qc(3) +3Qi(2) +4Qi(3) — 36, P(1110P(1100
P(010 = [-3Qc(2) —2Qc(3) —3Q(2) — Q:(3) +3)/3, P(1;2(20> + I)°(1101) 1100P(1000
P(011) = [3Qc(2) +4Qe(3) + 3Qr(2) +2Q:(3) — 3)/6, Q@) = 1111 P(1100P(100
P100 = [3Qc(2) +2Qc(3) +3Qr(2) +4Q:(3) ~ 36, P(ILLLY + PLL10 © (1000 + P(100D
P(10) = [-3Qu(2) — Qu(3) — 3Q(2) — 20 (3) + 33 P(1010P(0100 P(1001)P(0010
¢ ¢ ' ' ’ P(0100 + P(0101) ' P(0010 + P(0011)
P(111) = [-3Qc(2) —4Qc(3) +3Q(2) —2Q((3) + 3|/6. P(0001) + P(0000 ' P(1100 + P(1101)
A3 r—3 P(0101)P(1010 P(0100P(1001)
At r = 3, we require 16 relations to constrain the length- P(1010 + P(1011) ~ P(1001) + P(1000
4 binary-sequence probabilities. Now, however, we enaunt P(0011)P(0110 P(0010P(0101)
nonlinearities, and by necessity the spectral equatioes ar P(0110 + P(0111) = P(0101) + P(0100
solved numerically. We write them out here. P(0001)P(0011)

At r = 3, Eq. (7) implies the following seven equations. P(0011) + P(0010



international union of crystallography

Acknowledgements

We thank D. P. Feldman, R. Haslinger, C. Moore, C. R. Shal-

izi and E. Smith for useful conversations and A. Mills for el

ful comments on the manuscript. This work was supported at

Guinier, A. (1963)X-Ray Diffraction in Crystals, Imperfect Crystals,
and Amorphous Bodie8V.H. Freeman and Company.

Hahn, T., Wilson, A. J. C. & Shmueli, U. (eds.) (199®)ternational
Tables for Crystallography3™, revised edition Kluwer Aca-
demic publishers.

the Santa Fe Institute under the Networks Dynamics PrograrRansen, J. E. (1993Computational Mechanics of Cellular Automata

funded by the Intel Corporation and under the Computation,

Ph.D. thesis, University of California, Berkeley.

Dynamics and Inference Program via SFI's core grants fram thHanson, J. E. & Crutchfield, J. P. (199Physica D 103, 169-189.

National Science and MacArthur Foundations. Direct suppo
was provided by NSF grants DMR-9820816 and PHY-991021

r}-Hrth, J. P. & Lothe, J. (1982 heory of DislocationsJohn Wiley, 2nd
e

Hendricks, S. & Teller, E. (1942). Chem. Phys10, 147-167.
d.

and DARPA Agreement F30602-00-2-0583. DPV's visit to SFlHordijk, W., Crutchfield, J. P. & Shalizi, C. R. (200Bhysica D 154,

was partially supported by the NSF.

References
Ashcroft, N. W. & Mermin, N. D. (1976)Solid State PhysicsSaun-
ders College Publishing.

Badii, R. & Politi, A. (1997).Complexity: Hierarchical Structures and
Scaling and Physigsvol. 6 of Cambridge Nonlinear Science
Series Cambridge University Press.

Barrett, C. S. (1950)Trans. Metall. Soc. AIME188, 123—-135.
Baumhauer, H. (1912). Kristallogr. 50, 33-39.

Berliner, R. & Werner, S. (1986Rhys. Rev. B34, 3586-3603.
Canright, G. S. & Watson, G. (1996). Stat. Phys84, 1095-1131.

Cheng, C., Heine, V. & Jones, I. L. (1990).Phys.: Condens. Matter
2,5097-5113.

Cheng, C., Needs, R. J. & Heine, V. (1988).Phys. C: Solid State
Phys. 21, 1049-1063.

