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Smartphones, laptops, and data centers are CMOS-based technologies that ushered our world into
the information age of the 21°% century. Despite their advantages for scalable computing, their im-
plementations come with surprisingly large energetic costs. This challenge has revitalized scientific
and engineering interest in energy-efficient information-processing designs. One current paradigm—
dynamical computing—controls the location and shape of minima in potential energy landscapes
that are connected to a thermal environment. The landscape supports distinguishable metastable
energy minima that serve as a system’s mesoscopic memory states. Information is represented by
microstate distributions. Dynamically manipulating the memory states then corresponds to infor-
mation processing. This framing provides a natural description of the associated thermodynamic
transformations and required resources. Appealing to bifurcation theory, a computational protocol
in the metastable regime can be analyzed by tracking the evolution of fixed points in the state
space. We illustrate the paradigm’s capabilities by performing 1-bit and 2-bit computations with
double-well and quadruple-well potentials, respectively. These illustrate how dynamical computing
can serve as a basis for designing universal logic gates and investigating their out-of-equilibrium

thermodynamic performance.

We review a dynamical computing paradigm
that manipulates microstate distributions in a
metastable potential energy landscape immersed
in a thermal environment. A candidate landscape
contains energy minima separated by sufficiently
large barriers that stabilize mesoscopic memory
states. Changing the landscape’s structure corre-
sponds to information processing. Tracking fixed-
point bifurcations then provides a path to design-
ing energy-efficient computations.

I. INTRODUCTION

Over recent decades, integrated-circuit technologies
contributed to a global abundance of computing—from
laptops and smartphones to acre-sized data centers.
While potentially offering boundless opportunities for hu-
manity, these devices generate O(10%) times more heat
[1H4] than what is theoretically required [5]. Even before
the recent rapid appearance of large language models [6],
energy consumption for computational purposes was pro-
jected to reach 20% of global energy demand by 2030 [7].
It is clear that these CMOS-based technologies cannot
serve global computational needs much longer.

To address the ever-growing demands, alternative com-
puting paradigms are being explored in industry and
academia. One approach, first explicated by Landauer in
1961 [5] and subsequently followed up by others [8HIF],
focuses on controlling the minima in the potential en-
ergy landscape of a system coupled to a thermal environ-
ment. Coarse graining the continuous microstate phase
space into a discrete set of high-probability regions sur-
rounding the energy minima yields long-lived mesoscopic
metastable memory states. If the landscape contains
pairs of energy minima, then these information-bearing

degrees of freedom correspond to the logical Os and 1s in
binary computing. Changing the memory states’ dynam-
ics in the landscape corresponds to performing informa-
tion processing—creating, destroying, and transforming
the Os and 1s. Equivalently, tracking the fixed points of
the landscape’s associated dynamics permits the design
of computational protocols.

We first detail the intuition underlying dynamical land-
scape computing in Section [l After this, we illustrate
the design paradigm by reviewing two computations:
Section m reviews the 1-bit information erasure opera-
tion [5]; then, Section outlines 2-bit control erasure
[16], a generalization of Landauer’s erasure in a two-
dimensional landscape. These examples demonstrate
how dynamical landscapes can serve as a platform both
for designing classical logic gates [16] [I7] and for inves-
tigating their out-of-equilibrium thermodynamic perfor-
mance [5] 8, 12| [15].

II. FOUNDATIONS OF DYNAMICAL
LANDSCAPE COMPUTING

How can a noisy dynamical system perform classical
computations? We will investigate this by building up
the canonical energy landscape and its associated dynam-
ics for 1-bit computing. First, let’s consider an arbitrary
one-dimensional flat landscape U(x) that is initially un-
connected to a thermal environment—see Fig. 1(a). We
then introduce a particle into the potential to represent
system information. In this setup, the particle freely
travels in either direction along the z-axis according to
its initial position and velocity. In other words, there is
no notion of discrete information storage.

