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Abstract

There is no general closed form expression for the entropy rate of a hidden Markov process.
However, the finite length block estimates h(t) often converge to the true entropy rate h quite
rapidly. We establish exponential bounds on the rate of convergence of the block estimates for fi-
nite hidden Markov models under several different conditions, including exactness, unifilarity, and a
flag-state condition. In the case of unifilar hidden Markov models, we also give exponential bounds

on the L; and a.s. decay of the state uncertainty Uj.
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1 Introduction

Hidden Markov models (HMMs) are generalizations of Markov chains in which the underlying
Markov state sequence (S;) is observed through a noisy or lossy channel, leading to a (typically)
non-Markovian output process (X;). They were first introduced in the 50s as abstract mathematical
models [113], but have since been applied quite successfully in a number of contexts for modeling,
such as speech recognition [4-7] and bioinformatics [8-12].

One of the earliest major questions in the study of HMMs |3| was to determine the entropy rate
of the output process:

h= lim H(X,|X1,..., X;—1)

t—o00

= tli)rgoH(XO‘Xf(tflﬁ ceey X—l)

Unlike for Markov chains, this actually turns out to be quite difficult for HMMs. Even in the finite
case no general closed form expression is known, and it is widely believed that no such formula
exists. A nice integral expression was provided in [3], but it is with respect to an invariant density
that is not directly computable.

In practice, the entropy rate h is instead often approximated simply by the finite length block

estimates:

h(t) = H(Xy| X1, Xoo1)

- H(X()’X—(t—l)a "'7X—1)

Thus, it is important to know about the rate of convergence of these estimates to ensure the quality
of the approximation.

Moreover, even in cases where the entropy rate can be calculated exactly, such as for unifilar
HMMs, the rate of convergence of the block estimates is still important for estimating other quan-
tities such as the excess entropy [13], and for making finite data predictions. The entropy rate h
is the observer’s average uncertainty in prediction of the next output symbol X after seeing the

entire infinite past X:;o = ...,X_9,X 1. However, for an observer wishing to make predictions



from a finite observation sequence X~} = X_;, ..., X_; the speed at which the block estimates h(t)
approach the entropy rate is also critical.

In the case of finite HMMs, where the internal state set S and output alphabet X are both
finite, the block estimates h(t) generally converge quite quickly, often exponentially. For instance,
in [14] and [15] exponential bounds for the convergence rate are given for state-emitting HMMs
with strictly positive transition probabilities in the underlying Markov chain. Also, in [16] expo-
nential convergence is established using results from [17] (for both state-emitting and edge-emitting
HMMs), with the assumption of strictly positive symbol emission probabilities and an aperiodic
underlying Markov chain. However, without any positivity assumptions things become somewhat
more complicated, and the proof methods used in these works do not carry through directly. Some-
what weaker conditions are assumed in (parts of) |18], but they still require the output process
(X:) to have full support, and, in general, we are not aware of any result that the block estimates
h(t) must converge exponentially for all finite HMMs.

The main objective of this dissertation is to establish exponential bounds on the convergence rate
of the block estimates h(t) for finite HMMs under alternative and weaker assumptions. In particular,
we will consider three distinct conditions: exactness, unifiliarity, and a flag-state condition. Formal
definitions will be given in Section [2] after introducing the requisite notation, but we summarize

the concepts below:

o A HMM M is exactly synchronizeable or simply exact if it has some finite synchronizing word
w such that an observer knows the current state of the HMM with certainty after seeing the

output w.

e A HMM M is unifilar if the current state and next output symbol completely determine the

next state.

e A HMM M is a flag-state HMM if each state ¢ has some flag word w such that all states that

can generate w may transition to ¢ upon emitting w.

None of these conditions require positivity of the underlying state transition matrix or symbol
emission probabilities, nor do they require the output process (X;) to have full support. Moreover,
the flag-state condition, when translated from the edge-emitting HMMs we focus on to state-

emitting HMMs as in Appendix is strictly weaker than either (a) positivity of the state transition



matrix or (b) aperiodicity of the Markov chain and positive emission probabilities. In fact, it is
quite a weak condition, which we believe should in some sense “usually” hold, as will be described
in Appendix [B] The other two conditions are substantially stronger, but are relatively natural
assumptions to make. Exactness or similar properties have been considered by several other authors
as in [3,/164[19,20] and unifilarity is one of the key defining features of the e-machine representation
of a process [21,22], which is a natural minimal predictive model.

The organization of the remainder of the dissertation is as follows:

e In Section [2| we establish notation and give formal definitions for our objects of study.

e In Section [3] we give some general information theoretic inequalities and estimates for Markov
chains, which will be necessary for our proofs in later sections. We also introduce the block

model M™ for a HMM M, which will be a key tool in the analysis in Sections [5] and [6]

e In Section [ we establish results for exact HMMs. In particular, we present a construction

known as the possibility machine that allows us to compute:

P(NSYN;) = P(X. ™! does not contain a sync word)

and its rate of decay. We then prove a simple inequality, which shows that the entropy rate
estimates h(t) converge to h at least as fast as P(NSY N;) converges to 0, thus establishing

an upper bound on the rate of convergence for the estimates h(t).

e In Section [5| we establish results for unifilar HMMs, including exponential convergence of the
entropy rate block estimates h(t), as well as exponential convergence of the state uncertainty
U; under the additional assumption of probabilistically distinguishable states. The proof

methods are based on a construction known as the follower model.

e In Section |§| we establish bounds on convergence of the entropy rate estimates h(t) for flag-
state HMMSs. The proof methods are based on the coupling techniques used in [14], but are

somewhat more involved because of our weaker assumption.

e Finally, in Section [7] we summarize our results and give some concluding remarks.



2 Definitions and Notation

In this section we introduce the formal framework for our results. Definitions are provided for our

various objects of study, and notation for the remainder of the work is established.

2.1 General

The set of real numbers is denoted by R, the set of integers by Z, the set of nonnegative integers by
77", and the set of positive integers, or natural numbers, by N. The cardinality of a set A is denoted
|Al, and the length of a word (string) w is denoted in a similar fashion by |w|. X* denotes the set of
all finite words over an alphabet X', including the empty word A. For a sequence (a,) and integers
n < m, a;’ denotes the finite subsequence ay, ap+1, ..., an. This notation is also extended in the
natural way to the case n = —oo or m = oo. If n > m, a]' denotes the empty string. For a finite set
Aandie€ A, e; =(0,...,1,...0) denotes the standard basis vector in R with a 1 in the position of
index i and Os elsewhere. Frequently, the vector e; will be interpreted as a probability measure on
the set A, which places unit mass on the point i. In general, we will often not distinguish explicitly

between probability Vectorﬂ and probability measures on finite sets.

2.2 Probability and Stochastic Processes

Generally, we will denote random variables by upper case English letters and their realizations with
the corresponding lower case letters. The term random wvariable is used in a slightly generalized
sense, in that not all random variables we consider will be real-valued. However, random variables
that are not real-valued will usually be discrete, so they could be considered integer-valued by a
relabeling of symbols.

If X is a random variable defined on a probability space with measure P then its distribution
will be denoted by P(X). Similarly, if X and Y are two random variables on a common space with
measure P and P(Y = y) > 0, then P(X|Y = y) denotes the conditional distribution of X on the
event Y = y. When the random variable Y is clear from context this may sometimes be abbreviated
simply by P(X|y). Analogously, when clear from context, we may abbreviate P(X = z) as P(z) and
P(X = z|Y = y) as P(z|y), for discrete random variables X,Y. By convention, we take P(z|y) = 0
for all z, if P(y) = 0.

!By a probability vector we mean a vector with nonnegative entries that sum to 1.



By a stochastic process, or simply a process, we will always mean a discrete time process,
P = (Xt)tez or P = (Xt)sez+, over a finite alphabet X'. In the former case we refer to the process
P as two-sided, and in the latter as one-sided. Frequently, we will consider the case of multiple

processes (X;) over a given alphabet X', and in this case we associate a process P with its law P.

2.2.1 Word Probabilities and the Process Language

If P = (X;) is a stationary process with law P then we denote the stationary word probability for

a word w € X* by P(w):
P(w) = P(X)™ = w) = P(x]T! = )

and for a set of words A, all of some fixed length n, we define P(A) as the stationary probability of

the set A:

P(A) = > Pw) =P(X," " € 4)

weEA

Also, we denote the set of allowable words or process language by L(P) and the set of length-n
allowable words by L, (P):

L(P)={w e X*:P(w) > 0}

L,(P)={we L(P) : |lw| =n}

Lo (P), LI (P), and L (P) denote, respectively, the set of allowable biinfinite sequences, allowable

infinite futures, and allowable infinite pasts:

Loo(P) ={z= : x)' € L(P), for each n < m}
LI (P) = {xy° : 2" € L(P), for each 0 < n < m}
-

o0

(P) = {x:éo capt € L(P), for each n <m < —1}

If the process P is clear from context, we may sometimes abbreviate £(P) and L, (P) simply as £

and L.



2.2.2 Conditional Word Probabilities

If P = (X;) is a stationary process over an alphabet X and w,v € X* are two words with P(v) > 0,

then P(w|v) denotes the conditional probability that the word v is followed by the word w:

P(w|v) = IP>(X(|)w|71 = w|X:ﬁ)‘ =)
= P(x = ow) /P(X ] =)

= P(vw)/P(v)
For a word v with P(v) = 0, we also define by convention:

P(w|v) =0, for all w

Conditioning on infinite pasts x:éo instead of finite pasts v = l’:% is slightly more subtle because

the probability of each infinite past :1::(1)0 is normally zero, but it may be accomplished by taking

limits of finite length conditionals. Formally, we define for each past x:éo € XN and word w € X*:

lim P(w|z "} , if r~ L is regular
ety = ) e Pwle=h)  if 22l s eg "

—00
0, else (by convention)

where a past ”L_ is said to be regular if:
1. 2= € L (P), and
2. limy_ oo P(w|z~}) exists, for each w € X*.

It follows from the martingale convergence theorem that a.e. past x:io is regular, so the definition

is meaningful in the limiting sense for a.e. past.

Remark. It can also be shown that, for any word w, the function P(w|-) : XN — R defines a

version of the formal conditional probability ]P’(X(Lw'_1 = w|X~L). That is, for any subset A of

infinite pasts x:éo, which is measurable with respect to the o-algebra generated by finite cylinder



sets, we have:
P (X('f”'*l —w, X"\ e A) - / P(w]z=L )dP(z=L.)
A
However, this fact will not be necessary for later developments.

2.3 Information Theory

We review below some basic definitions from discrete information theory, which will be necessary
for formulating our results. For a more comprehensive overview the reader is referred to [23].
Throughout this section, and the remainder of the dissertation, we adopt the following standard

information theoretic conventions for logarithms (of any base):

0-log(0) = élirélf -log(£) =0
0-log(1/0) = flir(r]1+§ -log(1/€) =0
l08(1/0) = Jim log(1/6) = oo

Note that with these conventions the functions £ log(¢) and £ log(1/€) are both continuous on [0, 1].

2.3.1 Entropy and Related Measures

Definition 1. The entropy H(PP) of a probability measure P on a finite set X is:

H(P) = - P(x)log, P(x)

reX

The entropy of a discrete random variable X distributed according to the measure P is:
H(X)=H(P)

Definition 2. Let X,Y be discrete random variables taking values in finite alphabets X,), and let

P(X,Y) be their joint distribution. Then the joint entropy H(X,Y') is:



H(X,)Y)=- Z P(z,y) logy P(x,y)

reX,yey
and the conditional entropy H (X|Y) is:
HX|Y)=>Y Ply) - HX|Y =y)
yey
==Y P(y)- Y _ P(zly)log, P(xly)
yey reX

Similarly, for discrete random variables X1, ..., X;, with joint distribution P(X1, ..., X;,) = P(X7) the
joint entropy H (X1, ..., X,,) = H(X}) and conditional entropy H(Xpn|X1, ..., Xp1) = H(X,| X7

are defined as:

H(XT) = Z]P’ (1) logy P(x) , and

z7

H(Xa| X7 == ) Pl H(Xu| X7 =2

n—1
1

Definition 3. The relative entropy or Kullback-Leibler divergence D(P||P') between two probability

measures P and P’ on a finite set X is defined as:

3 P(x)
eIy = 32 P (5 )

Intuitively, the entropy H(X) may be thought of as the uncertainty in predicting X or, equiv-
alently, the amount of information obtained by observing X. The joint entropy H(X,Y) is the
uncertainty in predicting the pair (X,Y), and the conditional entropy H(X|Y') is the (average)
uncertainty in predicting X given knowledge of Y. Similarly, the joint entropy H(X7') is the un-
certainty in predicting the n-tuple of random variables (X7, ..., X, ), and the conditional entropy
H(Xn]X{“l) is the (average) uncertainty in predicting X,, given knowledge of X, ..., X;,_1. The
Kullback-Leibler divergence D(P||P') may be thought of as a distance measure between the two
probability distributions P and P/, but it is not a true metric; it is not symmetric and does not

obey the triangle inequality.



We summarize below some basic but important properties of these information theoretic quan-
tities, which will be useful in our proofs later on. For proofs of the properties themselves the reader

is referred to [23].
1. 0 < D(P||P) < o0.
2. 0 < H(X) <log, |X].
3.0 < H(X|Y) < H(X) and 0 < H(X|Y, Z) < H(X|Y).
4. 0< H(X,Y) < H(X) + H(Y). More generally, 0 < H(X}) < S0, H(X,).

5. The joint entropy is symmetric in X and Y, but the conditional entropy (in general) is not:
H(X,Y)=H(Y,X), but H(X|Y) # H(Y|X). Similar statements hold with X replaced by
X, and Y replaced with X?_l.

6. HX,Y)=HY)+H(X|Y) = H(X)+H(Y|X). More generally, H(X}") = >, H(Xt|Xf_1).

7. Special Cases: H(X) = 0 if and only if P(z) = 1 for some z € X, and H(X) = log, |X] if and
only if P(X) is the uniform distribution on X. H(X|Y) = H(X) if and only if X and Y are
independent. Similarly, H(X,Y) = H(X) + H(Y) if and only if X and Y are independent.
D(P||P") = 0 if and only if P = P'.

8. H(P) is a continuous and concave function of the measure P.

2.3.2 The Entropy Rate and its Block Estimates

Definition 4. For a stationary process (X;) the entropy rate h is the (averaged) asymptotic un-

certainty in prediction of the next symbol given observation of all previous symbols:
T t—1
h= tlggoH(Xt|X1 )

Existence of the limit is a consequence of property 3 above, which ensures that the sequence of

block estimates:

h(t) = H(X(|X{™") = H(Xo|XZ,y)



is monotonically decreasing and, thus, must converge to some limiting value h > 0.