Cheng, C., Needs, R. J., Heine, V. & Churcher, N. (19&Zxophys.
Lett. 3, 475-479.

Clarke, R. W., Freeman, M. P. & Watkins, N. W. (200Bhys. Rev. E
67,016203.

Crutchfield, J. P. (1994Rhysica O 75, 11-54.

Crutchfield, J. P. & Feldman, D. P. (199Phys. Rev. E55, R1239—
R1242.

Crutchfield, J. P. & Feldman, D. P. (2008haos 13, 25-54.
Crutchfield, J. P. & Young, K. (1989Rhys. Rev. Lett63, 105-108.
Dornberger-Schiff, K. (1972Bo0v. Phys. Crystallogrl6, 1091-1095.
Engel, G. E. & Needs, R. J. (199Q).Phys. Cond. Mat2, 367—376.

240-258.

Jagodzinski, H. (1948). Acta Crystallogr. 2, 201-207.

Jagodzinski, H. (1949). Acta Crystallogr. 2, 208-214.

Jagodzinski, H. (1954 Acta Crystallogr. 7, 300.

Jagodzinski, H. (1972fp0v. Phys. Crystallogrl6, 1081-1090.

Jagodzinski, H. (1987Rrogress in Crystal Growth and Characteriza-
tion, 14, 47-102.

Johnson, C. A. (1963Acta Crystallogr. 16, 490-497.

Kabra,gg.sK. & Pandey, D. (1995Act Crystallogr. Sec. A51, 329—

Kanters, 84 Frydman, A. & Ater, A. (2005)Europhys. Lett.69, 798—

Keen, D. A. & McGreevy, R. L. (1990Nature 344, 423-425.

Kittel, C. (1996).Introduction to Solid State Physicdohn Wiley &
Sons, 7th ed.

Krishna, P. & Marshall, R. C. (197). J. Cryst. Growth 11, 147-150.

Krishna, P. & Marshall, R. C. (19H). J. Cryst. Growth 9, 319-325.

Landau, L. (1937)Phys. Z. Sowjetunignl2, 579.

von Laue, M. (1918)Ann. Phys., Lpz56, 497-506.

Lifschitz, 1. M. (1937).Phys. Z. Sowjetunignl2, 623.

Michalski, E. (1988)Acta Crystallogr. A 44, 640-649.

Michalski, E., Kaczmarek, S. & Demianiuk, M. (198&cta Crystal-
logr. A, 44, 650-657.

Milburn, G. H. W. (1973) X-ray Crystallography: An Introduction to
the Theory and Practice of Single-crystal Structure Analysis
Butterworth & Company.

Palmer, A. J., Fairall, C. W. & Brewer, W. A. (2000)EEE Trans.
Geosci. Remote Sen38, 2056—-2063.

Estevez-Rams, E., Aragon-Fernandez, B., Fuess, H. & PentorPalosz, B. & Przedmojski, J. (1976)cta Crystallogr., Sec. A 32,

Madrigal, A. (2003) Phys. Rev. B68, 064111.
Estevez-Rams, E., Martinez, J., Penton-Madrigual, A. & Lorag®err
R. (2008). Phys. Rev. B63, 054109.
Estevez-Rams, E., Penton, A., Martinez-Garcia, J. & Fuess, 85§20
Crys. Res. Tech40, 166-176.

409-411.

Pandey, D. (1989Phase Transitions16/17, 247-261.

Pandey, D. & Krishna, P. (1976Acta Crystallogr., Sec. A32, 488—
492.

Pandey, D. & Krishna, P. (1977). Phys. D.10, 2057-2068.

Estevez-Rams, E., Penton-Madrigual, A. & Martinez-Garcia, R. L.-Pandey, D. & Krishna, P. (1982). l@urrent Topics in Materials Sci-

S. J. (200b). J. App. Crystall.34, 730-736.
Farkas-Jahnke, M. (19@R Acta Crystallogr., Sec. B29, 413-420.
Farkas-Jahnke, M. (19BR Acta Crystallogr., Sec. B29, 407—413.

ence edited by E. Kaldis. North-Holland.
Pandey, D. & Lele, S. (19&). Acta Metall. 34, 405-413.
Pandey, D. & Lele, S. (198. Acta Metall. 34, 415-424.