One way to implement discrete information storage
in the landscape is to add energy wells, which are in-
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FIG. 1. Building a potential energy landscape U(z) that
stores and processes a single bit of information. (a) Flat
landscape. (b) Landscape with an arbitrary number of en-
ergy minima. (¢) Instantiating two minima in the landscape,
but with no thermal environment connection. (d) Two wells
but with damped and noise-perturbed particle motion. (e)
Double-well potential with a sufficiently large barrier height
for stable information storage.

dividually separated by energy barriers of equal height.
Fig. 1(b) shows one example, where infinitely many min-
ima are contained in the landscape. Now, coarse grain
the continuum of microstates, grouping those into initial

positions in each well and total energy less than the bar-
rier height into a discrete information-bearing memory
state. Although these wells permit information storage,
there are an infinite number of them. In contrast, today’s
CMOS devices store bits—a unit of information with only
two states, 0 or 1-—to represent information.

With binary computational states in mind, we sim-
plify the landscape to two wells separated by one energy
barrier, as shown in Fig. 1(c). These result is binary
information storage. The only force acting on the parti-
cle comes from the potential —dU(z)/dz. In other words,
the system is conservative: If the particle has low enough
energy, it will be confined to its current well; conversely,
if it has enough energy to travel over the barrier from one
minimum to the other, the particle will continue to oscil-
late back and forth without losing energy, being unable
to settle into either well.

To mitigate this, we couple the system to a thermal
environment, i.e., a sufficiently large ideal heat bath at
equilibrium temperature 7. As a result, a damping force
—~dx/dt with coefficient v, as well as a thermal noise
term 7(t), now acts on the particle. A common choice
for modeling 7(t) is Gaussian white noise, such that the
particle evolves according to Langevin dynamics [18] [19]:

d?z dz dU(x)
m— = —y— —
de? dt dx

n(t) . (1)

Alternatively said, the particle now evolves according
to Newton’s 2nd law due to a dissipative force, a con-
servative force, and a stochastic force. Consequently, the
particle favors settling into the phase space region sur-
rounding a minimum, as seen in Fig. 1(d). By coupling
the system to the heat reservoir, its state is now better
represented as a distribution of microstates. The particle
can now be interpreted as the mean of this distribution.
Thermal noise will randomly perturb the particle within
its respective well, mixing and merging trajectories with
different histories into the same long-time behavior.

However, rare noise fluctuations can be large enough
to cause transitions between the wells. This renders the
landscape’s mesoscopic memory states to not be purely
stable, but metastable [20] as they balance noise and dis-
sipation. For the one-dimensional potential in Fig. 1(d),
the particle’s average energy in a metastable state is on
the scale of kT, where kp is the Boltzmann constant
[18,[20,[21]. If the energy barrier height is not much larger
than kpT, there is a high probability that the particle
will fluctuate over the barrier, producing a thermally-
activated information storage error [I8| 2I]. More pre-
cisely, the probability of an energy fluctuation of size AE
is proportional to exp(—AE/kgT) [18,120,21], where AE
represents the height of the energy barrier.

Reducing these errors involves raising the energy bar-
rier height to be sufficiently higher than kg7, as illus-
trated in Fig. 1(e). Since the distribution is only sta-
ble relative to a timescale that depends on the height of
the energy barrier, we have now ensured that the state
can be stored over long time scales with an exponentially



small probability of error. We now deem the phase space
regions surrounding minima to be the metastable mem-
ory states of the landscape. Together, the mesoscopic
states on either side of the z-axis represent one bit of
information. This landscape serves as our computational
substrate for executing 1-bit computations.

The double-well potential in Fig. 1(e) can be described
by a 4th-order polynomial:

U(z) = iaw‘l - %be +cz, (2)
where a, b, and c are real-valued scalars that serve as the
potential’s control parameters. Generally speaking, this
potential can be continuously transformed into a single
well depending on the values of a and b, while c tilts the
potential to the positive (negative) side of the z-axis if
its value is negative (positive).

