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Composition as a source of  
unbounded complexity from 
computation 

Boolean composition of prime ECA rules 15, 118 and 170 simulates ECA rule 110 
 

Proving the power of interactions to produce unbounded complexity (and random-looking behaviour) 

J. Riedel and H. Zenil, Rule Primality, Minimal Generating Sets and Turing-Universality in the Causal 
Decomposition of Elementary Cellular Automata, Journal of Cellular Automata, vol. 13, pp. 479–497, 2018 



Pervasive Turing universality? 

J Riedel, H. Zenil, Cross-
boundary Behavioural 

Reprogrammability Reveals 
Evidence of Pervasive 

Turing Universality, 
International Journal of 

Unconventional 
Computing, vol 13:14-15 

pp. 309-357, 2018. 



The hacker view of causality 

space-time 
evolution 

Can we infer these rule using classical information theory? 
(computational mechanics without the stochastic part) 





Convergence of definitions! 



Semi-computable!!! 

Convergence of definitions! 





In principle: more serious that 
uncomputability! 







Algorithmic Probability and 
Coding theorem 

J.-P. Delahaye and H. Zenil, Numerical Evaluation of the 
Complexity of Short Strings: A Glance Into the Innermost 

Structure of Algorithmic Randomness 
Applied Mathematics and Computation 219, pp. 63-77, 

2012.  



Computability, Algorithmic 
Complexity & Causality? 

 
(Un)Computability mediates in the challenge of 

algorithmic causality by way of Algorithmic 
Information Theory: 

 

 

K(s) = min{ p | U(p) = s} 

Constructor 
Most likely 

mechanism 
according 

to Occam’s 

Observation Compatible 
with the 

observation 

Generating 
mechanism 

Method 

Can be approximated from above (lower semi-computable) 



Changing the underlying computational model the distribution remains stable 



The Coding Theorem 
Method (CTM) 

J.-P. Delahaye and H. Zenil, Numerical Evaluation of the 
Complexity of Short Strings: A Glance Into the Innermost 

Structure of Algorithmic Randomness 
Applied Mathematics and Computation 219, pp. 63-77, 

2012.  



Finding Generative Models 

H. Zenil, N.A. Kiani, A. Zea, J. Tegnér, Causal Deconvolution by Algorithmic Generative 
Models 
Nature Machine Intelligence, vol 1(1), pp 58-66, 2019. 



The Coding Theorem Method 
(CTM): A model generator 

J.-P. Delahaye and H. Zenil, Numerical Evaluation of the 
Complexity of Short Strings: A Glance Into the Innermost Structure 

of Algorithmic Randomness 
Applied Mathematics and Computation 219, pp. 63-77, 2012.  

We are less interested by the output real numbers than by the set of  
(non-necessarily) minimal length programs (candidate models explaining s) 





H. Zenil et al., Coding-theorem Like Behaviour and Emergence of the Universal 
Distribution from Resource-bounded Algorithmic Probability, International Journal of 

Parallel Emergent and Distributed Systems (2018)  





Block Decomposition Method 

sample 

sample 

sample 

sample 

sample 

If any part of the whole system (samples) is of high m(x) and low K(x), then that 
part can be generated by mechanistic/algorithmic means and thus is causal. 
The lower BDM the more causal. 

Rube 
Goldberg 
machine 



H Zenil, et al. 
A Decomposition Method for Global 

Evaluation of Shannon Entropy and Local 
Estimations of Algorithmic Complexity, 

Entropy, 20(8), 605, 2018. 



H Zenil, et al. 
A Decomposition Method for Global 

Evaluation of Shannon Entropy and Local 
Estimations of Algorithmic Complexity, 

Entropy, 20(8), 605, 2018. 

Block Decomposition Method 

•  No overlapping: Under-estimation 
•  Overlapping: Over-estimation 



H Zenil, et al. 
A Decomposition Method for Global 

Evaluation of Shannon Entropy and Local 
Estimations of Algorithmic Complexity, 

Entropy, 20(8), 605, 2018. 
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Block Decomposition 
Method (BDM) 

    E.g. These two strings are of 
 lower randomness than what 

Entropy would suggest:  
011011010010, 010101110100 

 

 

 

H Zenil, et al. 
A Decomposition Method for Global 
Evaluation of Shannon Entropy and Local 
Estimations of Algorithmic Complexity, 
Entropy, 20(8), 605, 2018. 







The Online Algorithmic 
Complexity Calculator 

complexitycalculator.com 



Graphs and 
Networks 









Boundary Conditions 

H Zenil, F Soler-Toscano, N.A. Kiani, S. Hernández-Orozco, A. Rueda-Toicen 
A Decomposition Method for Global Evaluation of Shannon Entropy and Local Estimations of 

Algorithmic Complexity, Entropy 20(8), 605, 2018. 