Feldman, D. P. (1998)Computational Mechanics of Classical Spin Pandey, D., Lele, S. & Krishna, P. (1980Proc. R. Soc. London Ser.

SystemsPh.D. thesis, University of California, Davis.

Feldman, D. P. & Crutchfield, J. P. (1998anta Fe Institute Working
Paper 98-04-026

Feldman, D. P. & Crutchfield, J. P. (2008hys. Rev. E67, 051104.
Frank, F. C. (1954). Philos. Mag. 42, 1014.
Frank, F. C. (1954). Philos. Mag. 42, 809-819.

Frevel, L. K., Petersen, D. R. & Saha, C. K. (1992)Mater. Sci. 27,
1913-1925.

Frey, F. (1995)Acta Crystallogr., Sec. B51, 592—603.

Frey, F. & Boysen, H. (1981 Acta Crystallogr., Sec. A37, 819-826.
Frey, F., Jagodzinski, H. & Steger, G. (198Byll. Min. 109, 117-129.
Gevers, R. (1954). Acta Crystallogr. 7, 337—343.

Gevers, R. (1954). Acta Crystallogr. 7, 492—494.

A, 369, 435-449.

Pandey, D., Lele, S. & Krishna, P. (1990Proc. R. Soc. London Ser.
A, 369, 451-461.

Pandey, D., Lele, S. & Krishna, P. (19§0Proc. R. Soc. London Ser.
A, 369, 463-477.

Pandey, D., Prasad, L., Lele, S. & Gauthier, J. P. (198Appl. Crys-
tallogr. 34, 415-424.

Paterson, M. S. (1952). Appl. Phys.23(8), 805-811.

Prasad, B. & Lele, S. (1970Acta Crystallogr., Sec. A26, 54—64.

Proffen, T. & Welberry, T. R. (1998Phase Transitions67, 373—397.

Schulz, H. (1982). IrCurrent Topics in Materials Sciencedited by
E. Kaldis, vol. 8. Amsterdam: North-Holland.

Sebastian, M. T. (1988). Mat. Sci. 23, 2014—2020.

Sebastian, M. T. & Krishna, P. (1984)hilos. Mag. A 49, 809-821.

Gongalves, W. M., Pinto, R. D., Sartorelli, J. C. & de Oliveira, M. J. Sebastian, M. T. & Krishna, P. (198} Phys. Stat. Sol. A101, 329—

(1998).Physica A 257, 385-389.
Gosk, J. B. (2000)Crys. Res. Tech35, 101-116.

337.
Sebastian, M. T. & Krishna, P. (19B) Crys. Res. Tech22, 929-941.



international union of crystallography

Sebastian, M. T. & Krishna, P. (1987 Crys. Res. Tegh22, 1063— Table 1

1072. TheeMSR algorithm. Hereu" signifies the set of lengthsequences.
1. Find the CFs from the diffraction spectrum.
Sebastian, M. T. & Krishna, P. (1994Rrandom, Non-Random and la. Correct the spectrum for any experimental factors.
Periodic Faulting in CrystalsGordon and Breach. 1b. Calculate the figures-of-merfi3.6) over possible
) . I-intervals to find an interval suitable fermachine
Sebastian, M. T., Narayanan, K. & Krishna, P. (198#)ys. Stat. Sol. reconstruction.

A, 102,241-249. 1c. Find the CFs over this interval.