To illustrate the role of the associated state-space ge-
ometry and the use of bifurcation theory, consider a con-
crete example of a fixed-point analysis for Eq. which
can produce Fig. 1(e). First, let a = 1 so that b provides
complete control of the barrier height. Setting ¢ = 0
enforces a potential symmetric about x = 0. To start
the fixed point analysis, we find values of x that set the
derivative of U(z) with respect to x to zero. These criti-
cal values {z*} are the potential’s fixed points:

dU(z) =2 —ba* =0, (3)

dz r=x*
with solutions z* = 0, +v/b. We have 3 real fixed points
when b is positive. We can assess the stability of U(z =
2*) to understand how microstate distributions interact

with the potential by evaluating —d?U(z = z*)/dz*%:
d?U(x = z*)

d.’IJ*2
Next, z* = £+/b results in d*U(z* = £vb)/dz*? =
2b > 0. Now, both fixed points are stable. This validates
our choice of the potential in Fig. 1(e).

=32*2—b. (4)

III. SINGLE-BIT ERASURE

By changing the landscape’s barrier height and the lo-
cations of its minima, particles can be controlled to travel
between the system’s memory states. Said differently,
dynamically manipulating the landscape’s metastable
states corresponds to information processing.

We will demonstrate this with two information erasure
protocols that are inspired by the the Restore-to-One
(RT1) protocol [5], whose differences can be seen through
a bifurcation theory perspective: A pitchfork bifurcation
protocol versus a saddle-node bifurcation protocol.

A. Pitchfork protocol

We first introduce a particle into the landscape. If
is sampled in equilibrium, it has a 50% probability of

being in one or the other well. Regardless of the particle’s
initial well, the goal of the computation is to bring it to
the 1 state [5]. We show this in Fig.[2a) at t = ¢, with
each particle representing a potential starting location.

Assuming that a particle remains in local metastable
equilibrium throughout the protocol, we can equivalently
view the system response from a bifurcation theory per-
spective by tracking only the potential’s fixed points. A
particle then represents a sampling of a locally-stable dis-
tribution in the landscape. Its mean location corresponds
to a respective landscape’s stable fixed point. And, its
higher moments are determined by the local curvature of
the potential that guides the particle’s motion in the re-
gion surrounding an energy minima. This perspective is
illustrated in Fig. b) at t = tg, where the potential has
two (one) stable (unstable) fixed points that are colored
as blue (yellow) diamonds.

First, we lower the energy barrier separating the two
wells. This transforms the double-well potential into
a single well and causes the two possible particle loca-
tions to converge to a single minimum, as displayed in
Fig. a) at t = t1. In dynamical-systems language, this
corresponds to a pitchfork bifurcation that forms one sin-
gle stable fixed point in Fig. b) at t = t;. We choose
the pitchfork bifurcation since we are able to perform
this step adiabatically in the quasi-static limit, where
each particle remains close to its respective potential en-
ergy minima. In this limit, a particle stays arbitrarily
close to local equilibrium if the protocol is done arbi-
trarily slowly. The next subsection showcases a protocol
that fundamentally differs in this step and discusses the
relative energetic efficiencies.

Next, to ensure that the particle ends in the 1 state
regardless of its initial start state, the potential tilts to-
wards the positive z-axis. Fig. a) at t = to demon-
strates this, where the particle moves into the right half-
plane. Correspondingly, the landscape’s single stable
fixed point is translated towards the positive z-axis, as
illustrated in Fig. 2|b) at ¢t = t.

Now, to maintain the particle’s location while com-
pleting the computation, we raise the energy barrier to
its original height while keeping the potential tilted, as
seen in Fig. a) at t = t3. This recreates the well in
the left half-plane. Due to the large barrier height, the
particle is likely to stay in right half-plane. This protocol
step can be viewed as the creation of one stable and one
unstable fixed point, bringing the total number of fixed
points to match the start of the protocol as illustrated
in Fig. b) at ¢ = t3. This is a reverse saddle-node
bifurcation.

The final step returns the landscape back to its original
configuration, completing the protocol cycle. The poten-
tial first untilts to bring the landscape back to its initial
configuration. In this way and independent of initial lo-
cation, particles now reside in the 1 state as desired; see
Fig. Pfa) at ¢ = t4,. In Fig. Pb) at ¢ = t4, this cor-
responds to the fixed points converging to their original
locations. This final step completes the RT1 protocol.
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FIG. 2. A pitchfork information erasure protocol inspired by the Restore-to-One (RT1) protocol [5] from different dynamical
perspectives, taken at different points in time. (a) RT1 protocol showing both possible initial particle locations that end in

the 1 state.