Algorithmic 
Information 
Dynamics 



Perturbation analysis 

H Zenil, N.A. Kiani, F. Marabita, Y. Deng, S. Elias, A. Schmidt, G. Ball, J. Tegnér,  
An Algorithmic Information Calculus for Causal Discovery and Reprogramming Systems,  bioaRXiv DOI: 

https://doi.org/10.1101/185637 



Algorithmic Information Dynamics: A 
Calculus of Algorithmic Information 
Change 

H Zenil, N.A. Kiani, F. Marabita, Y. Deng, S. Elias, A. Schmidt, G. Ball, J. Tegnér,  
An Algorithmic Information Calculus for Causal Discovery and Reprogramming Systems,  bioaRXiv DOI: 

https://doi.org/10.1101/185637 



Information Signatures 
σ(G) 

H Zenil, N.A. Kiani, F. Marabita, Y. Deng, 
S. Elias, A. Schmidt, G. Ball, J. Tegnér,  

An Algorithmic Information Calculus for 
Causal Discovery and Reprogramming 
Systems,  bioaRXiv DOI: https://doi.org/

10.1101/185637 



Moving Networks 

H Zenil, N.A. Kiani, F. Marabita, Y. Deng, S. Elias, A. Schmidt, G. Ball, J. Tegnér,  
An Algorithmic Information Calculus for Causal Discovery and Reprogramming Systems,  bioaRXiv DOI: 

https://doi.org/10.1101/185637 



E.Coli experimentally 
validated TF-network 

An Algorithmic Information Calculus for Causal Discovery and Reprogramming Systems 
H Zenil, N.A. Kiani, F. Marabita, Y. Deng, S. Elias, A. Schmidt, G. Ball, J. Tegnér  
doi: https://doi.org/10.1101/185637 



An Algorithmic Information Calculus for Causal Discovery and Reprogramming Systems 
H Zenil, N.A. Kiani, F. Marabita, Y. Deng, S. Elias, A. Schmidt, G. Ball, J. Tegnér  

doi: https://doi.org/10.1101/185637 



An Algorithmic Information Calculus for Causal Discovery and Reprogramming Systems 
H Zenil, N.A. Kiani, F. Marabita, Y. Deng, S. Elias, A. Schmidt, G. Ball, J. Tegnér  

doi: https://doi.org/10.1101/185637 



An Algorithmic Information Calculus for Causal Discovery and Reprogramming Systems 
H Zenil, N.A. Kiani, F. Marabita, Y. Deng, S. Elias, A. Schmidt, G. Ball, J. Tegnér  

doi: https://doi.org/10.1101/185637 



An Algorithmic Information Calculus for Causal Discovery and Reprogramming Systems 
H Zenil, N.A. Kiani, F. Marabita, Y. Deng, S. Elias, A. Schmidt, G. Ball, J. Tegnér  

doi: https://doi.org/10.1101/185637 



An Algorithmic Information Calculus for Causal Discovery and Reprogramming Systems 
H Zenil, N.A. Kiani, F. Marabita, Y. Deng, S. Elias, A. Schmidt, G. Ball, J. Tegnér  

doi: https://doi.org/10.1101/185637 



An Algorithmic Information Calculus for Causal Discovery and Reprogramming Systems 
H Zenil, N.A. Kiani, F. Marabita, Y. Deng, S. Elias, A. Schmidt, G. Ball, J. Tegnér  

doi: https://doi.org/10.1101/185637 



Non significant clusters using 
Compression 

Gene Ontology (Biological Process): Over-represented categories 
tested with TopGO weight01 method (Fisher p<0.05) using lossless 
compression (Compress algorithm). 

An Algorithmic Information Calculus for Causal Discovery and Reprogramming Systems 
H Zenil, N.A. Kiani, F. Marabita, Y. Deng, S. Elias, A. Schmidt, G. Ball, J. Tegnér  

doi: https://doi.org/10.1101/185637 



BDM did not correlate with 
any trivial graph-theoretic 
measure such as: 
 
•  Node degree 
•  In degree 
•  Out degree 
•  Betweeness Centrality 
•  Entropy 
•  Compression 

BDM sensitivity and specificity 

An Algorithmic Information Calculus for Causal Discovery and Reprogramming Systems 
H Zenil, N.A. Kiani, F. Marabita, Y. Deng, S. Elias, A. Schmidt, G. Ball, J. Tegnér  

doi: https://doi.org/10.1101/185637 



An Algorithmic Information Calculus for Causal Discovery and Reprogramming Systems 
H Zenil, N.A. Kiani, F. Marabita, Y. Deng, S. Elias, A. Schmidt, G. Ball, J. Tegnér  

doi: https://doi.org/10.1101/185637 





An Algorithmic Information Calculus for Causal Discovery and Reprogramming Systems 
H Zenil, N.A. Kiani, F. Marabita, Y. Deng, S. Elias, A. Schmidt, G. Ball, J. Tegnér  

doi: https://doi.org/10.1101/185637 



An Algorithmic Information Calculus for Causal Discovery and Reprogramming Systems 
H Zenil, N.A. Kiani, F. Marabita, Y. Deng, S. Elias, A. Schmidt, G. Ball, J. Tegnér  

doi: https://doi.org/10.1101/185637 

reprogrammability 



Waddington’s Landscape 
Reconstruction 

An Algorithmic Information Calculus for Causal Discovery and Reprogramming Systems 
H Zenil, N.A. Kiani, F. Marabita, Y. Deng, S. Elias, A. Schmidt, G. Ball, J. Tegnér  
doi: https://doi.org/10.1101/185637 