However, the

rate at which these estimates converge depends very much on the particular process. In the remain-

der of this dissertation, we will be interested primarily in establishing conditions for exponential

convergence in hidden Markov processes and bounds on the rate of convergence:

a = limsup {h(t) — h}l/t

t—o00

The following lemma gives two simple alternative expressions for the entropy rate h. Both are

conceptually nice equivalences, but will also be technically useful later in establishing bounds on

the rate of convergence of the block estimates h(t) for various types of HMMs.

Lemma 1. For a stationary process (Xi)iez

h = lim H(X!)/t

t—o00

and:

h= / H(Xo|zZL)dP(z=L)
where:

— S P(xa=l ) logy P(z|z=k) | if a=l is regular

o0 o0

H(Xolz"L) =

oo
0, else (by convention)

Proof. follows from the decomposition of property 6:

t t
H(X{) =Y HXAX]T) = h(r)
T=1 T=1
and the fact that the block estimates h(7) limit to h, by definition.

-1

follows from the dominated convergence theorem. For every regular past 2~ __,

10

H(Xolz~}) —



H(Xolz~L), and H(Xo|z~}) is bounded by log, |X|, for all . Thus:

o0

h = lim h(t)

t—o0
— T -1
= tlggo H(Xo|XZ)

= lim H(X0|X:t1 =w) - P(w)
= lim > [ H(Xol2Z})dP(zZ}.)
= lim / H(Xo|lz—})dP(z~L)
_ / H(Xole~ L )dP(z=L)
where Z,, is the set of regular pasts 33;1)0 such that 33:|1w| =w. -

2.4 Markov Chains

We will consider here only finite-state Markov chains, because our results are only for finite HMMs.
We review below the basic definition and some important properties. For a more thorough intro-

duction the reader is referred to reference [24].

;C@:i:@:y =5 1)

Figure 1: A 2 state Markov model. The graphical representation is presented on the left and the
transition matrix 7 on the right. The state set is S = {1, 2}.

Definition 5. A (finite) Markov model is a pair (S,T) where:
e S is a finite set of states.

o T isan |S| x |S| stochastz’(ﬂ transition matriz.

2I.e., nonnegative entries and all rows sum to 1.

11



Visually, a Markov model can be depicted as a directed graph with labeled edges, as in Figure
The vertices are the states and, for each pair of states ¢, 7 with 7;; > 0, there is a directed edge
from i to j labeled with the transition probability 7;;. From the current state S; the next state
Si+1 is determined by selecting an outgoing edge from .S; according to these probabilities.

More formally, for a fixed state i € S the Markov process or Markov chain generated by the
Markov model (S, 7) from initial state i is the random state sequence (S;),cz+ with distribution

P; defined by the relations:

P;(Sp = i) = 1

P;(Sii1 = k|S; = j, 53,1 — 5671) =Tk , t>0,j,keS, 86—1 c st

By linearity this definition may be extended to an arbitrary initial state distribution p. That is,
the Markov process generated by the model (S, 7T) from an initial state distribution p is the state

sequence (S)yez+ with distribution IP, defined by:
Po() =Y pi-Pil-)

By induction on ¢, it can easily be shown that the distribution of the random variable S
according to the measure P, may be calculated simply by applying the #;, power of the transition

matrix 7 to the initial distribution p:
P,(St) =pT", t>0

2.4.1 Transience, Recurrence, and Irreducibility

For a Markov model (S, 7)), state j is said to be accessible from state i if there exists a path in the
associated graph from i to j or, equivalently, if 7;; > 0 for some t > 0. A state i is said to transient
if there exists some other state j, such that j is accessible from ¢, but ¢ is not accessible from j. If
a state is not transient it is said to be recurrent. If each state j is accessible from each other state
1 the Markov model is said to be irreducible. In this case, of course, all states are recurrent.

Moreover, for any irreducible Markov model (S,7) it can be shown that:

1. There is a unique stationary distribution m satisfying m# = «7,

12



2. m; >0, for each 1 € S, and

3. The Markov chain (S;);cz+ generated by the model (S,7) with Sy chosen according to 7 is

a stationary and ergodic process.

In the following, many of the Markov models we consider will be irreducible and, in this case, we

will denote the (unique) stationary measure on state sequences (St);cz+ simply by P:

2.4.2 Periodicity and Aperiodicity

The period p of an irreducible Markov model (S, 7) is the greatest common divisor of the lengths

of all loops in the associated graph:

p=ged{n:T; >0, for some i € S}

This terminology is motivated by the following fact: For a chain of period p the state set S can
always be partitioned into p disjoint and non-empty state equivalence classes &, ..., €p—1 such that
all states in class & can transition only to states in class E(x11 mod p)- Thus, the flow on equivalence

classes is periodic:

s Ep1, €0y s Ep1, E0y o Ept .

If p = 1 the Markov model (S, T), or the associated Markov chain it generates, is said to be
aperiodic. In this case, there is always exponential convergence to the stationary distribution 7

from any initial distribution p. That is:

IPo(Se) = wlly = [IpT" — 7l < Ka', t €N

for some constants K > 0 and 0 < a < 1 that depend on the model (S,7), but not on ¢ or the
initial distribution p.

However, if p > 1 then convergence to the stationary distribution from all initial conditions is

13



impossible. Any initial distribution with support only on states in class £ can have support only

on states in class &1 mod p) at time .

2.4.3 Multi-Step Chains

For a Markov model (S, 7)) the associated n-step model (S, B) is the Markov model with state set

S and transition matrix B defined by:

If the original model (S, 7)) is irreducible, then the n-step model (S, B) is also irreducible for all n
relatively prime to the period p of the original model. However, if n is not relatively prime to p
then the n-step model can never be irreducible.

In the special case n = p, the n-step model (S, B) has exactly p disjoint irreducible components,
corresponding to the equivalences classes &, ...,€p—1. That is, the graph associated to the n-
step model has p disjoint strongly connected components with state sets &, ..., Ep—1, and for each

equivalence class & the |E;| x |Ex| matrix By defined by:

(Br)ij = Bij , i,j € &

is stochastic.
Moreover, in this case, the irreducible Markov model (&, By) associated to each equivalence
class & is aperiodic. This fact can be quite useful in translating results for aperiodic chains to

chains of general period, as we will do below in Section [3| with large deviation bounds.

2.5 Hidden Markov Models

As noted above, we will consider only the case of finite hidden Markov models where both the
internal set of states S and set of output symbols X are finite. There are two primary types:
state-emitting and edge-emitting. The state-emitting variety is perhaps the simpler of the two, and
also the more commonly studied. However, our results will be derived in the edge-emitting setting,
because some of the conditions we study are more natural in this context. For a translation of the

main theorems to the state-emitting setting, the reader is referred to Appendix [C]
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Figure 2: A 2 state HMM known as the Fven Machine. The HMM has internal states S = {1,2}
and output alphabet X = {a,b}. The process it generates is called the Fven Process [25] because
there are always an even number of b’s between consecutive a’s. The graphical representation is
presented on the left, with the corresponding transition matrices on the right. In the graphical
representation edges are labeled p|x for the transition probability p = 7;§m) and symbol z.

Definition 6. A (finite, edge-emitting) hidden Markov model is a 3-tuple (S, X, {T®}) where:
e S is a finite set of states.
o X is a finite alphabet of output symbols.

e 7@ 2 € X are |S| x |S| sub—stochastz’ symbol-labeled transition matrices whose sum T is

stochastic.

Like Markov models, a hidden Markov model (HMM) can be depicted visually as a directed
graph with labeled edges, as in Figure The vertices are the states, and for each 4, j,x with
7;5@ > ( there is directed edge from 7 to j labeled with the symbol = and transition probability
7;(@ The sum of the probabilities on all outgoing edges from each state is 1. The operation of
the HMM is as follows: From the current state S; the HMM picks an outgoing edge F; according
to their probabilities, generates the symbol X; labeling this edge, and then follows the edge to the

next state Syy1.

More formally, for an initial state i we have measure P; on joint state-symbol sequences

(St, Xt)teZ* defined by:

PZ(S() = Z) =1
Pi(St-i-l - kaXt = $|St = ja 8671 = sgile(‘:t)il = ',rf)il) = T](];E) ) (4)

for all j,k € S,z € X,t >0, and (s§ ' 25 1) € St x A*

31.e., nonnegative entries and row sums less than or equal to 1.
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If the initial state is chosen according to a distribution p rather than as a fixed state ¢ we have,

as for Markov chains, measure P, defined by linearity:
Po(-) =Y pi-Pil) ()

From these definitions it follows, of course, that the state sequence (S;);cz+ is a Markov chain
with transition matrix 7 =5 7@ However, we will be interested not only in the state sequence
(St), but also (in fact primarily) in the associated sequence of output symbols (X;), which is not
generally Markovian. The idea is that an observer of the HMM may directly observer this sequence

of outputs, but not the hidden internal states.

2.5.1 Basic Assumptions

To avoid some trivial, but exceptional, cases, in the remainder of this dissertation we will always

make the following two assumptions for any HMM:

1. Each symbol x € X can actually be generated with positive probability. That is, for each

r e X, 7;5‘70) > 0 for some 4,5 € S. If this is not the case, one can restrict the alphabet to
X /{x}.

2. The state set S and output alphabet X both always have cardinality at least 2. If this is not
the case, all stated results are essentially trivial, but some of the definitions and constructions

used in the proofs may be ambiguous or undefined.

These assumptions will no longer be stated explicitly, but are henceforth intended as part of our

definition of HMM.

2.5.2 Inherited Properties and Stationary Measures

A HMM M = (S, X, {T®}) is said to be, respectively, irreducible or aperiodic if the underlying
Markov model (S, 7) is irreducible or aperiodic. Similarly state j of a HMM is said to be accessible
from state ¢ if j is accessible from ¢ in the underlying Markov model, and j is said to be transient

(respectively recurrent) if j is transient (respectively recurrent) in the underlying Markov model.
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For an irreducible HMM, we denote by P the (unique) stationary, ergodic measure on joint
state-symbol sequences (St, Xt);cz+ given by choosing Sy according to the stationary distribution

m for the underlying Markov chain:

By stationarity, we may uniquely extend this one-sided, stationary measure P to a two-sided (sta-
tionary) measure on bi-infinite state-symbol sequences (S, Xt)icz. From the two-sided measure P

we may then define two-sided measures P; and P, by:
Pi(-) =P(|So =1) and P,()=> pi Pi(")

consistent with the corresponding one-sided measures P; and P, defined above by and . In
the following development most HMMs we consider will be irreducible, and in this case we will
use P, P;, and P, to refer to both one-sided measures and the corresponding two-sided measures
interchangeably.

If not otherwise specified, we will assume random variables for an irreducible HMM are dis-
tributed according to the stationary measure P. So, for example, an expression like H (St|Xé_1)
represents the conditional entropy in the state S; given the output sequence Xéfl when the distri-
bution over joint sequences (S, X;)iez is given by the measure P. The entropy rate h and block
estimate h(t) of an irreducible hidden Markov model are, by definition, the entropy rate and block

estimate of its stationary output process P = (X¢)iez.

2.5.3 Additional Notation

In Section [2.5.4] below, we will define several other important properties of HMMSs, which do
not have real analogs for ordinary Markov models. Before doing so, however, we introduce some
notation here that will be needed for many of the definitions or later in our proofs. Throughout

M = (S, X, {T®1) is assumed to be a fixed HMM.

1. We denote the minimum nonzero transition probability of the HMM M by puyi, and the
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maximum transition probability by pmax:
Pmin = min{ﬁgz) : 7;533) >0} and ppax = max{ﬁgm)}

In the case M is irreducible, we denote also by rin and rmax the minimum and maximum

ratios of the stationary state probabilities:

Tmin = InlIl 7T1'/7Tj and Tmax = max 7Ti/7rj
17] 1/1‘7

. For a word w € X*, we denote by P;(w) the probability of generating w starting in state 4,
and by P,(w) the probability of generating w with the initial state chosen according to the

distribution p:
Pi(w) = IP’i(X[|)wI—1 = w) and P,(w)= PP(XJ)U}'_:[ —w)

In the case M is irreducible, P(w) is the probability of the word w for the stationary output
process of the HMM (X})¢cz:

Also, for a set of words A of some fixed length n:

Pi(A)= > Pi(w), Py(A) =Y Py(w), and P(A)= > P(w)

weEA weEA weA

. For astate i € S, L(i), £,(i), and L (i) are, respectively, the language, length-n restriction,

and set of allowable infinite futures of state :

L) ={we X" :Pi(w) >0}
L,(i) ={w e L(7) : |w| =n}

L (i) = {af° : zf € L(i), for all t > 0}
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Also, L(M), L, (M), and LI (M) are the language, length-n restriction, and set of allowable

infinite futures of the HMM M

ey = £6) L) = £a06) 5 £L00) = £L0)

7

. For i € § and w € X*, §;(w) is the set of states j, which state ¢ can transition to upon

emitting the word w:
Si(w) = {j € S: PyX}T" = w, S = j) > 0} (6)
Also, for A C S:

Sa(w) = | di(w) (7)

€A

. Finally, for a word w € X™*, ¢;(w) is the distribution over the current state induced by
observing w from initial state i and ¢,(w) is the distribution induced by observing w with

the initial state chosen according to p:

(W) = Pi(Sp | X1 = w)

Gp(w) = Py(Sju| X" = w)

In the case M is irreducible, ¢(w) is the distribution over the current state induced by

observing w with initial state chosen according to the stationary distribution :

P(w) = ¢r(w)

In this case, we also denote the uncertainty in the induced distribution ¢(w) by u(w), and
the uncertainty in the induced distribution gb(Xé*l) or state uncertainty at time t by Uy. The

expected state uncertainty, E(Uy), is the expected value of the random variable U; with respect
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to the stationary measure .

w(w) = H(p(w))

U= H(¢(X5)) = u(Xg ")

E(Uy) = Er(Uy) = > P(w)u(w)

’Luel:t(M)

Note that with the conventions introduced in Section [2.2 ¢;(w), ¢,(w), and ¢(w) are each the
null distribution consisting of all zeros if, respectively, P;(w) = 0, P,(w) = 0, or P(w) = 0.
Thus, with our conventions for logarithms, u(w) = =3, g ¢(w);logs(d(w);) = 0, for any

word w & L(M) (where ¢(w); is the iy, component of the probability vector ¢(w)).