(b) RT1 protocol only illustrating the potential’s fixed points. (c) A dynamical view of information erasure,

demonstrating that erasure protocols are easily understood using bifurcation theory. The blue (yellow) lines represent the
stable (unstable) fixed point trajectories throughout the protocol. In the dynamical-systems language overall the protocol is
quite simple—a reverse pitch-fork bifurcation followed by a reverse saddle-node bifurcation.

Note that the protocol’s cyclicity ensures accounting for
all relevant information and thermodynamic costs related
to the operation—analogous to forming a closed engine
cycle in classical thermodynamics.

Introducing the bifurcation theory perspective of the
RT1 protocol emphasizes that we need to track the en-
tire protocol only from the fixed point paths in the state
space. Using this vantage point, we are able to further
simplify our understanding of what a computation is—
we no longer need to track the full trajectory of the mi-
crostate distribution. Fig.[2[c) illustrates the entire pro-
tocol in terms of the trajectories of the potential’s fixed
points.

B. Saddle-node protocol

As an alternative to relying on a pitchfork bifurcation,
now perform a RT1 protocol that uses a saddle-node bi-
furcation. Here, the potential’s parameters are tuned
differently than with pitchfork erasure, but all possible
input states are still erased to the 1 state.

In Fig. (a) at t = tg, the potential and particles are
initialized in the same manner as the previous protocol.
Likewise, Fig. b) at t = t9 shows the same starting
locations of the fixed points as Fig. b) at t = tg.

At t = t;, we drop the barrier slightly, as well as
tilt the potential towards the positive z-axis, as shown
in Fig. B(a) at ¢ = ¢;. Then Fig. Ba) at ¢ to
(Fig. [3(b) at ¢ = t5) shows the completion of this step
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FIG. 3. A saddle-node bifurcation information erasure protocol inspired by Ref. [5]. Differing from the pitchfork protocol,
it can not be carried out infinitely slowly to make it adiabatic and energy inefficient. Throughout the entire protocol, there
are two saddle-node bifurcations. (a) The evolution of the potential during the protocol when keeping track of the microstate
distributions. (b) The same protocol, but following the landscape’s fixed points. (c¢) The saddle-node erasure protocol in terms

of the landscape’s fixed points only.

from a particle (fixed point) perspective. Manipulating
the potential in this way annihilates the unstable fixed
point with the stable fixed point on the negative z-axis,
while maintaining the fixed point on the positive z-axis.
This is the essence of the saddle-node bifurcation: We are
able to store information on one side of an axis through-
out the protocol, while annihilating other fixed points in
the landscape.

The final step re-raises the energy barrier and un-
tilts the potential, as shown in Fig. a) at t = t3 and
Fig. b) at t = t3. This completes a protocol cycle,
returning the potential back to its original configuration
and bringing both microstate distributions to the 1 state.

Now, having completed a saddle-node erasure, let’s de-

tail the differences between this protocol and the pitch-
fork erasure. In the saddle-node protocol and due to how
the landscape is controlled, the particle stored in the 0
state dissipates energy as it travels from the bifurcation
point where it’s local minima vanishes down to the well
associated with the 1 state. Such a saddle-node bifur-
cation cannot be carried out adiabatically, even in the
quasi-static limit. This manifested as more irreversible
dissipation into the heat bath, along with the Landauer
bound cost—the inevitable work cost needed to perfectly
erase an unbiased input bit, that being kT In2 [5].

This fundamentally differs from the pitchfork protocol.
There, since the particles remain in the phase space re-
gion surrounding their respective local minima through-




out the entire protocol, the process can be made adiabatic
when performed infinitely slowly, allowing it to reach the
Landauer limit. From a dynamical-systems theory per-
spective, because we form one stable fixed point from the
bifurcation of two stable and one unstable fixed point, the
pitchfork protocol can be more energy efficient.

By viewing these computations in terms of the land-
scape’s fixed point dynamics, thermodynamic costs can
be more readily understood. Additionally, considering
fixed-point creations and annihilations allows for analyz-
ing dynamical computations in higher dimensions, which
is the subject of the next section.