Data from: CellNet (Harvard) 
Reconstruction of mammalian gene regulatory 
networks from 21 cell types and tissues: https://
www.cell.com/cell/abstract/S0092-8674(14)00934-9 
 



Algorithmic space Dynamical phase space 

Algorithmic/Dynamic 
Landscape Relationship 

An Algorithmic Information Calculus for Causal Discovery and Reprogramming Systems 
H Zenil, N.A. Kiani, F. Marabita, Y. Deng, S. Elias, A. Schmidt, G. Ball, J. Tegnér  

doi: https://doi.org/10.1101/185637 



Test: all possible Boolean nets  
of size up to 5 & larger BNs 

An Algorithmic Information Calculus for Causal Discovery and Reprogramming Systems 
H Zenil, N.A. Kiani, F. Marabita, Y. Deng, S. Elias, A. Schmidt, G. Ball, J. Tegnér  

doi: https://doi.org/10.1101/185637 

Perturbation by edge deletion 



Information 
signature of 

complete graph 

Information 
signature of E-R 
random graph 

K(E-R) ~ |E(G)| K(k) ~ log|V(G)| 

Thermodynamics of 
computer programs 

An Algorithmic Information Calculus for Causal Discovery and Reprogramming Systems 
H Zenil, N.A. Kiani, F. Marabita, Y. Deng, S. Elias, A. Schmidt, G. Ball, J. Tegnér  

doi: https://doi.org/10.1101/185637 



Algorithmic Deconvolution 

H. Zenil, N.A. Kiani, A. Zea, J. Tegnér, Causal Deconvolution by Algorithmic Generative Models 
Nature Machine Intelligence, vol 1(1), pp 58-66, 2019. 

Sum of program-length 
minimization when 

breaking into smaller pieces 
 

If a piece e is removed from a 
larger piece E and and 

K(E\e) < log2|e| 
then the likelihood that e is 

part of E is greater. 



CA separation 

H. Zenil, N.A. Kiani, A. Zea, J. Tegnér, Causal Deconvolution by Algorithmic Generative Models 
Nature Machine Intelligence, vol 1(1), pp 58-66, 2019. 



Network separation by 
generative mechanism 

H. Zenil, N.A. Kiani, A. Zea, J. Tegnér, Causal Deconvolution by Algorithmic Generative Models 
Nature Machine Intelligence, vol 1(1), pp 58-66, 2019. 

Breaking points are where 
the parts can be 

explained by the smallest 
sum of lengths of 

underlying computer 
programs 



Network separation by 
generative mechanism 

H. Zenil, N.A. Kiani, A. Zea, J. Tegnér, Causal Deconvolution by Algorithmic Generative Models 
Nature Machine Intelligence, vol 1(1), pp 58-66, 2019. 

Termination criterion: 
When continue breaking 

actually increases the sum 
of the program-lengths  



Reconstructing space-time  
diagrams by reconstruction of 
minimal K configuration 

H. Zenil, N.A. Kiani, F. Marabita, Y. Deng, S. Elias, A. Schmidt, G. Ball, J. Tegnér, 
An Algorithmic Information Calculus for Causal Discovery and Reprogramming Systems, 2017 



Reconstruction of time indexes  
(and thus, e.g. initial conditions & 
even the generating rule!) 

H. Zenil, N.A. Kiani, F. Marabita, Y. Deng, S. Elias, A. Schmidt, G. Ball, J. Tegnér, 
An Algorithmic Information Calculus for Causal Discovery and Reprogramming Systems, 2017 

Intuition: You can 
recover the last step 
from the previous ones, 
so you can ‘peel’ back 
the system. 
 
(we are applying this 
to continuous dynamical 
systems via K-Sinai entropy) 



cats 

dogs 

Distance 
error/cost function 

Ground truth 

A DNN 
performance is 
how well the 
distance is 
minimised 
between every 
point in the 
training set vs 
the testing set 

Entropy at the core of 
Machine & Deep Learning 

DNN model 



How do we fix this? Statistical + 
Symbolic  

Paradoxically! 
Back to square 1 

Statistical pattern matching: 
•  Powerful statistical engine for 

pattern recognition 
•  Combinatorial and numerical  

data representation 

Symbolic computation: 
•  Optimal inference engine 
•  Program/model synthesis 
•  Computational mechanics 
•  Algorithmic probability 

We need to teach 
computers how to count 

again! 



Algorithmic Machine Learning 

Three papers submitted to NeurIPS 2019 

input output 

Universal Neural Machine 

Algorithmic 
Probability acting as 

working memory 

Deep Neural 
Network 

receives s and 
AP(s) 

Algorithmic hyper 
parameter 
controller 

s = 0,01,10,11,100,101 f2 (x) = x + 1 

s or a decomposition of 
s  is found in L 

tuning & pruning complexity 
query data model 

algorithmic 
training 

matches 
 program 