2.5.4 Additional Properties

With the requisite notation established, we now proceed to the definitions of some key HMM
properties, including exactness, unifilarity, and the flag-state property, which will be the focus of
Sections [, [5 and [6] respectively. Properties are listed below, followed by several comments about

relations between them, testability, commonality, and so forth.

Properties

e AHMM M = (S, X, {7'(’3)}) is unifilar if for each state ¢ and symbol x there is at most 1

outgoing edge from state ¢ labeled with symbol x in the associated graph:

|0;(z)] <1, foreachie S,z e X

e A word w € L(M) is a synchronizing word or sync word for a HMM M if the observer knows

the state of the HMM with certainty after seeing w:
os(w) ={j}, for somejeS

A HMM is ezxactly synchronizeable or simply ezxact if it has some finite synchronizing word
w. That is, if it is possible for an observer to synchronize exactly to the state of the HMM

after observing a finite sequence of outputs.
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e A word w € L(M) is a flag word for state j of a HMM M if each state i that can generate

the word w may transition to state j on w:

j € 6;(w) , for all i with P;(w) >0

This implies, in particular, that the observer always believes state j is possible as the current

state of the HMM after seeing w, regardless of all previous output:

j € ds(vw) , for all v with vw € L(M)

Thus, we think of the word w as signaling or flagging to the observer that state j is possible.

If a state j has some flag word w, then we say it is a flag state. If each state j of a HMM
M is a flag state, then we say M is a flag-state HMM (or F'S HMM). If each state j has a

length-1 flag word (or flag symbol) we say M is FS1.

e States i,j of a HMM M are said to be probabilistically distinguishable (or PD) if there is

some word w € X* with:

Pi(w) # Pj(w)

If each pair of distinct state ¢, j is PD then we say that the M is a PD HMM or that M has
probabilistically distinguishable states. If for each pair of distinct states ¢, 7 there is a symbol

x € X (length-1 word) such that:

Pi(z) # Pj(x)

then we say that the HMM is PD1.

e States i,j of a HMM M are said to be incompatible if there exists some length n € N such

that the sets of allowed words of length n that can be generated from the two states ¢ and j
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(and hence the sets of allowed words of any length m > n) have no overlap:

L,()NL,(j) =0

e States i,j of a HMM M are said to be path-mergeable if there exists some state k and word

w € X" such that both ¢ and j can transition to k on w:

ke 51(w) N 6](ZU)
Comments

1. All of these properties are explicitly testable for a given HMM M. Unifilarity is immediate.
Exactness can be tested using the possibility machine construction given in Section 4l Tests

for the other properties are given in Appendix [A]

2. In Appendix [B] we will show that an irreducible HMM is a flag-state HMM if every distinct
pair of states 4, j is either path-mergeable or incompatible. This implies, as will be discussed
there further, that the flag-state condition is quite weak, and should in some sense “usually”

be satisfied.

The proofs given below for flag-state HMMSs are not as conceptually appealing as those for
either exact or unifilar HMMs, and the bounds on convergence of the entropy rate estimates
h(t) will usually not be as good for flag-state HMMs as for the other cases, either. Never-
theless, the results for flag-state models are important, because they are the most generally

applicable.

3. In our earlier works [26}27] the term e-machine was used for a (finite) unifilar, PD HMM.

More generally, e-machines are minimal unifilar presentations of stationary processes whose

states consist of equivalence classes of infinite pasts x—_,  with same conditional probability
distribution over the random future X§° [21,22]. In the finite case the definition given
in [26,27] is equivalent to the more general definition in terms of equivalences classes of
pasts. However, the state set of an e-machine is not always finite even if the process alphabet
X is, and the process alphabet X need not be finite either for the e-machine presentation to

be well defined.
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In later sections of this dissertation we will not appeal directly to this representation of
a stationary process in terms of equivalence classes of pasts w:(l)o or use the term e-machine
explicitly. Nevertheless, it is worth noting that much of our interest in unifilar HMMs is
motivated by the e-machine construction, and that this is one of the main reasons we feel

that unifilarity is a natural property to study.

It is also worth noting that, while we will not present it this way because it is simpler not
to, the proof technique for bounding convergence of the entropy rate estimates in exact HMMs
was inspired by the e-machine representation. Indeed for a (finite) exact HMM the e-machine
always has (at most) a countable set of states, and any word w that is synchronizing for the
original HMM M is also synchronizing for the e-machine of the stationary output process
P = (Xi)iez generated by M. This fact can be used to show that for a (finite) exact HMM,
h(t+1)—h < P(NSY N,;)-log, | X|, for all t, where NSY NV, is the set of words w € £,(M) that
do not contain any synchronizing subword. The same bound will be established by alternate
and more direct means in Section [d but the realization first came about by considering the

e-machine representation.

. The following are a number of immediate relations and implications concerning the various
properties and definitions. None of them are at all difficult to prove, but they are worth
stating explicitly, because otherwise they may not occur to the reader to consider. In our
proofs in later sections these implications will frequently be used implicitly without direct

reference.

(i) If wis a synchronizing word for a HMM M, then so is vw for any word v with vw € L(M).

(ii) If M is unifilar then extensions of synchronizing words are also synchronizing words.

That is, wv is a sync word for any sync word w and word v with wv € L(M).
(iii) If w is a flag word for a state j, then so is vw for any word v with vw € L(M).
(iv) Ifw is a flag word for a state j and v € L(j), then wv is flag word for each state ¢ € §;(v).

(v) It follows from (i) that for an exact, irreducible HMM M there is some sync word
w; € L(i) for each state ¢. In particular, if w € £(j) is a sync word for some state j,

then for each ¢ the word w; = v;w € L(7) is a sync word, where v; is any word such that
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(vii)

(viii)

J € di(v;). Existence of the v;s is, of course, guaranteed by irreducibility.

It follows from (iv) that if some state j of an irreducible HMM M has a flag word w,
then each state i also has some flag word w;. In particular, for each ¢, w; = wwv; is a flag
word for state i, where v; is any word such that i € §;(v;). Thus, an irreducible HMM

is a flag-state HMM if it has any state j with a flag word.

For an exact, irreducible HMM M any sync word w will eventually be generated in a.e.
infinite output sequence xy°. Thus, by (i), for P a.e. z5° € LI (M) there exists some
finite time ¢ € N such that xf, is sync word. If the HMM M is also unifilar then, by (ii),
we know that, in addition, for any such output sequence xg°, xj is a sync word for all

T > 1.

The sync word definition is equivalent to the following: w € L(M) is a sync word if

there is some state j € S such that:

di(w) ={j} , for all i with P;(w) >0 (8)

On the other hand, by definition, w € L(M) is flag word for a state j if:

j € 6i(w) , for all i with P;(w) >0 9)

Thus, being a sync word is a strictly stronger property than being a flag word. After
seeing a sync word w the observer knows the HMM must be in some given state j,
regardless of previous output, whereas after seeing a flag word w the observer knows
that state j is always possible, regardless of previous output, but other states may be
possible as well. Of course, this means that exactness is a strictly stronger property than
the flag-state property, so our results for flag-state HMMs also hold for exact HMMs.

However, in the specific case of exact HMMs the bounds we obtain will be much better.

For a unifilar HMM, [d;(w)| < 1 for each state ¢ and word w. Thus, in light of (8] and
@D, a flag word for a unifilar HMM is necessarily a sync word. So a unifilar, flag-state

HMM is necessarily exact.
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2.6 A Remark on Additional Notation in Later Sections

All notation introduced above in Section [2| will be used consistently throughout this dissertation.
However, the reader should note that additional notation introduced later in Sections [4] [5] and [6]
for various constructions involving exact, unifilar, and flag-state HMMs is taken to be internal to
those sections and not to transfer between. Indeed, the same symbols will be used to represent

different objects in Sections [ [f] and [6]
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3 Preliminaries

In this section we prove some important information theoretic inequalities and lemmas on large
deviations and hitting times for Markov chains, which will be useful in the following sections for
establishing bounds on convergence of the entropy rate block estimates h(t). We also introduce
the block model M™ of a HMM M, which will be useful in establishing convergence of the entropy
estimates and related quantities for unifilar and flag-state HMMs. Several of the results presented
here are probably well known, but we were not generally able to find references for them except

where explicitly stated. So, proofs are given for completeness when references are not.

3.1 Information Theoretic Inequalities

We present two inequalities relating the difference in entropies of two distributions, |H(u) — H(v)|,
to their difference in total variational norm, ||u — v|rv = 3||u — v|j1. The first is a lower bound

and the second an upper bound.

Lemma 2. Let p = (u1,..., un) be a probability measure on the finite set {1,...,N}. Let kpax =
argmaz (i (with lowest index k in case of a tie) and let v = ey, . If |u—v|rv =€ < min{l, 21\,%1}
then:

H(p) = [H(p) — H(v)| > €

Proof. In the case ¢ = 0 the inequality is trivial; both sides are 0. Thus, let us assume ¢ > 0,
which implies, of course, that N > 2. In this case, since ), Lomae Ml = € >0, there must be some

k # kmaa with pg > ¢/(N —1). So we have:

€ €
H(p) = —pjlogy pj > —pulogy iy > — (N—1> log, (N — 1) (10)

J

The last inequality follows from the fact that f(z) = —xlogy(x) is increasing on the interval [0, 1/¢]

and = <pp <e < 1/e. The claim follows from since for all 0 < ¢ < 2,\,1_1:
€ | € B € ) N -1 S € | 1 S
N-1)%®\nv_1) T \woa) e )= \wo1) s\ ) =€
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Lemma 3. Let u = (p1,...,un) and v = (v1,...,vn) be two probability measures on the finite set

{1,.. . N}. If ||u — v|rv =€ < 1/e then:
|H(p) — H(v)| < Nelogy(1/e)
Proof. If |p — v||7v = € then:
lpe — vi| < e, forall k

Thus:

|H (i) = H(v)| = | Y viloga(vi) — pux logs (sur)
k

<) vk loga(ve) — ke logs (k)|
k

< N-max max |(z+€)logy(x+€) — zlogy(x)]
€' €[0,e] z€[0,1—¢']

= N - max € logy(1/¢€)
€' €[0,€]

= N - elogy(1/e)

The last two equalities, for 0 < € < e < 1/e, may be verified using single variable calculus

techniques for maximization. ]

3.2 Large Deviation and Hitting Times Estimates for Markov Chains

We present two large deviation estimates for irreducible Markov chains, and also an important
lemma on hitting times in Markov chains (Lemma |§[) The primary large deviation estimate for
irreducible, aperiodic chains (Lemma [4)) is given, essentially, in reference [28]. The subsequent

lemma presented here is simply an asymptotic extension dropping the aperiodicity hypothesis.

Lemma 4. Let (S,7T) be an irreducible, aperiodic Markov model with stationary distribution ,

and let (St)icz+ be the associated Markov chain it generates. Also, let f: S — R, let Yy = f(St),
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and let V"9 = %Zf::lo Y,. Then for any initial state it € S and € > 0 :

(te = 4- 2 )2
2
8- 217112

P (V"™ —Er(f) >¢€) <exp (— ) , for t sufficiently large (11)

where || f|loo = max;es |f(7)| is the sup norm of f, Ex(f) = > ;csmif(i) is the expected value of f
with respect to the stationary measure m, and m € N, 0 < ¢ < 1 are any constants such that there

exists a probability distribution p on S satisfying:
Pi(Sm €-) >q-p(-), foreachi €S (12)

Remark. Note that since P;(S; = j) — m;, as t — oo, for any irreducible, aperiodic Markov
chain there is always some such triple p,q, m satisfying @) In particular, if we take p = e; and
q = /2, then there must be some m such that @) 1s satisfied. The bound , however, holds
for any m,q, p satisfying (@ To obtain an ideal bound on the large deviation rate for a given

Markov chain one may attempt to mazximize over possible m,q.

Proof. A very similar statement is given in reference |28] for Markov chains on a general state space
with some m, ¢, p satisfying the condition . However, there is a slight error in the prooiﬂ When

this error is corrected the bound changes from the one presented in 28] to the one given above

(D). O

Lemma 5. Let (S,7) be an irreducible Markov model of period p > 1, let (S, B) be the associated
p-step model defined in SectionM and let (E, By) be the (irreducible, aperiodic) restriction of

the model (S, B) to states in the ky, periodic equivalence class Ey:

(Br)ij = Bij , i,5 € &

“In the proof the authors state (in our notation) that:
IE{Y: —Er ()} < If]lo - (1 —)t/™ | for each i e S,t e N
where E;(-) = E(-|So = ¢). This should instead be:

EA{Y: —Ex(H)H <2/ flloe - 1 =)™ | forcachie S, teN
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Also, as in the previous lemma, let f : & — R and define Yy = f(S), ;"7 = %Z:;:lo Y,, and
Ex(f) = >, mif(i), where 7 is the stationary distribution for the original model (S, T). Then, for

eachi€ S ande > 0:

limsup P;(|V;""7 —E(f)| > e)l/t <B

t—00

where B = B(e) € (0,1) is defined by:

0<k<p—1

with Bx, = Br(e) € (0,1) given by:

2 2
€°q
Br. = exp <—k >

8millf113%

Here my, qi are the values of m, q satisfying the relation (@ for the (irreducible, aperiodic) Markov
model (Ex, By).

Proof. 1f we define g = —f and Z; = g(S¢), then ||g||cc = || f]|co and:

Pi(|Y,™ = Bx(f)| 2 €) = Py(Y;"™ — Ex(f) 2 €) + Pi(Y;"™ — Ex(f) < —¢)

=Pi(Y" —Ex(f) = €) + Pi(Z™ — Er(g) 2 €)
Thus, it suffices to show that the one sided bound:

limsup P;(Y,""? — Er(f) > e)/' < 8

t—o00

holds for any f with a given infinity norm.
In the case p = 1 this follows directly from the previous lemma. For p > 1 it can be proved by
considering length-p blocks. Let us define:
tp—1

Vs = % > 1{S, € &k} £(Sn)

n=0
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as the empirical average of f evaluated at the first ¢ states from equivalence class & in the length

tp state sequence S(t]p ! and let:

Ew(f) = £(i)

1€EK

k

be the expected value of f with respect to the normalized stationary measure 7" on states in

equivalence class & given by Wf =p-m, 1 € E. Then:

]P’z‘(YtZUg - E?T(f) > 6) < Pi(ak : Yka,:g —E ’f(f) > 6)
1

p—

or, equivalently:
PV —En(f) 2 €) < pmaxBi(Viy? —Epa(f) > o)

for any 7 = tp,t € N. If 7 is not an integer multiple of p things are slightly more complicated.