IV. 2-BIT DYNAMICAL COMPUTATIONS

Let’s extend the landscape computing paradigm to im-
plement processing two bits of information. Previously,
to represent one bit of information required a double-
well landscape. This suggests that a landscape that con-
tains four wells provides four different memory states.
Fig. a) shows an example potential that contains four
wells, each separated by sufficiently large energy barri-
ers, and connected to a thermal environment, as required.
Similarly to Eq. [2] its form can be created from a general
quartic function, but in two dimensions:

1 1
U(z,y) = Zam4 — ibe +cx
1 1
~d 4 =2
+q ey + fy
+guy. ()

The landscape’s control parameters are now a, b, ¢, d,
e, f,and g. Allowinga=d=1,andc=f =9 =0
produces the example landscape displayed in Fig. El(a);
changing the values of b and e determines the barrier
height along the y and = axes, respectively. Note that
if b # e, then the potential has asymmetrical barrier
heights with respect to either axis.

Performing a bifurcation analysis in a similar way to
Sec. [[] yields four stable fixed points, corresponding to
the four wells in the potential; four saddle points, as-
sociated with the transitions between adjacent memory
states; and an unstable point at the origin. We coarse
grain the potential so that its memory states are distin-
guished according to the minimas’ location with respect
to the z and y axes:

xm:{

This choice of memory state assignment is shown in Fig.
Ekb). To illustrate an example of a computation with this
landscape, we first detail the saddle-node erasure proto-
col that was introduced in Ref. [I6]. There, a particular
physical device was assumed, which provides a potential
energy surface that is qualitatively similar to Eq. ,

0if z[y <0,

1if z[y]>0. ©)

(b)
1.0

0.8
0.6
0.4
0.2

0.0

FIG. 4. Potential energy landscape that supports carrying out
2-bit computations: (a) Illustrating the two-dimensional land-
scape U(z,y) via a three-dimensional landscape plot above its
projected contour plot. (b) Contour plot of U(z,y) showing
example memory-state instantiations.

but it has a different mathematical form and control pa-
rameters.

We start by considering the landscape’s fixed points,
which are depicted as colored diamonds in Fig. [5|(a)(i).
Further coarse graining, the dynamical point of view di-
rectly reveals the potential’s fixed points and flow fields,
shown in Fig. [5{b)(i). Here, blue (red) arrows represent
stable (unstable) fixed points along with a gray maxima.
This “dynamical skeleton” illustrates where microstate
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FIG. 5. Dynamical view of the control erasure (CE) protocol: (a) The CE characterized by the annihilation of the red and
green fixed points in the third quadrant, while maintaining all other fixed points. (b) A dynamical skeleton of the CE that only
shows the landscape’s fixed points and flow fields. Blue (red) corresponds to stable (unstable) fixed points, as well as a grey
local maxima. The steps of the protocol are as follows: (i) Initialization. (ii) Drop barrier separating the green (red) stable
(unstable) fixed points, while maintaining all other fixed points. (iii) Just after the red-green fixed point annihilation.

distributions are favored to travel without being con-
cerned about the potential’s exact shape. Analogous to
Sec. [T B}, we need to lower the barrier separating a mini-
mum, but because we have a four-well potential, we must
subsequently tilt the potential in a way that erases some
information on one side of an axis, but stores the rest on
the other axis. The simplest, and most energy-efficient,
option is to implement a pitchfork bifurcation erasure to
merge the two wells in the negative z semi-plane. How-
ever, such a pitchfork protocol is not possible with the
form of the potential in Eq. [5| without destroying stabil-
ity between the other pair of wells; see Appendix [A] for
the mathematical details.

Instead, we implement the erasure using a saddle-node
bifurcation, as in Fig. a), by lowering the barrier in the
left half-plane and then tilting the potential in such a way
to annihilate the red and green fixed points while main-
taining all other fixed points. The situations just before
and after the annihilation are shown in Fig. [f[a)(ii) and
Fig. 4(a)(iii), as well as in Fig.[5b)(ii) and Fig. [5b)(iii),

respectively. Here, the information that was in the third
quadrant is erased into the second quadrant, while all
other information is preserved. Completing the proto-
col involves re-raising and un-tilting the potential in an
analogous way to the RT1 computation. This erasure
protocol is called a control erasure (CE) [16]: Its func-
tionality involves controlling what input information is
erased or preserved in order to perform the 2-bit compu-
tation. Interestingly, there are eight possible CEs that
can be performed with the quadruple well potential [16].