Sebastian, M. T., Pandey, D. & Krishna, P. (1982)ys. Stat. Sol. A 1d. Estimate the spectral er®er from the

diffraction spectrum.
71 —640.
, 633-640 2. Estimate stacking distribution(®@") from CFs.
Shalizi, C. R. & Crutchfield, J. P. (2001). Stat. Phys.104, 817-881. 2a.Ser = 1. _
2b. Solve the spectral equations fqrdP).
Shalizi, C. R., Shalizi, K. L. & Crutchfield, J. P. (2008anta Fe Insti- 3. Reconstruct themachine from the 7).
tute Working Paper 02-10-060 3a. Label candidate CSs by their lengthistories.
3b. Estimate transition probabilities between states
Shaw, J. J. A. & Heine, V. (1990). Phys. Cond. Mat2, 4351-4361. from sequence probabilities.
3c. Merge histories with equivalent futures to form
Shrestha, S. P. & Pandey, D. (1@96Europhys. Lett.34(4), 269-274. CSs.
4. Generate CFs and diffraction spectrum from the
Shrestha, S. P. & Pandey, D. (1#)6Acta Mater. 44, 4949-4960. e-machine.

5. Calculate the errdf(r) = |R — Rerr| between
the original and-machine spectra:
5a. If[(r) > T, replacer with r + 1 and go to step 2b;

Shrestha, S. P., Tripathi, V., Kabra, V. K. & Pandey, D. (1996)ta 5b. Otherwise, stop.
Mater. 44, 4937-4947.

Shrestha, S. P. & Pandey, D. (1997)oc. R. Soc. London Ser, 453,
1311-1330.

Teubner, M. (1990)Physica A 169, 407—-420.

Treacy, M. M. J., Newsam, J. M. & Deem, M. W. (199P)oc. R. Soc.
London, Ser. A433, 499-520.

Trigunayat, G. C. (19915o0lid State lonics48(1/2), 3—70.

Varn, D. P. (2001)Language Extraction from Zn®h.D. thesis, Uni-
versity of Tennessee, Knoxuville.

Varn, D. P. & Canright, G. S. (2001Acta Crystallogr. Sec. A57,
4-19. Table 2

The 19 CSCs on an = 3 e-machine. In the first column, we give the CSC

Varn, D. P., Canright, G. S. & Crutchfield, J. P. (200Rhys. Rev. B. and in the second we show the stacking sequence in &gg Hotation implied

66, 174110. by this CSC. If these CSCs are strongly represented oer-thachine, then we

can interpret them as crystal structure. The corresporaiygjal structures are
Varn, D. P, Canright, G. S. & Crutchfield, J. P., (28R%ubmitted to  shown in the third column in the Ramsdell notation. Some CSCs comairs
Acta Crystallogr. Sec. A related by spin-inversion symmetry, (Varn & Canright, 2004)[So] and [S7]

. . . are both 3C structure, differing only in chirality. In casekere the Ramsdell

varn, 2 P"é:an”%lht’ G'SS' &ACrutchfleId, J. P., (26DSubmitted to notation is identical for different structures, we haveelied a subscript to

cta Crystallogr. Sec. distinguish them. We list the period-8 hexagonal structwigls a subscript to

Varn, D. P. & Crutchfield, J. P. (2004phys. Lett. A 324(4), 299-307. differentiate them from the_ more common 8H structure (00001 12dhe must
performeMSR atr = 4 to discover this latter 8H structure.

Verma, A. R. & Krisha, P. (1966)Polymorphism and Polytypism in  [So] (0)* 3C
Crystals John Wiley & Sons. [S7] (1)* 3C

S2Ss) (O1)* 2H

Welberry, T. R. (1985)Rep. Prog. Phys48, 1543-1593. 518538584 (0011y 4H
S183578568180] (000111¥ 6H

Wilson, A. J. C. (1942)Proc. R. Soc. Ser.,A180, 277—-285. S582854815357] (001101¥ 6Ha
S2855535785451] (110010¥ 6H;,

Woolfson, M. M. (1997).An Introduction to X-ray Crystallography S55,545051535785]  (00011101)  8Ha