However, since S is finite, f is bounded. So, we still have:

Pi(Y*9 —Er(f) > €) <P;i(3k: Yka’:g —E_«(f) > ¢€)

™

<p- m]?xIF’i(Yka:g —Ex(f)>¢€) (13)

for any €’ < e and all sufficiently large 7, where t = [7/p].

For any 8/ > maxy, 8;(€')!/? we know by the previous lemma that the quantity on the right
hand side of is bounded above by (8)7, for all sufficiently large 7. Since each B = SBi(€) is a
continuous function of €, 5’ can be chosen arbitrarily close to 8 by taking €' arbitrarily close to .

Therefore:

limsup P;(YV,"9 — Er(f) > e)V/7 < 3

T—00

as required. O
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To state the final lemma on hitting times we need to introduce some terminology.

e Ifi,j € S and B is a subset of S we say j is accessible from i without passing through B if
there exists a state sequence sf, t > 0 such that sop = i, s, = j, P;(S§ = sf) > 0, and s, € B

for each 0 < n <.

e If j € S and A and B are subsets of S we say that j is accessible from A without passing

through B, if there exists ¢ € A such that j is accessible from ¢ without passing through B.

e If i € S and A is a subset of S we say A is accessible from i if there exists j € A such that j

is accessible from 3.

Lemma 6. Let (S,7T) be a Markov model, not necessarily irreducible. Let A and B be disjoint
non-empty subsets of S, and let S C S/B be the set of states that are accessible from A without
passing through B. Define T to be the |§] X ]§| substochastic matriz, which is the restriction of the

original matrixz T to the states in S:
Ti=Tj,i,jeS

Also, let a be the spectral radius of ’7', and let T be the first hitting time for the set B:
T =inf{t: S; € B}

Then:

1. For any initial distribution p on S with support A E|
: 1/t _
tlggo P, (T >1t) !
2. For any A’ C A and initial distribution p with support A’:

limsup P,(T > Ht <

t—o0

SThat is, p; > 0 if and only if i € A.
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3. If B is accessible from each i € S then:

a <l

Remark. Note, in particular, that if A is the set of transient states of a Markov model and B is
the set of recurrent states then S = A, and a < 1 by part 3 of the lemma, since some recurrent
state must be accessible from each transient state. Moreover, in this case, we have by part 2 of the

lemma that for each transient state i:

limsup P;(T > t)V/! < o

t—o00

where T is the hitting time for the set of recurrent states B. This is probably, in general, the most
useful application of this lemma for Markov chains, and it is the way the lemma will be applied in
Section [J] below. However, in Section []] we will need to use it in the more general form as stated

above.

Proof of 1. By mutual induction on ¢ it is easily seen that for each ¢ € N:

(i) Py(Se =4IT > t) = I?ZZ;\)Ij , for each j € S, and
1

(i) Bp(T > ) = |57,

where p is the distribution on S defined by p; = pi,i € S. T hus, we must show that:
lim (|57} = a
t—o0 1
Now, of course, we have:

lim |74 = o

t—o00

where:

171 = max{ 0T = [Jo] = 1}
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is the operator norm of 7* with respect to | - ||; on vectors. So, the upper bound is immediate:
limsup 577/ < limsup | 7]}/ = a
t—o0 t—00

To prove the lower bound let us a fix a normalized eigenvector v of T whose associated eigenvalue

a is of maximum modulus. That is:
vT =av, |jvli=1, and |a| = «

Also, let u be the vector defined by w; = |v;], @ € S. Then, since Tt has nonnegative entries, we

have by the triangle inequality:
[uT e = 0T llr = lla - vl = laf" - Jv]ls = o
and since 7t and u both have nonnegative entries:

[uT = ulleT [l

ieS

Therefore, since each u; < 1, we know that for each ¢ € N there is some j = j(t) € S with:
le; T ll1 > o' /18]

Now, by assumption, the distribution p has support A and each state j € S is accessible from

A without passing through B. So, for each j € S there must be some m; € N such that:
(57%”)], =p; >0
Let:
p=minp; and m = maxm,;

JjES JjES
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Then for any ¢ > m we have:

i (@) s
1T = T T ™

2 H((ﬁ%mj)j €j> T

1
= llpje; T 11

(c) ~ ~
= pj e T T™

>p-lle;T'
(@ R
> p- (a*/18]) (14)
where j = j(t). The decomposition in Step (a) is possible since ¢ > m > m;. The inequality in Step
(b) holds since all vectors and matrices on both sides of the inequality have nonnegative entries.
The inequality in Step (c) holds because T is substochastic, so || 7|1, and hence ||7™]|1, are both
at most 1. Finally, the inequality in Step (d) holds because of our choice j = j(t).

Since p and \g | are both positive constants independent of ¢ it follows from the inequality

that:

lim inf Hﬁ%H}/t >«
t—00

which proves the claim.

O
Proof of 2. As in the previous case, it is easily seen by induction on ¢ that:
P,(T >t) = ||pT!|l1, foreachteN
where p is the distribution on S defined by pi = pi,i € S. Thus:
limsup P, (T > )"/t = limsup ||pT7|1/" < limsup | T4/ = a
t—o0 t—o0 t—o0
O
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Proof of 3. If p is any distribution with support A, then by part 1 of this lemma:
. 1t _
tlglgo P,(T >1t)" =« (15)
On the other hand, for any such distribution p:
o~ t ~ o~
]P’p<T> ysu) - pr(T> \S!~n‘T> ]S\-(n—l))
n=1
t ~
< H max P;(T > |S|)

a1 €8

=q (16)

for all t € N, where ¢ = max, g P;(T > |S|). Together and imply:

o < g/

The claim follows since ¢ < 1 if B is accessible from each state i € S. (Any state i € S that can

reach B must be able to do so by a path of length at most |S| steps.) O

3.3 Block Models

Definition 7. Let M = (S,X,{T®}) be an irreducible HMM. The n-block model (or simply
block model) M™ is the HMM (S, W,{B™)}) where W = L, (M) is the set of length-n allowable

words for M and the block transition matrices B are defined by:
n—1
BW =T[ 7%, w=aj""' € La(M)
t=0

Note that the state transition matrix B = ) B®) for the block model is the same state
transition matrix B as for the n-step Markov model (S, B) defined in Section and that for
each i,7 € Sand w € L, (M), BZ(;)) = Pi(Xg‘_l =w, S, = j). Also, note that in the case n = 1, the
block model M is simply the original HMM M.

An example of this construction is presented below in Figure
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Original HMM M Block Model M?

1lab

La C@ @ Liaa , 1jbb C@ @:) Libb

11ba

Figure 3: The block model construction M? for the Even Machine M of Figure

The following lemma states some of the basic properties of block models. Properties 1 and 3

are immediate from the definition. Property 2 follows from the Chinese remainder theorem.

Lemma 7. Let M = (S, X,{T®}) be an irreducible HMM, and let M™ = (S, W, {B®)}) be the

corresponding n-block model.

1. The stationary distribution m for M is also stationary for M", i.e. m = wB.

2. If n is relatively prime to p = per(M), then M™ is also irreducible. Thus, in this case, w is

the unique stationary distribution for M™.

3. For any initial distribution p on S, wt Le Wt and by € StL:
PrWy = wi By =b) = Po(X3 T = wi ! and Spr = br,7=0,1,...,1)

where By and Wy are, respectively, the state and output symbol random variables for the block
model at time t, and P} is the distribution of these random wvariables when the initial state

By of the block model M™ is chosen according to the distribution p.

Property 3 is the primary reason for introducing block models. Since the joint process (B, W;)
generated by the block model M™ is simply a scaled version of the joint process (S;, X¢) of the
original HMM M, generated over length-n blocks of output symbols, questions about the original
HMM may often be addressed by studying the block model rather than the original HMM directly.
This is useful since the block model may have nicer (or stronger) properties than the original HMM,

which simplify the analysis. In particular:
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(i) If M is an irreducible, PD HMM and ¢,n € N are defined by:

(= m;g,x min{m : Pi(X()n_1> # Pj(XS”_l)}
i#j

n = min{m > ¢ : m is relatively prime to p = per(M)} (17)

then the block model M™ is an irreducible, PD1 HMM.
(ii) If M is an irreducible, FS HMM and ¢,n € N are defined by:
(= max lwj| , where w; is the flag word for state j
jE

n = min{m > ¢ : m is relatively prime to p = per(M)} (18)

then the block model M™ is an irreducible, FS1 HMM (by point (iii) in Section [2.5.4)).

Of course, the block model also always retains most essential properties. In particular:
e If M is exact, then so is M™ for any n € N.
e If M is uniflar, then so is M™ for any n € N.

The following lemma relates the speed of convergence of the entropy rate estimates and the
decay of the expected state uncertainty for the block model to that of the original model. It will

be essential for our proofs in Sections [5] and [6] below.

Lemma 8. Let M = (S,X,{T®}) be an irreducible HMM with associated block model M™ =
(S, W, {BW™)}), for some n > 2 and relatively prime to per(M). Let (S, X¢)icz and (Bi, W)iez
be, respectively, the stationary joint state-symbol processes for M and M™. Also, let h, h(t), and
Uy, = H(d)(Xéfl)) be the entropy rate, length-t entropy rate estimate, and state uncertainty at time
t for the original HMM M, and let g, g(t), and V; = H(p(W{ ™)) be the entropy rate, length-t

entropy rate estimate, and state uncertainty at time t for the block model M™. Then:

1. g=nh

2. Timsup, o0 (h(t) — h)Vt = [limsup,_, . (g(t) — 97"

3. limsup,_,.o E(U;)* = [limsup,_, E(Vt)l/t]l/n
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Proof. The proofs of all three claims are based on applications of part 3 of Lemma [7] We will
denote all such applications by (*).

The proof of Point 1 is a direct computation:

H t—1 « H Xntfl H Xntil
i T © BT O
t—o0 t t—o00 t t—o0 nt

Point 3 follows from the relation:
E(U) 2 E(VA)
and the fact that:
E(U;) = H(Si| X5 = H(SolX})
is monotonically decreasing. Point 2 follows from the relation:

gt +1) —g = HWWg™') —nh

&G —

n(t4+1)—1

= Y H(XX] ') —nh
T=nt

n(t+1)—1

= Z (h(t 4+ 1) — h)

T=nt

and the fact that:
hi) = HX|X{) = H(XIXT),_ )

is monotonically decreasing. O
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4 Results for Exact HMMs

In this section we prove an exponential upper bound for the speed of convergence of the entropy rate
estimates h(t) in exact HMMs. This is an extension of our earlier work with Crutchfield [26], wherein
similar methods were used to derive an analogous result, but under the additional assumption of
unifilarity.

Throughout this section we will denote by SY N; the set of length-t words in the process language
L(M) containing a synchronizing word, and by NSY N; the set of length-t words in the process

language that do not contain a synchronizing word:

SYN, ={w € L(M) : some subword of w is a sync word for M}

NSY Ny = {w € L,(M) : no subword of w is a sync word for M}

The basic structure of the arguments is as follows:

e First, we introduce an auxilliary HMM known as the possibility machine, which allows us to
easily compute the probability P(NSY N;) that the first ¢ output symbols do not contain a

synchronizing word and how it scales.

e Then, we prove an upper bound on the differences h(t+ 1) — h in terms of P(NSY N;), which

guarantees that the error in the block estimates h(t) decays to 0 at least as fast as P(NSY Ny).

In some simple examples where the speed of convergence of h(t) can actually be computed
analyticallyﬂ we know that P(NSY N;) and the differences h(t) — h, in fact, decay at the same rate,
so our upper bound on the rate of convergence of the block estimates h(t) is tight. We believe this
will often be the case, though we are not usually able to compute the actual speed of convergence

of the estimates h(t) by other means to verify this clainﬂ

SFor instance, the Even Machine of Figure [2| and Random Random XOR Machine [30].
"And, indeed, one can construct examples where the true speed of convergence is strictly faster than our upper
bound by taking some non-zero transition probabilities very close to zero.
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4.1 The Possibility Machine

Original HMM M Possibility Machine M,

1 @ la
/N

1 Ce

sla, b

Figure 4: The possibility machine construction for an exact, 3 state, 2 symbol HMM. In the
possibility machine initial states are colored blue and sync states are colored red. All other states
are white. States names have also been abbreviated. So, for example, the state (1,{1,2,3}) is
denoted simply by 1,123.

Definition 8. For a HMM M = (S,X,{T®}) the extended possibility machine M poss is the
HMM (R, X, {0} where:

e R={(i,A) :i €S, A is a subset of S}

e The transition matrices @(x) are defined by:
—(z) _ () 145 =B
Qe =T, - 1oalz) = B}
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A state (i, A) € R is said to be a sync state if A = {i} and an initial state if A = S. The possibility
machine M,z s the restriction ofﬂposs to its initial states and other states accessible from them.

More precisely, Mposs = (R, X, {Q@)) where:
e R ={r € R:r is initial or is accessible from some initial state '}

o The transition matrices Q&) are defined by:

Qq(f) = @,(f) , ' €ER
An example of this construction is given in Figure[d, We will denote the output sequence of the
possibility machine by (Y;);ez+ and its internal state sequence as (Ry)icz+ = (T4, Pi)iez+, where

T € S and P, is a subset of §. The interpretation is as follows:
e Y, is the 4, output symbol of the original HMM M.
e T; is the true state of the HMM M at time ¢.

e P, is the set of states that the observer believes it is possible for the HMM M to be in after

observing the output Yotfl.

Initially, all states are possible to the observer (Sy ~ 7), so the initial states of the possibility
machine are those of the form (i, S). On the other hand, the observer becomes synchronized when
the only possible state is the true state, so the sync states are those of the form (7, {i}).

The following lemma justifies and formalizes this interpretation.

Lemma 9. Let M = (S, X, {T®}) be an irreducible HMM with stationary distribution 7. Let
Mposs = (R, X,{Q®@)}) be the associated possibility machine, and let p be the distribution on its

state set R defined by:

Tiy ZfA =8
H(i,A)
0, else

Then the distribution over joint sequences (Ti,Y;)iez+ with the initial possibility machine state

Ry chosen according to i is the same as the stationary distribution over state-symbol sequences
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(St, Xt)iez+ for the original HMM M given by choosing Sy according to m:
P (T5°, Yo©) = Px(S567, X5°) = P(S57, X5°) (19)
Moreover, if Ry ~ u then (with probability 1):
Ss(Yi™Y)y =P, for eacht €N (20)

In particular, Yot_1 s a synchronizing word for M if and only if the set of possible states P; consists

only of the true state Ty |§| Or, equivalently, if and only if R; is a sync state.