V. CONCLUSION

With the attenuation of Moore’s law colliding with the
accelerating demand for computational resources, now is
the time to investigate alternative computing paradigms.
This is critical for future progress in computing. Here,
to address this and show a promising way forward, we
described a design strategy for performing computations



with dynamical potential-energy landscapes. This per-
spective of computing brings dynamical-systems theory,
statistical mechanics, and nonequilibrium thermodynam-
ics together in a coarse-grained approach to understand
thermally-activated classical computations. This com-
puting framework differs from other related dynamical-
systems paradigms which assume a physical substrate,
such as chaos computing [22] 23] and nonlinear memris-
tive computing [24] 25]. Detailed investigations of ther-
modynamic quantities and higher-dimensional computa-
tions are readily accessible with this framework, opening
up new options for optimizing computing systems both
in terms of raw performance and energy costs.
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Appendix A: Impossibility of a Pitchfork
Bifurcation in a Specific Landscape

Following Ref. [26, 27] and as discussed in Sec-
tion [[ITA] a pitchfork bifurcation occurs when two fixed
points on either side of an axis converge to a point of an-
nihilation at the coordinate axis. We will now show the
impossibility of performing a pitchfork bifurcation on a
pair of two adjacent wells in the potential generated by
Eq. and displayed in Figurewithout destroying sta-
bility of the other pair of wells as well. As a consequence,
the control erasure (CE) described in Section [[V]can only
be performed using a saddle-node bifurcation.

First, consider a pitchfork bifurcation in a one-
dimensional potential U (z), which is useful for analyzing
the two-dimensional case. A common ordinary differen-
tial equation that produces a one-dimensional pitchfork
bifurcation in the landscape U(x) takes on the polyno-
mial form [27]:

dU
df) =rx —a°

T=— (A1)
Upon observation, the bifurcation parameter appears in
the linear term, and Eq. is odd. Said another way,
a pitchfork bifurcation is found when the local expan-
sion around a bifurcation point is an odd function with
nonvanishing linear and cubic terms [26] [27].

Now, the mathematical form of Eq. [b|does not permit
carrying out a CE using a pitchfork bifurcation. To see
this, assume that a pitchfork bifurcation can occur at the
point (z,y) = (zo,y0) in Eq. Then, expand the first
derivative of the potential U(x,y) around zy:

0:U(xo + h,yo)

= 03U (20, yo)h + 83U (w0, y0)h* /2 + 9,U (w0, yo )h° /6
(A2)

= (3ax3 — b)h + 3axoh® + ah® (A3)
Enforcing that this function takes the form of Eq.
means that the linear and cubic terms remain while the
quadratic one vanishes. If ¢ = 0 then the cubic term
vanishes, so we find that ¢y = 0 is the only way for the
quadratic term to vanish. Now, because xy = 0, this
means that either b # 0 or the linear term vanishes. In
order to satisfy the criteria for a pitchfork bifurcation,
then 2o = 0 and a,b # 0. Accordingly, we restrict our
analysis only to those fixed points at (x = 0,y = yo)-

As detailed in Sec. the stability of a candidate fixed
point is controlled by the curvature of the potential at
x = x9. This gives 92U(0,y) = —b. For this to be a
stable fixed point, then b < 0. That said, suppose this
pitchfork bifurcation happens with the 00 and 01 wells
in the negative y semi-plane from Figure[dl At the same
time, to perform a CE, we must maintain the 10 and 11
states, as well as the respective energy barrier separating
them. This requires b > 0, which contradicts our original
restriction of b < 0. As a result, the bifurcation cannot



happen at xg = 0, and so it is not a pitchfork bifurcation
[27].

In other words, we are unable to form a stable fixed
point from an annihilation of the two lower wells, while

also maintaining the energy barrier in the upper half-
plane. As a result, to perform a CE with the potential
in Eq. [5} we are limited to the less efficient saddle-node
bifurcation as discussed in Section [Vl
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