Cambridge. 52858357565450S1] (111000107  8Ha
Yeomans, J. (1988%olid State Physi¢s41, 151-200. 535655 (O11y 9R
Yi, J. & Canright, G. S. (1996)Phys. Rev. B53, 5198-5210. 57565553 (0111y 12R

S0S18284) (1000} 12R

Young, K. (1991)The Grammar and Statistical Mechanics of Complex  [S3S654S0S1] (00011 15R
Physical System#®h.D. thesis, University of California, Santa  [S4515357Se] (111005 15R

Cruz. S58525450515386 (0001101} 21R,

]
S285553578654S1) (1110010} 21Ry
S386814505152S5) (0001011} 21R,
S45153578655S52)

Young, K., Chen, Y., Kornak, J., Matson, G. B. & Schuff, N. (300

[
[
[
[
[
[
%
[SaS185] (100)* 9R
[
[
[
[
[
[
Phys. Rev. Lett94, 098701. %

(1110100  21R,




international union of crystallography

Table 3

The more common fault structures for the 2H and 3C structuresion-a3 e-
machine. We make the following interpretation: If there is paeent structure
(2H or 3C) that is strongly represented and a single additiGSC is associated
with it as shown above, then we say that that crystal has thetste of the par-
ent crystal with a certain amount of the given faulting. Wewstide clear here,
however, not to confuse structure with mechanism. In thigpnétation, the
e-machine gives the structure that a crystal would hfitexperienced a small
amount of the faulting given. Structure does not necessaniyy mechanism.

2H  Growth fault S553S6
S28481
Deformation fault S55357S86
S28485051
Layer-displacement fault S5S3S5S4S51S2
8284851535555
3C Growth fault S§7865480
So8518357
Deformation fault S§7865553
S085185284
Layer-displacement fault S7S5S4SpS153
S0851853578654

011-pg
>

0l1-p,

0l1-
1lpg 011-p, Py

-1 |0

1lp,

Figure 1

The most general = 3 e-machine. We show only the recurrent portion of the

e-machine, as the transient part is not physically relevanthfa stage). The

CSs are labeled by the last three spins seeng means that 101 were the last

three spins seen. The numbers in parentheses are the asgr&qtrobabili-
ties. The edge labea| p indicates a transition on spgwith probability p.

Figure 2

Growth faults for the 2H structure as they appear an-a 3 e-machine for
small faulting probabilities andb. [S,Ss] is the 2H structure andS5S3Ss]
and [S2S54851] give the faulting. This interpretation is only valid for sthfault-
ing probabilities.

111-a

Q110

Figure 3

Growth faults for the 3C structure onra= 3 e-machine with small faulting
probabilitiesa andb. [S7] and [Sp] give the twinned 3C structure, while the
pathsS78654So andSpS153S7 give the faulting. Here we have an example of
a faulting structure that induces a transition between tystal structures.

Figure 4
Deformation faulting for the 2H structure orra= 3 e-machine for small fault
probabilitiesa andb. A deformation fault is represented by a single spin flip.

9110

Figure 5

The two possible-machines for deformation faulting in the 3C structure with
small faulting probabilities andb. There are twe-machines, one for faulting
from each of the 3C structuress{] and [So]. They are disconnected, and hence
faulting in the 3C structure of one chirality cannot causedtystal to switch to
another chirality. Hence this faulting mechanism does noseawinning.
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Figure 6

Layer-displacement faults for the 2H structure an-a 3 e-machine with small
faulting probabilitya. Here, for the sake of clarity, we show only faulting initi-
ating fromSs, although a similar faulting structure can begin fr&n

111-a

Figure 7

Layer-displacement faults for the 3C structure an-a 3 e-machine with small
faulting probabilitya. Again, we show only faulting fron7, corresponding to
the...1111.. spin sequence. A similar fault structure could be drawn faltfa
ing fromSy. A layer-displacement fault for the 3C structure is achidwethree
consecutive spin flips. The difference between the faulicttire here and that
of a growth fault for the 3C structure is that growth faulteguce twinning,
whereas here the fault returns to the original crystal strec