Yolt_1 is a sync word <= P, = {I}} <= Ry is a sync state

Remark. Note, in particular, that this lemma implies the original HMM M is exact (has sync
words) if and only if the possibility machine Mpyoss has sync states. So, the possibility machine

construction is a way of testing a HMM for exactness.

Proof of (20). For any w = zh! € X* it is easily seen (by induction on t) that:

where the sets Sy, ..., S; are defined by the relations:
So=8 and §,41 = 53n(:vn) ,n=0,..,t—1

The claim follows from this fact, since the initial set of possible states Py is always S if Ry is chosen

according to u, and by construction of the possibility machine:

Pn+1 = 5Pn (Yn)

O

8Note that by the first claim , we must have T} € 67, (Yg_l). Thus, by the second claim ,Tt e P =
8s(Yy™1), so it is impossible that the output sequence Y ™' synchronizes an observer of the original HMM M to any
state other than the T;.
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Proof of (@) We show by induction on ¢ that:
P (T = s, it =l ) = B(S) = b, X3 = o)
for all t > 0 and sf, € St+l,l‘6_1 e Xt.

Basis Step - Show for ¢t = 0.
For each s, € S we have:

PP (To = s0) = fis,,5) = Ts, = P(So = o)
Inductive Step - Assume for ¢, and show for ¢ + 1.

If P(Sh = s, Xt = ol ™) = PR*(T¢ = sb,Y{™ = af!) = 0, then clearly also P(Si™ =
sht XE = ab) = PO (TEH = b Y = o) = 0. Thus, let us assume P(Sh = sh, X! = 2h™!) =
PL**(TE = sb, V¢! = i) > 0. In this case, we may condition on the event {T¢ = s§, Vi ! =

zh1}, and we find:

PP (Tip1 = St41, Y = a|T§ = sb, V¢t = ab ™)
© PP (Tiyn = si41, Yi = a|Tg = s, Yy ' = af ', P = A)
=P (Ti1 = se41, Y = | Ry = (51, A))

= Z PzOSS(RtJrl = (3t+1aB)7Y;ﬁ = .fL't|Rt = (St,A))
BCS

- 2 7;t5t+1 ]l{éA(l't) = B}
BCS
— Til?t

StSt+1

= P(St-i-l = 5441, Xt = ﬂft|53 = 56, Xé_l = 556_1) (21)

where A = dg(z} ) and (*) follows from the relation proved above, which guarantees that

P, = A with probability 1 on the event {T¢ = s}, Vi ™! = x5!}, Combining (21 with the inductive
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hypothesis yields:

POSS t+1 _ t+1 t_ t
PRss(Tp™ = sp", Yy = 1)

088 (it t t—1 t—1 0SS t t t—1 t—1
= ﬁ (To =50, Yy =z ) ']P)Z (Tt41 = 141, Ve = 2| Ty = 80, Yy =25 )

t t t—1 t—1 t t t—1 t—1
=P(Sp =50, Xg =2y ) P(St41 = 8141, Xo = 24| Sy = 50, Xy =25 )

~ B = s X = )
proving the claim. O

4.2 Scaling of P(NSY N,)

Combining Lemma [9] with Lemma [6] we now obtain the scaling rate of P(NSY ;).

Proposition 1. Let M = (S, X, {T(z)}) be an exact, irreducible HMM with associated possibility
machine Mposs = (R, X,{Q®}). Let R C R be the set of possibility machine states, which are
accessible from the set of initial states without passing through the set of sync states (See Section
for definitions). Finally, let Q be the restriction of the state transition matric Q =, Q@) for

Mo to the state set R:

Q= Qe , 7' ER
Then:

lim P(NSY N)Vt = o

where 0 < o < 1 s the spectral radius of 0.
Proof. By Lemma [0 we know that if Ry ~ p then:

(i) The distribution of the output sequence Y7 ! for the possibility machine is the same as the

distribution of the output sequence X' for the original HMM M (with So ~ 7).

(ii) th_l is a sync word if and only if R; is a sync state.

44



Thus:

P(NSYNy) = P(X{ ™ ¢ SYNy)
= P(Xy ! is not a sync word, for all 1 <n < t)
@) PIZOSS(YO"_l is not a sync word, for all 1 <n <)
@) PﬁOSS(Rn is not a sync state, for all 1 <n <t)

— PLO(T > 1)

where T' = inf{t : R; is a sync state} is the first hitting time for the set of sync states.

Therefore, by part 1 of Lemma [6] we have:
lim P(NSY N)Vt = o
t—o0

Moreover, by part 3 of this same lemma, we know « must be less than 1, since some sync state is
accessible from each r € R. In particular, since M is exact, we know that for each i € S there is
some word w; € L(i), which synchronizes the observer to some state j; € S. So, for any possibility

machine state r = (i, A), 6£°*°(w;) is the singleton set consisting of the sync state (j;, { jl})ﬂ O

Remark. Looking at the proof of Lemmal6it is clear that for any finite t we have the exact formula:
P(NSY N;) = P2*(T > t) = ||iQ'||x

where 11 is the distribution on R defined by i = i, € R. For estimates with finite and relatively
small t, so that the computation of ﬁét s not too computationally intensive, this may be more

useful than the asymptotic scaling rate o.

The following upper bound on the decay of the expected state uncertainty E(U;) in an exact,
unifilar HMM is a simple consequence of Proposition It is far easier to prove than analogous

results derived in Section [5| for nonexact, unifilar HMMs.

pOss

Gomyw) = {(,6a(w)) : j € di(w)}, which is easily proved by

9This follows from the more general statement &
induction on the length of w.
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Proposition 2. For an exact, unifilar, irreducible HMM M :

limsup E(U)Y <

t—o00
where 0 < o < 1 is the spectral radius of the matrix @, as defined in Proposition .

Proof. If M is unifilar then extensions of synchronizing words are also synchronizing words so:
w € SYN; = w is a sync word —> u(w) =0
Thus:

E(U) = Y Pwu(w) <P(NSYN,) - log; |S|
weLy (M)

The claim follows since:

lim P(NSY N)Vt = o

t—o00

by Proposition O

4.3 Sync Bound on Convergence of the Entropy Rate Estimates

Using the results of the previous section for the decay of P(NSY N;) we now obtain an upper
bound on the speed of convergence of the entropy rate block estimates h(t). The key estimate is
Lemma below, which shows that the difference h(t+ 1) — h is upper bounded by a constant times
P(NSY N;). Before proceeding to prove this estimate, however, we will first need to introduce one
simple additional lemma concerning conditioning on infinite pasts, which contain synchronizing

words.

Lemma 10. Let M = (S, X, {T®}) be an exact, irreducible HMM, and let w be a sync word for

M. If x=}_ is a reqular past with =™

s no=w for some 1 <m <n then:

H(Xolz=}) = H(Xolz=L,) , forallt >n

o
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Proof. Assume that w synchronizes the observer to state i. Then, for any ¢t > n:

P(S i1 =il X} =27) =P(Spmpr = i| X' =) =1

n

So, for each t > n and z € X:

]P’(J:\x:tl) =P(Xy = ac]X ;= m_%)
=P(Xo=2|X} =27},8 my1 =1)

=P(Xo = 2|X 51 = 270410 S—m1 = 4)

Since the right hand side of is a constant independent of ¢, we know that for each x:

P(z|z”),

= |y -1
) = Jim Plale™})

=P(z|z"}) , for each t > n

Thus, for each t > n we have:

H(Xola—l) ——ZIP’ 50) logy P(x|2Z5)
= S PG} oma el )

= H(Xolzy)

Lemma 11. For an exact, irreducible HMM M = (S, X, {T®}) :

h(t+1) —h <P(NSYN,)-log, |X| , for allt €N

Proof. Let Z,, be the set of regular infinite pasts x:éo terminating in the word w:

Zy = {iU:})O : ac:})o is regular and x~ | =w}
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Then, for any fixed t € N:

Bt +1) = H(Xi1|XY)
— H(Xo|x2))

= Y H(XolX~}=w) Pw)

’weﬁt(M)

= Z HXO]m_l)d]P’( )

weLy(M

Thus, using the integral formula for the entropy rate and the previous lemma we have:

h(t+1) Z H(Xolz=})dP(z~L /H Xolz=L )dP(2~L)
Gﬁt Zw
= Z HX0|m’1)dIP’ - > HX0|x Lydp(z~L)
we[,t(M) wELy M)

> weNsyN, Jz, (H(Xo|z~{) — H(Xolz~),)) dP(z~L,) +
S wesyn, Sz, (H(Xolz=}) — H(Xolz=L,)) dP(z=1))

> P(w)-logy |X| + > Pw)-0

weNSY Ny weSY N

IN

=P(NSY N) - log, | X|

Theorem 1. For an exact, irreducible HMM M :

limsup {h(t) — h}l/t <a

t—o00
where 0 < « < 1 is the spectral radius of the matrix @, as defined in Proposition .

Proof. This follows immediately from the decay rate of P(NSY N;) given in Proposition [1| and
Lemma [I11 O
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5 Results for Unifilar HMMs

In this section we establish exponential bounds on the pointwise and L decay of the state uncer-
tainty U; for PD, unifilar HMMs. Then, as a consequence of the L; bounds, we derive exponential
bounds on the speed of convergence of the entropy rate block estimates h(t), for general unifilar
HMMs, by a means of a PD reduction.

In many places we will assume, also, that the HMM is nonexact, so we do not have to treat the
exact case separately where the analysis is slightly different. In the case of an exact, unifilar HMM
the pointwise decay rate of Uy is simply o = 0, since P a.e. x§° contains a sync word. Also, in this
case, we have already exponential bounds on the L; decay of state uncertainty and convergence of
the entropy estimates given by Proposition [2| and Theorem [1} These bounds are at least as strong
as what we would obtain using the alternate methods for unifilar HMMs given below.

Similar statements about exponential decay of the state uncertainty U; and exponential con-
vergence of the entropy estimates h(t), for nonexact, unifilar HMMs were given in our earlier work
with Crutchfield [27]. However, the methods of proof presented here are quite different and, we
feel, intuitively somewhat nicer. The new proof methods also give the pointwise decay rate of U,
exactly, which the old methods do not.

The central idea behind the proofs is the construction of an auxiliary HMM known as the
follower model. The basic concept was originally suggested to us by Morris [31], though the details
are somewhat more involved than they may have initially appeared at the time, because the follower

model is not always irreducible (even ignoring trivial or non-accessible components).

5.1 The Follower Model

For a unifilar HMM M = (S, X, {T®)}) we define the extended state set S and transition function

Si(w), i € S,w € X* by:

S=Su{d}

and:

j, ifie S and 6;(w)

{4}

di(w)=14 d, ifieS and §(w) =0 (23)

d, ifi=d
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Figure 5: The follower model construction for a 4 state, 2 symbol, unifilar HMM. In the follower
model parentheses have been omitted from the state labels. So, for example, the state (2,3) is
denoted simply by 2, 3.

where §;(w) is the standard HMM transition function given by (6). By unifilarity, for any i € S
and w € X*, §;(w) is always either () or {j}, for some j € S. Thus, 6;(w) is always well defined.
We will refer to d as the dead state. The meaning of this terminology will become clear in the

discussion below.

Definition 9. Let M = (S, X, {T®}) be an irreducible, unifilar HMM. The corresponding follower
model Moy is the unifilar HMM (S x S, X, { QW) with transition matrices Q™) defined by:

(z) _ 7@

(4,0)(,5) ~ ‘]1{57(93):;} , L,jES andi,j €S
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An example of this construction is presented in Figure [5] We will denote the output sequence
of the follower model My, as (Y;);ez+ and its internal state sequence as (Ry, R)ez+, Ry € S and
R; € S. The distribution of these random variables with initial state (R, Rg) = (4,) is denoted
el

R, is thought of as the leader state at time t and R; as the follower state. The next output
symbol Y; and next leader state R;11 are selected from the current leader state R; in the normal
way. Then, the next follower state R; 1 is determined simply by following the outgoing edge in the
original HMM M from state R; labeled with symbol Y;. If there is no such edge, then R; transitions
to the dead state d. The dead state also transitions to itself on all output symbols. Thus, once the

follower path dies, it remains dead for all future time.

Formally, we will adopt the convention:
Py(w)=0, we X"
for word probabilities from the dead state, so that for each i € S and w,v € X*:
Pi(wv) = Pi(w) - Pg, (,, (v)

The following lemma (applying this convention) is a direct consequence of the follower model
construction and, indeed, the primary reason for introducing it.

Lemma 12. If M is an irreducible, uniflar HMM with associated follower model My, then:

1. For each (i,i) € S x S the distribution over output sequences Y3 from state (i,1) for Myoy

is the same as the distribution over output sequences X§° from state i for M:

(% (5) = Bi(X§)

2. For each initial state (i,i) € S x S and t € N the following all hold with probability 1 with
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foll [0
respect to the measure P(m)

t—1
= H Pr, (Yy)

Yt 1 H PRn )

Note, in particular, that point 2 implies that for each 1 <7 <t —1:

Py(Yy ™) =Py(Yy ") - P, (Y)"), and

Pi(Yy™) = Bi(¥y ) - Py (Y1) .

5.1.1 Recurrent Decomposition

In general, the follower model is not irreducible. However, the associated graph always has a finite
number of recurrent, strongly componentﬂ Ci, k € K, and each of these components itself defines
an irreducible (unifilar) HMM M ]lfoll. We will say a component Cy, or the associated HMM M ]’foll,

is trivial if either:

(a) 7 =i, for some (i,7) in Cy, or

= d, for some (i,7) in Cy,

.

(b)
and nontrivial otherwise. Also, we will denote by R the set of all recurrent states for the follower

HMM M o:

r=U U

keK (Z,E)Gck

1%Here, P;(Y{ ") is the random variable (defined on the follower HMM space) such that B;(Y{ ') = P;(z5™") on the
event that the follower HMM output sequence YOF1 is equal to the symbol sequence xffl € X*. Similarly, P, (Yz.)
is the random variable such that Pr,, (Y») = P;(z) on the event {R, = j, Yn = 2}. P;(Y{™') and P _(Yn) are defined
analogously. 8;(Y{™!) is the S-valued random variable such that &;(Y ') = 8;(z5™!) on the event Yt b= gf™! and
8;(Y{™") is the S-valued random variable such that 6;(Yg@~') = §:(x~') on the event Vit =abt

1A strongly connected component C of a directed graph G is sald to be recurrent if there are no outgoing edges
from vertices in C to vertices not in C.
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An example of this recurrent decomposition is presented below in Figure [6]

l\b

2

o] [3

5 3 5 %‘a

s W il g G -~
4 \_/

sla

— @)

l|b
5 — 3
Glbc‘ L ‘D“b
4

Figure 6: The recurrent decomposition for the follower model Myy; given in Figure [5| There are
3 recurrent components: The dead component colored in red, the matched component colored in
green, and one nontrivial component colored in blue.

The following are some important properties of the recurrent decomposition, which are illus-
trated by the example above, but true more generally. All of them are direct consequences of the

follower model construction and irreducibility of the original HMM M.

(i) There are always exactly two trivial components for Myq;: the dead component Cq consisting
of all states of the form (7,d) such that i € S and the matched component C,, consisting of

all states of the form (7,7) such that i € S.
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(ii) There may or may not also be nontrivial recurrent components. Indeed, there are nontrivial

components if and only if M is nonexact.

(iii) If there are nontrivial components, then for each nontrivial component Cj, and state (i,4) € Cy,
P:(x) > 0 for any symbol z with P;(z) > 0. (Otherwise, (i,7) would transition to some state

in the dead component on symbol z.)

(iv) If there are nontrivial components, then for each nontrivial component C;, and state i € S
there exists some i € S (possibly more than 1) such that (i,7) € C. (Indeed, if (j,7) € Cg
for some nontrivial C, and w is any word with J;(w) = i, then the follower model state (j, )

transitions to (i,7) € C on w, where i = Sg(w).)

Also, note that, by Lemma the following equivalences always hold with probability 1 with

respect to the measure p/ Ol.l, for each initial state (i,7) € S x S:

(i,4)

gi(yvotil) = g{(Ygil) = (Rt,ﬁt) € Cn,

P{-(Yvotil) =0<= (Rhﬁt) €Cy

5.1.2 Follower Edge Chain

Since Moy is unifilar each edge z of My, can be represented (uniquely) as a 3-tuple z = (4,4, z),
where (i,i) € S x S and z is a symbol with P;(z) > 0. z = (4,1, ) is the outgoing edge from state
(i,4) labeled with symbol x.

We will denote the edge set of My, as Z and its edge sequence by (Z;)ez+:
Zt = (Rtaﬁta }/t)

Also, we will denote the edge set of a component HMM M J’?o” by Zi and the stationary distribution

for the irreducible edge chain (Z;) associated to the component HMM M ]]‘goll by pF:
MZ.—. = ué“, . Pi(x) , for z = (i,i,x) € Z

where ¥ is the stationary state distribution of MJ]fo”.
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5.2 A Useful Lemma

We give below a simple, but useful, lemma for the difference between the induced distributions
d(x571) and ¢;(z1) in a unifilar HMM. The lemma and its corollaries will be used in Sections

and for establishing bounds on the decay rate of the state uncertainty Us.

Lemma 13. Let M = (S, X,{T®}) be an irreducible, unifilar HMM. Then for each i € S and

xht e L£(i):
t—1
B 3 T - ]}D.(xt—l) ZjES-c(l‘til) - Pj(l’o )
ot — e ey = Y ToF)  Zwesen b
0 0 Pz ) Yies ™ Pi(zgh)

where:
Si(zk Y ={jeS:6;xh) =8k} and Sf(zh ') =8/Si(zh)
Proof. By the law of total probability:

qb(x(t)_l) = }P’(St]Xé_l = xf)_l)

=Y P(So = jIX¢T = ap ) - P(SiSo = 4, Xg Tt = ap )
JjES

P (i P (et
_ z T Pjt(_xlo )-qbi(xffl) i Z T Pjt(io )-qu(xffl)

The claim follows since, by unifilarity, the two distributions ¢;(z} ) and ¢;(z5") can have no

common support if they are not equal (i.e., if j € Sf(z{™1)). O

Corollary (1). For eachi € S and z§ € L(i) :

HQS(xéil) - ¢i(x671)||TV < (IS =1]) - rmax - - Inmax
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Proof. Since |S¢(x™ )| < |S| — 1 we have:

-1
Y jeseqt-1) T Pilzg )

> jes ™ Pixg )
_ D jese(at ) " Pz )

(x5 ") — di(zl ey =

0
N i Pi(ah )

P.i(x
< S —1)- Tmax ° max ZJ\0
= 81— e jese(at ) Py(zh )

Corollary (2). For each i € S and z{° € L1 (i) :

(2 ) o) = outabdlry < o) = utab Dl < (22 - fotab) - ey (25)

Pmax min
for all sufficiently large t.

Proof. For given i € S and xy° € LI (i) let:

A={jeS: a¥ e LLG)}

B={jeA:6;(xl)#6i(xf), for any t}
Also, let ty > 0 be defined by:
to = min{t : P;(z}) = 0,Vj € A and 6;(zf) = 0:(zf),Vj € A/B}

Then, by the lemma, we have for each t > t:

Djese(at) i Pi(@h) Y epmilP;(ah)
t
0

lé(x0) — ¢i(ao)lrv = > ies T P;(xh) - > jeam™iP;(xh)

Therefore, since P;(z5™) = P;(xf) - ng(xé)(xt_i,_l) satisfies:

Pmin - Pj(zh) < Pj(25t) < prax - Pj(xh) , for each j € A, t >0
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we have for all ¢ > ¢y that:

> jen TP (a5)
ZjeA ijj@éﬂ)
ZjeB 7§ (Pmax - P ()
= 2 jea i (Pmin - Pj(xf)
_ <pmax> Z]eB (
> jea iP5
= (B - fotab) — el

pmln

l¢(25™) = dilag™ )Ty =

)
)
)
o)

Pmin

and:

ZjeB ;P ($6+1)
> jeamiPi(ag)
> ZjeB 7§ (Pmin - Pj(z
B ZjeA Ty (Pmax - P; (z

_ (pmin> . ZjeB milPj(x

lo(25™") = ¢i(ag™)llrv =

pmax

:<me“> lp(x5) — ¢i(xp) v

max

5.3 Pointwise Decay of the State Uncertatinty U; under PD1 Assumption

Throughout Sectionwe assume that M = (S, X, {7®}) is a nonexact, PD1, irreducible, unifilar
HMM with associated follower HMM My, and for each i, j € S we define D; ; € (0, 00] by:

D; j = D(Pi(Xo)|[P;(Xo))
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Also, for each nontrivial component Cj, of My, we define the constants 0 < v, < coand 0 <7, <1

by

Vi = Z V?;j) +D;; and mp =277

Finally, we define 0 < a < 1 by:
a = max{n : Cx is nontrivial} (26)
and the index £* by:
k* = argmax{ny : Cy is nontrivial}

chosen arbitrarily among maximizing k in the case of a tie.

We will show below in Proposition [3| that the state uncertainty U; for the HMM M a.s. decays
at exponential rate «. Before doing so, however, we will need to establish a few lemmas. The first
characterizes the asymptotic behavior from the nontrivial recurrent components of the follower
model, and the second characterizes the pointwise decay rate of the difference between the induced

distributions ¢(X; 1) and ¢;(X5).

Lemma 14. For each nontrivial component Cy, of Myyy and state (i,3) € C:

]P—(Yt_l) 1/t
hm 170"1_1 =Nk , Pfo{l a.s.
t—oo \ P; (V¢ (4,2)

Proof. Let f: Z; — R be defined byIE

£0.5.) = o (ﬁj Eﬁ;)
J

?Note that v < oo for each nontrivial Cx, since D, ; < oo for each nontrivial Cy. and (4,7) € Cx by point (iii) above
on the recurrent decomposition of Myo;.
3Note that since Cy, is nontrivial, P+(x) > 0 for each edge z = (j,j,2) € Zx. Thus, f(2) is finite for each z € Zj.
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Then, by Lemma [12] we know that for each ¢t € N:

Pi(Y, )\ [T Pra (Ya)
o2 (1@(1%—1)) ~ e (HTZPR(H>

if the initial follower model state is (R, Ro) = (i,4). Thus, by the strong law for Markov chains [24}
Theorem 4.16] we have that Péog a.s. :

1 Py Y _
tlggozb& (IPZ(YOt_l) =E,»(f)

~—

Z /“1'65@) : f(.7737 z

(]7‘773")6216
_ k , ) (@)
- 72 (u(“) Pﬂ(x)) log, <IP’»(3:))
(j:d ) €2k J
_ k _
= 2 %5 D
(49,9)€Ck
= Yk

t—1
The claim follows since lim;_ o % log, (%Eé*%) = 7 implies:
AN0]

1/t
P- Yt—l
lim 7’( Dt_l) =2""% =y
Pi(yo )

Lemma 15. For each state i € S:

. t—1\ _ o oyt—1y L/t )
Jim [[6(X5™) — ai(XgIIh = a, Py as.
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Proof. For each 7,5 € S the hitting time for the recurrent state set R:

T = inf{t >0: (Rt,ﬁt) € R}

foll
)k

characterize the asymptotic behavior by Lemmas [12] and

is a.s. finite with respect to the measure P and once a recurrent component is hit we can

In particular, if (Ro, Ro) = (4,7) and (R, Rr) € Ck, for some nontrivial Cy,, then:

1 1 _ Y.
(RN (B PR (D))
lim T = lim T 1 = Nk
t=oo \ Py(Yy ) tmoo \ Pi(Yy ) Prp(Yr )

with probability 1. On the other hand, if (Ro, Ro) = (i,7) and (R, Rr) € Cq then:

P;(Ys ")

———= =0, forallt>T
Pi(Yy ™) s

P;(Yy ) =
and if (Ro, Ro) = (i,j) and (Rp, Ry) € Cp, then:
S (YEY) =6y, forallt > T

Thus, for each i,j € S, we know that with probability 1 with respect to the measure IF’{[’;Z)

either:

v t—1yy 1/t
(a) limy_ 0o (I;:((g}g_l))) < a, or

Since there are only finitely many states j € S and P;(X§°) = ]P’éoél) (Yy©) for each i,5 € S (by

Lemma it follows that:
P;(GH) =1, foreachicS

where G} is the set of symbol sequences z5° € £1 (i) such that for each state j € S either:

, . IP'((Et_l) 1/t
(a’) limyeo (IP’Z(:pE‘H) < a, or
(b") &;(zh ) = 8;(xh1), for all sufficiently large ¢.
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Now, by point (iv) for the recurrent decomposition, we know that for each i € S there exists

some j; € S such that (4,4;) € Cy». And, by Lemma[14] we have:

P.. Yt—l 1/t
lim <IPJJZ((}/'E€)_1))> =MNgx = P{?ll a.s.
(Y, 5Ji

Thus, since P;(X5°) = P/ (Y£°), we know:

(lvji)

P;(G?) =1, foreachic S

where:

P.. t—1 1/t
G? = {1‘80 € L (i) : lim <J1(xt0_1 )> =«

t—o0 PZ (:UO )

Therefore, for each ¢, the set of “good” symbol sequences G; = G} N G? is a probability 1 set

with respect to the measure IP;. The claim follows from Lemma which implies:

tlim (b ) — ¢i(a:6_1)H1T/é =« , foreachzg® € G;
—00

Proposition 3. The state uncertainty Uy a.s. decays at exponential rate o

. 1/t
lim Ut/ =a, Pas
t—ro0

Proof. By unifilarity, we know that for each i € S, xf{l € L(i) the distribution gi)i(xffl) has support
only a single state §;(z ). Thus, H(¢;(z5 ")) = 0 and we may express the state uncertainty

u(zh™t) as:

u(zgt) = H(e(ag 1)) = [H(é(ag 1)) — H(di(zg )]

Using this relation and the norm bounds for entropy differences given by Lemmas[2|and [3] it follows
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from the previous lemma that:

Jim u(ay ™) = lim (o) — oilel I = o, for By ae. g

The claim follows since P = ZZ m;P; is a weighted average of the P; measures. O

5.4 L; Decay of the State Uncertatinty U; under PD1 Assumption

Throughout Sectionwe assume that M = (S, &, {T®}) is a nonexact, PD1, irreducible, unifilar
HMM with associated follower HMM My,; and define the constants v, > 0 as in the previous
section. Our goal is to establish bounds on the L; rate of decay of the state uncertainty Uy, as
opposed to the pointwise (almost sure) decay rate analyzed above. The proofs rely heavily on
the follower model construction, as in the pointwise case, but also use the large deviation and
absorption time results for Markov chains discussed in Section Before proceeding, however,
we must first define a number of constants that will be used in the proofs and introduce some
additional notation.
Let f: Z — RU{oco} be defined by:

f(i,i,x) = log @Eg)

For each nontrivial component Cg, let €, = /2 and take 5x € (0,1) to be the constant 5(ex) given
by Lemma[5] for deviations in the empirical average of f evaluated on the irreducible, Markov edge
sequence (Z;) of the component Cy EL so that:

1/t
. foll
lim sup P(i 5 ( > €k> < Bk

t—o00

t—1
3 (2 B ()
n=0

for each (i,7) € Cy.

We define the constants aq, ag, oz, aq, as,b; € (0,1) and by > 0 as follows:

o a; =2 min/2) where Amin = min{7 : Cy is nontrivial}.

e az = (1+a1)/2.

Note that for each nontrivial Cy, and (4,4, x) € 2, f(i,%,2) < co by point (iii) above for the recurrent decompo-
sition. So, f restricted to Z is always a real-valued map and Lemma may be applied.
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ag is the spectral radius of é, where é is the restriction of the transition matrix Q for the
follower HMM My, to the transient states (S x S)/R. In the case there are no transient
states, oy = 0. E

oy = max{f : Cy is nontrivial}.

a3 and a4 are taken as any values such that ag € (a4, 1) and oy € (o), 1).

b = In(as - ﬁ)/ In(a - ;ﬁ) (where pmin, Pmax are the values for M).

by =(|S| = 1) - rmax - ’;Z’:‘: . a% (where rmax, Pmin, Pmax are the values for M).

of = max{as ", ol }.
as is taken as any value such that a5 € (af, 1).

we define the following events for each ¢ € N and nontrivial C:
Ay ={(Ry, Ry) € R}

Bua = { [} X0 £(Z0) ~Bu()] <

Cit ={R; = R}

_ ]P)ET(Y;_I) t—r
Coe = {P(Y) =01

Cr=AN(C1UCoy)

where 7 = 7(t) is defined by:

7= [(1-0by)t]

We will show below in Proposition [4f that the expected state uncertainty E(U;) decays expo-

nentially at rate « or faster, where 0 < a < 1 is defined by:

First,

o = max{as, (af) 70, (aﬁl)bl} (27)

though, we will need to introduce a few lemmas.

15Note that aj is always strictly less than 1 by Lemma@7 since some recurrent state (j,7) € R is accessible from

each (i,

7)€ (S xS)/R.
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Lemma 16. For each (i,i) € S x S :

P{Z%(Cf) < ak , for all sufficiently large t

Proof. Note that:

1. For each (i,1) € S x S:

P{ZO% (AS) < o, for all sufficiently large ¢

by Lemma@ since az > of.

2. For each nontrivial Cx and (j,7) € Cy:

}P’{] O%(B,‘;t) < aly, for all sufficiently large ¢

since oy > o) > By

3. If (Ro, Ro) = (j,7) for some (j,7) € Ck, Cx nontrivial, then on the event By ; we have:

t—1
D f(Zn) — B ()] < e = /2

n=

1
t

1

f(Zn) > 7k/2 > ’Ymin/2
0

[ Pr, (V) ) 1= Pg, (Vy)

o (n by, <Yn>> P (w ) > T2
Pi(Yg ") ,

10g2 <P](}%_1>> > ’len/Q

P+(Yy ™)
P;(Yy )

t

(a

~

~+ | = <

n

—

S

—
=
=~

ﬂ

< (Twmm/z))t — ol

!

Here (a) follows from the fact that E x(f) = v and (b) from Lemma

Now, if A; occurs C can only fail to occur if (R, ET) lies in some nontrivial recurrent component
Py (Y7 7h)

P (VT T) > ol T, Thus, by Points 2 and 3 above, we know that for each initial state
R\t

Cr and 1
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(i,7) € S x S and all sufficiently large t:

foll rou [ Pr (Y1)
P/ (CFlA:) < max max P70 | ———t >
(é-0) nontrivial ¢, (jj)ec, () \ Pp (Y1)

Pf- Yt*T*l
<  max max P/ % >ay "
nontrivial ¢y, (5,7)€Cx (7:9) Pj(Yo i )

foll

< max max P/% (BC B )
nontrivial ¢y (jjyec, @9\ FE=T)

<af” (28)

where C), = {(],}) €C: Péog ((R-, R;) = (4,7)) > 0}. Combining the bound with Point 1
above we find that for each (i,7) € S x S and all sufficiently large ¢:

(% (CF) = B (A9) + {7 (Ar) - PI% (CElAL)

< PP (AD) + P (CrlAL)

<aj+af’

Lemma 17. If the initial follower model state is (Ro, Ro) = (i,4), then on the event Cay :

P-(Y{™! max 1
’L( C:f_l) S b L. Oé;
]P’Z(YE) ) Pmin @1

Proof. 1f (Ry, Ro) = (i,1), then on the event Cs; we have by Lemma

Py By PR (Y

R, ) R(O7) P (W
S (pmax)T . ai—'r
Pmin

P (1—b1)t+1
S ( max) 'aliltfl

Pmin
Pmax 1
— o —_ az
Pmin &1
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Proposition 4. The expected state uncertainty decays exponentially with:

limsup E(U)Y <

t—o00

Proof. Since My is unifilar the follower model state sequence (RE, §6)7 and hence the occurrence

of all relevant events up to time ¢, are completely determined by the initial state (Rg, Rp) and the

/ —.
(4,1),t

yb~t € L£4(i) such that for initial state (Ro, Ro) = (4,7) the event C; occurs when Y ™! € Céii),t :

symbol sequence Yot_l. For fixed (i,7) € S x S, let us define C as the set of symbol sequences

Clis, = {yit € £4(i) : if (Ro, Ro) = (i,4) and YZ~! = {1, then C; occurs}

Also, for each i € S let:

Cia= [ Cloa
JjeS
Then, since C; always occurs from the initial state (Ro, Ro) = (4,1), we know by Lemmas

and [L6] that for all sufficiently large t:

c c oll c
P, ((C1)7) < DR ((Clipy)?) = DB (CE) < (1S = 1) 0 (29)
j#i J#i
Now, fix yé_l S sz,t. Then, for each j € Sf(yé_l), we know by unifilarity that Si(yg_l) # 5j(y0_1).
So, Ci4 cannot occur when (Ro, Ro) = (i,7), Yot_1 = y[t)_l. Instead, C3; must occur when

(Ro, Ro) = (i,4), Yo~ ! = y{ . Thus, by Lemma we have for any such j € S¢(y ') that:

Spmaxiag

Pi(y5™") = Pmin

Applying the bound yields:

— — max 1
o™ — di(yb ey < (IS] = 1) - Pmax - <p — a§> = byal

Pmin @1
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Therefore, assuming ¢ is sufficiently large that boal, < 1/e, the entropy u(yé_l) may be bounded as

follows using Lemma

w(yl) = |H6OE™) — H(éi(uh™))] < IS] - baas - logs (b;) (30)

Using the relations and it follows that for all sufficient large ¢:

= max > Pi(w zc:
(e

< max {]P)l( E <|S\b2a2 log,

)) (G togs 51}

1
<1 (|S’b2@§ log, (bg()[é)) + (IS| — 1) ag - logy |S]|

and, hence, that:

limsup E(U)Y! < o = max{as, a5}

t—o00

The claim follows since o’ can be chosen arbitrarily close to a by taking as, a4, and aj arbitrarily

close to af, o, and «f, respectively. O

5.5 Decay of the State Uncertainty U; under PD Assumption

Throughout Section We assume that M = (S, X, {7™}) is a nonexact, PD, irreducible, unifilar
HMM, and define M™ as the nonexact, PD1, irreducible, unifilar HMM with n € N given by .
As we will show below, the results of the previous sections for the decay of the state uncertainty in

the PD1 block model can easily be extended to the PD HMM M.

Lemma 18. Let 0 < a < 1 be the constant defined by @ for the block model M™. Then for each
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state 1 € S:
. t=1y _ o oyt=1y L/t _ 1/n ‘
tlggon‘ﬁ(Xo ) = ¢i(Xg llpy =™, Pi as.
Proof. By Lemma [7| and Lemma (15[ (applied to the block model) we have:
. -1 —1y1/(nt : -1 N VAR 1
Jim o501 = (X NI = (lim 00X = g I =l Pras.

The claim follows from this fact and the inequalities , which ensure that for each z5° € LI (4):

. _— n—1
(22)" " otah) = ulabliry < o™ = e ™l < (22) 7 fotab) - el

Pmax min
for all sufficiently large t and 1 < m <n — 1. O
Proposition 5. Let 0 < o < 1 be the constant defined by (@ for the block model M™. Then the

state uncertainty U; for M a.s. decays at exponential rate o*/":

lim Utl/t =a/™ | P as.
t—o0

Proof. The proof of this proposition from Lemma [18is identical to the proof of Proposition [3] from
Lemma [T5 O

Proposition 6. Let 0 < o < 1 be the constant defined by for the block model M™. Then the

expected state uncertainty for M decays exponentially with:

limsup E(Uy)Y! < al/?

t—o00

Proof. This follows immediately from Proposition (applied to the block model) and Lemma . O

5.6 The Entropy Rate and Convergence of the Block Estimates

In general, there is no simple closed form expression for the entropy rate of a HMM. However, in

the case of unifilar HMMs a simple formula does exist, as given by the following proposition.
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Proposition 7. For an irreducible, unifilar HMM M :

h = H(Xo|So) = Z mih (31)

where h; = H(Xo|So = i) is the uncertainty in the next symbol to be generated from state i

Proof. We establish the bounds from above and below separately. Both are direct computations
using:

(a) Unifilarity of the HMM M, which implies H(X;|So, X{') = H(X,|S;), Vt € N, and

(b) Stationarity of the joint process (St, Xt)iez, which implies

H(X:|S:) = H(Xo|So), Vt € N.
Upper bound:

t—1
h = lim %

t—o0

< lim
t—o00

Ly H(S0) S (X180, X5

t—o00 t

t—1
@ iy HS0) + 2o H(X|Sr)

t—00 t

® 1y H(So) + H(Xo|S) - t

t—00 t

= H(X0|50)

H(So, X571

Lower bound:

t—1
h = lim H(XO )

t—o00

t—1
© i HEE1S0)
t—o0

ﬁngmxwxﬁ)

t—00 t

Y H(XISY)

t—>oo t

(i) lim H(X()’SO) -t

t—o00

= H(X0|5)
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O]

This uniflar entropy rate formula was originally given in the seminal information theory
paper [32], though the method of proof was somewhat different. The proof given above, which we
find somewhat cleaner, is adapted from a proof of the analogous result for state-emitting HMMs
in [33].

Of course, in light of this formula, there is no need to worry about the convergence rate of
estimates h(t) if one is only interested in trying to get a good approximation of the true entropy
rate h. Nevertheless, we still find the rate of convergence of the estimates an interesting question
itself for other reasons, as discussed in the introduction.

The following upper bound on the error in the estimates h(t) is a simple consequence of the

entropy rate formula.

Lemma 19. For an irreducible, unifilar HMM M :
h(t+1)—h <E(U) , for eacht € N
Proof. Applying the entropy rate formula and stationarity we have:

h(t+1) = H(X,| X
< H(Xy, Si|X§57)
— H(S| XY + H(X:|S:, X5
= H(S|X5™) + H(X:|S))
= H(S|X5™") + H(Xo|So)

=EU) + h
Thus:

h(t+1) — h <EU,)
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Now, for unifilar HMMs with probabilistically distinguishable states we know that the expected
state uncertainty decays exponentially fast by Proposition[6l So, by this lemma, the block estimates
h(t) must also converge exponentially fast in this case.

For unifilar HMMs without probabilistically distinguishable states, the expected state uncer-
tainty may not limit to 0 (at any rate). But, as detailed in the following lemma, such a model M
can always be converted to an equivalent unifilar HHM M with probabilistically distinguishable

states, by collapsing together all states with the same probability distribution over future output.

Lemma 20. Let M = (S, X, {’T(x)}) be an irreducible, unifilar HMM, and let ~ be the equivalence

relation on S of equality of future measures:
i~ j = Pi(Xg7) = Pi(Xg")

Let S be the set of equivalence classes under the relation ~ and, for i € S, let [i] denote the

equivalence class of state i. Also, for [i] € S, w e X* define ]@[i] (w) and gm(w) by:

~ | U i Py(w) >0 and 6;(w) = j
dpp(w) = _
[d], if Ppj(w) =0

where [d] & S is a new formal symbol representing the dead state equivalence class.

Then, the HMM M = (S, X, {T®}) with transition matrices T® defined by:

is irreducible, unifilar, and has probabilistically distinguishable states. Moreover, its stationary
output process (Xt) is equal in distribution to the stationary output process (X;) for the original

HMM M.

Before proceeding to the proof of the lemma itself a few comments are in order concerning well

definedness of the model M.
1. For each ¢ € [i], w € X* we have by definition P;(w) = Py (w). Thus, ﬁ)[i] (w) is well defined

and independent of the representative i’ € [i].
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2. For each ¢’ € [i], v € X*, and w € X* with ]I~Dm (w) > 0 we have by unifilarity of M:
Pi(wv) = P;(w) - Pj(v) and Py(wv) =Py (w) - Py (v)

where j = 6;(w) and j° = §y(w). Since, P;(wv) = Py(wv) by definition, and P;(w) =
Py (w) > 0, it follows that Pj(v) = Pj(v). Since this holds for all v € X* it follows that j and
j' are in the same equivalence class. Thus, the transition function g[z»] (w) is well defined and

independent of the representative i’ € [i].

3. Combining points 1 and 2 shows that the transition matrices T(®) are well defined. Thus, to
verify M is a well defined HMM we need only show that the overall state transition matrix

T = Yo 7@ is stochastic. This a direct computation:
T 7(z) o _ _
ijﬂ[ﬂ - Z iji}[j] = ZPM (z) = ZR’(«’U) =1
j]es T les v -

Proof (of lemma). Given that the transition function dj;)(w) is well defined (and single valued), as
shown above, unifilarity is immediate from the construction. Also, irreducibility follows directly

from the definition:

3j(w) = [j] &= di(w) =j, we X*,i€S,j e SU{d} (32)

and the fact that the original HMM M is irreducible.
To show that M has probabilistically distinguishable states note that by unifilarity and the

relation , we have for any ¢ € S, w = :1:671 S
t—1 t=1 N
Pi(w) = [ Ps, (zr) = [ [ Pps.(zr) = Ppyy(w) (33)
7=0 7=0

t—1

where the state sequence s, € S' is defined by the relations:

so=1 , S;r=0s_,(vr_1), T=1,.t—1

72



and ﬁ’[d} (z) = Pg(z) = 0, for all 2 € X. Therefore, no two distinct equivalence classes [i], [j] € S can
have the same probability distribution over future output )?80, because this would imply that the
states ¢ and j of M also have the same probability distribution over future output X§° (contradicting

the fact that [i] and [j] are distinct equivalence classes).
Finally, equality of the stationary output processes (X;) and (X;) for the two HMMs M and

M follows from the relation and the fact that the stationary distribution 7 for M is:

Ry = ) m

i'€li]
which is easily verified by direct computation. O

An example of the M construction is presented below in Figure

Original HMM M PD HMM M

@/
Qz >
N
T

Figure 7: The M construction for a unifilar HMM M. The HMM M has 6 states, § =
{1,2,3,4,5,6}, which reduce to 3 equivalence classes under the relation ~: [1] = {1}, [2] = {2, 3},
and [4] = {4,5,6}. In the figure states in [1] are colored red, states in [2] are colored green, and
states in [4] are colored blue.

%|a7 %\b %|b, %|c
~— ~—
la 1le

Applying the M construction, we now state our main theorem for uniflar HMMs.

Theorem 2. Let M be a nonexact, irreducible, unifilar HMM, and let M be the corresponding
equivalent unifilar HMM with probabilistically distinguishable states given by Lemma[20. Assume

that M is also nonezact. Let 0 < o < 1 andn € N be defined as in Propositz’onlafor the PD model
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M. Then:

limsup {h(t) — h}l/t <at/m

t—o0
Proof. Since the stationary process ()Z't) generated by M has the same distribution as the stationary
process (X;) generated by M we have:

h=h and h(t)=h(t),teN

where h and %(t) are, respectively, the entropy rate and length-¢ block estimate for M. The claim

follows immediately from this fact, the statement of Proposition [6}

limsup E(U)Y* < o/™

t—o00

and the bound of Lemma

h(t+1)—h

IN

E(T;)

Remarks

1. In Appendix [A] we give an algorithm to determine all pairs of probabilistically distinguishable
states for a unifilar HMM M. Thus, construction of the reduced HMM M is always possible

in practice, not just in theory.

2. Theorem |2 explicitly assumes that the HMM M, as well as the reduced HMM M , are nonex-
act. However, for an exact, unifilar HMM (M or M ) one may apply Theorem 1| for a bound
on the convergence rate of the estimates h(t). This bound, using the exactness property,
is at least as strong as what could be obtained using the follower model construction and

unifilarity.
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6 Results for Flag-State HMMs

In this section we establish exponential bounds on the speed of convergence of the entropy rate block
estimates h(t) for flag-state HMMs. The basic method of proof is based on the coupling technique
used in [14] to prove similar bounds for state-emitting HMMs with strictly positive transition
probabilities in the underlying Markov chain. However, the details are substantially more involved
because our assumption is somewhat weaker than the strict positivity assumed in [14]@

Initially, we will establish our bounds under an FS1 assumption in Section [6.2] and then later
translate them to the general FS case in Section by passing to a block model presentation.
First, however, it will be necessary to introduce two auxiliary probability spaces that will be used
in the proofﬂ (in addition to the standard space (€2, F,P) for the HMM M, generated by the

random variables (S, X¢)tez ).

6.1 Auxiliary Spaces

Throughout Sectionwe assume that M = (S, X, {T®}) is an FS1, irreducible HMM and denote
the flag symbol for state k by yi. We define two important auxiliary probability spaces that will
be useful for the proofs in Section below: The pair chain coupling space and the reverse time

generation space.

6.1.1 The Pair Chain Coupling Space (ﬁ,]?, I/P\’)

For fixed states k,k € S and a symbol sequence zf € X' (t € N) such that Pg(zf), Pr(zf) > 0

the pair chain coupling space ((AZ, F , ]/PS) is defined as follows:

o ) = {5 Py s P € Sfor 0 < 7 < ¢+ 1} is the set of length-(t + 2) state sequence

pairs.

e F is the discrete o-algebra on Q (i.e. all subsets of Q are measurable).

Y6 Technically, the assumptions in [14] are not directly comparable to ours, as so far stated, since we consider edge-
emitting HMMSs, whereas [14] dealt with the state-emitting variety. However, in Appendix |C|we give a translation of
the flag-state condition to the case of state-emitting HMMs, which facilitates more direct comparison and shows our
assumptions are substantially weaker than those used in [14].

"Tn Sections [4| and [5| a similar approach was taken, implicitly, with the possibility machine and follower model,
each of which had their own associated probability space and probability measure. However, it will be helpful now
to be more explicit about the underlying probability spaces, especially for the reverse time generation space.
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t+1 ~t+1
0

e The measure P on state sequence pairs (ry" ,7,") € Q is the pull back measure of the

time-inhomogeneous Markov chain (R, Ef)iilo with initial distribution

P(Roy=k,Ry=Fk) =1
and transition probabilities

@(RT-H =7, -l/%’l'-i‘l :./ﬂRT = i7§7 :/7/\)

P(Sri1 = 4|8, =i, Xt = at) - P(Sry1 = jIS, =0, Xt = ab), ifi #7
=0 P(Syp1 =4S, =i, Xt =ab), ifi=iand j =

0,ifi=iandj#j
for0 <7<t

By marginalizing it follows that the state sequences (R,) and (R,) are each individually (time-

inhomogeneuos) Markov chains with transition probabilities

P(Ry11 = j|Ry = i) = P(S;41 = j|S; =i, X! = 2%), and

P(Rry1 = j|Rr = 1) = P(Sy11 = J|S; =7, XL = 2t).
Hence:

P(RE™ = rft™) = P(S5™! = rh™|So = k, X§ = x}), and

P(RG™ = 76M) = P(SEH =75 IS0 = *, X§ = ).
So, we have the following coupling bound:

16 (x5) — dg(@o)llrv = [Pe(Se1|XG = 20) — Pr(Si1| X = 20)lzv

< P(Riy1 # Repa) (34)

This bound is the primary reason for introducing the pair chain coupling space.
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6.1.2 The Reverse Time Generation Space (1, F,P)

Fix a state k € S, and assume without loss of generality (up to relabeling) that the output alphabet
is X = {1,2,...,|X|} with y; = 1. We construct the reverse time generation space (€, F,P) and

random variables ()A(/t)te_N for state k as follows.

o (Up)nen and (Vj,)nen are ii.d. sequences of uniform([0, 1]) random variables independent of

one another.
. (ﬁ, F, Iﬁ) is the canonical probability space generated by the sequences ([7”) and (f/n)

e On this space (Q, F,P) the random partitions P;,¢ € —N of the interval [0,1] and random

variables X¢,¢ € —N are defined inductively as follows:

1. P,y = {I*, : © € X} where each I, is an interval of length P(X_; = ), and the
intervals are consecutively placed on [0, 1] and closed at the right endpoin )~(_1 is
defined by )Z',l =& (71 € ffl.

2. Conditioned on )?;rll = xt__&l, for t < —2, P, = {ff :x € X'} where the E‘“s are intervals
of length P(X; = m\Xt;ll =z, +11) placed consecutively on [0, 1] and closed at the right
endpoint and:

—Ift+1= vaf for some n € N, then )N(t is defined by )Zt :x<:>1~/n S fg"

— Otherwise, )Aft is defined by )Aft =r s ﬁ_t € ftx
Here, the random stopping times Tff, n € N are defined by:

- le = max{t < —1: Pk()}j;l) > Pj()?t_l) , for each j € S}

— T} = max{t < TF : Px(X;}) > P;(X;!), for each j € S}

— TF = max{t < T§ : Pp(X; 1) > P;(X;}) , for each j € S}

If there is no such ¢ for some n > 1, then fff = —oo and ﬁﬂi = —oo for all m > n.

8For example, if P(X_; = 1) = 1/2, P(X_; = 2) = 1/3, and P(X_; = 3) = 1/6 then I'; = [0,1/2], I?; =
(1/2,5/6], and I?, = (5/6,1].

77



By induction on the length of w it is easily seen that P <)? :ﬁU' = w) =P (X _|1w| = w) for any

word w € X*. Hence:
B(X-L) = P(X=L) (35)

Of course, this is a somewhat unnecessarily complicated way of generating the output process of
the HMM M in reverse time. However, the explicit and relatively simple nature of the underlying
space (Q, F,P) will be useful. In particular, large deviation estimates for the i.i.d. sequences (U,)
and (V},) generating the space can be translated to large deviation estimates for the sequence (X;),

which would be more difficult to do directly on the sequence (X3).

6.2 Bounds for FS1 Models

Throughout Section we assume M = (S, X, {T™®}) is an irreducible, FS1 HMM and denote
the flag symbol for state j by y;. Also, we define the quantities p;, ¢j, p«, ¢« € (0,1] by:
pj =P(Xo=y;|S1=4j) and p,= mjinpj

¢j = min P;(S1 =j|Xo=y;) and ¢, =ming;
i€S(y;) J

where:
Sw)y={ieS:wel(i)}, weX”

Our goal is to establish an exponential bound on the speed of convergence of the entropy rate

block estimates h(t). The basic steps of the arguments are as follows:

(i) Using large deviation estimates on the (ﬁ,]? ) ]TD) space we show that there exists a set of
“good” length-(t + 1) sequences Gy of combined probability 1 — O(exponentially small), such
that for each zf, € G, there is some state k with Ny (z}) > nt. Here n > 0 is a constant

(depending on the HMM, but not on ¢) and:
Nk(a:f]) = ‘{0 <7<t—1:x; =1y and Pk(miﬂ) > IPj(:ctTH) for all j}} (36)

78



(ii) Using a coupling argument similar to the one used in [14] we show that ||¢x(zf) — ¢z (zf)ll v

is exponentially small for any sequence xf, € G; and states k‘,E € S(xh).

(iii) Using (ii) we show that the difference H(Xy1|X{ = zf) — H(Xy1]X{ = 2}, So) is exponen-

tially small for any zf, € G;.

(iv) Using (iii) and the fact that P(GY) is exponentially small we show that the difference H (X;11]|X{)—

H(Xt41|X{, So) is exponentially small.

(v) Finally, using (iv) and the fact that H(X;+1|X§,So) < h, for all ¢, we conclude that the

differences h(t) — h must be exponentially small.

6.2.1 Large Deviation Estimates for the Space (ﬁ,]?, @)

Let the random variables Z,,n € N and Z2°,n € N on (€, F,P) be defined by:

_ 1, if V,, < permin/|S
5 p /IS|

0, otherwise

and:
~ 1 < ~
Z=1y2z,
m=1
Also, define the random fractions ﬁ,’f ,n €N by:

—1, if TF = —0

Il

¢/n, if TF > —oo where ¢ = |{t < —1:t=TF for some 1 <m <n and X;_; = y;}|

~ ~ 2.2
Lemma 21. P (ngg < ”*;[—g“f“) < af, where a1 = exp (‘pglglgn) <1

Proof. The Z, areiid. with0 < Z, < 1and E(Zn) = % Thus, applying Hoeffding’s inequality
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to the i.i.d. sequence En yields:

Iﬁ) <Z¢zvg < p*rmin) _ ﬁ <Z(w9 _ P«Tmin < p*rmin>

TS " ISP = 28
_2(p*7'min>2
2[S]
=P e
:O/f

Lemma 22. If w € L(M) is a word such that Pr(w) > P;(w), for all j, then:

(i) P(S_t =k|X"} =w) > rmim - P(S_¢ = jI X} =w) , forallj

(i1) P(S—y = k| X"} =w) > rmin/[S|
Proof. By Bayes’ theorem:

Pr(w) > Pj(w)
-1 P(X:tl = w)
= P(S_; =kl X, =w) ————-

— P(S_; = k| X} =w) >

This proves (i), and (ii) follows.

Lemma 23. If i’fl > —00 and Zpy, = 1, then )Z'Tk 1= Yk-

m

Proof. Note that for any ¢ < —1 the event {vafl =t} depends only on )N(; ! Define:

WE={a; e L(M):t<—1, and X; ' =27 — TF =t}
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Then for any x;, le Wk we have by Lemma

P(Xe1 =yl Xyt =0y ) 2 P(Sy = kX7 =0y h) - P(Xim1 = yal St = &)

Tmin
= * P«
S
But:
~ 7 P+«Tmin
I =1=1V, <
S
Thus:
X =g and Z, =1 =V € [0,P(X;_1 =y X771 = 277 Y)] = TV,
= X1 =k
Since this holds for any ;! € W the claim follows. O

Lemma 24. If TF > —co and Z59 > Esrgn, then Fk > TR

Proof. Assume Tv,]f > —oo. Then, by Lemma X =y for each m € {1,...,n} with Zm = 1.

Tk -1
So:
ﬁk:l’{1<m<n'ff~ = })
n = W SMENAge =Yk
1 ~
27‘{1§m§n:Zm:1}‘
n
= 79
Hence:

P«Tmin — ﬁk > PxTmin

TF > —co and Z29 > 25| " 25|

Lemma 25. P ({i’f > —o0 and FF < pi%f“}) < af.
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Proof. By Lemmas 21| and 24] we have:

P ({vaf > —o0 and ﬁ’f < p*rmin}> <P <{vaf > —o00 and Z;vg < p*rmin}>

2|S| 2|S|
™ > Px«Tmin
P Zavg <
<{ T 218 }>

Sal

IN

6.2.2 Bound from Below on P(Gy)

The random variables 7% and F¥ on (€, F,P) depend only on the symbol sequence (X;)ee_n:

Tk = TH(X=1) and FF = ﬁ,f()z:;o) As such, we may define corresponding random variables

n oo
TF and FF for the standard HMM probability space (Q, F,P), depending on (X;);c_n. Since
the distribution of (X;)ic_n is the same as that of (X;);c_n we have, necessarily, equality in
distribution between these derived random variables: (T¥),,cn Z (TF)nen and (FF)pen Z (FF)nen.
This equivalence will be quite useful in the following development.

Before proceeding, however, we first need to introduce some more notation and terminology.

We say x:éo is a tail extension of the word w if :U:‘lw‘ = w. We define the constant n = % and,

for t € N, we define n; = [t/|S|] and Ni(zf) as in . Finally, we define the following sets:

Ak = {x_})o e L(P):TF(z~l)> —0co and FF(z=L) < p*Tmin} , ke SandneN

2|5

PxTmin

2|8|

B, = {x_}m e L (P): FFz=L) > for each k with TF(z~1 ) > oo} ,neN

Cy = {x:io € L (P) : there exists k with qut (z”1)>—t and qut (=) > p;Ténin} ,teN

C| = {53:2—1 € L4+1(P) : tail extensions of xj_l are in Ct} ,teN

Gy = {a € L1+1(P) : there exists k with Ny(zg) > nt} , t €N

where P = (X})cz is the stationary output process for M.
Note that C] and G; may both be considered simply as sets of length-(¢ + 1) words w. For C}

there is the added interpretation of the words as length-(¢ 4+ 1) past sequences, and for G; there
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is the added interpretation of the words as length-(¢ + 1) future sequences. However, C] and G
are both well defined simply as sets of words. As such, we may reasonably ask questions about
when one set is contained in another and the probability of these sets as the combined (stationary)

probability of all words in the sets.
Lemma 26. For anyn € N :

(i) P(AE) < o}, for each k

(ii) P(B,) > 1—|S|af

Proof. (i) Follows from and Lemma (ii) follows from (i) and the fact that the complement
of the set B, is By, = |, A, (Note: Complement here means complement with respect to the set

of sequences L (P), i.e. B, UBS = L,

[e.9]

(P). The combined probability of all other sequences is 0,

so they can be ignored.) O
Lemma 27. C; O B,,.

Proof. For any 2L, € L7 (P) there is some k such that Tk (z}

[e.9]

) > —t. And, for any 2~} € B,

with TF (z21)) > —t > —o0, we have F¥ (271)) > E5rsfr, which implies =R O/ O

Lemma 28. G; D C}.

Proof. Let w € C}. Then there exists k such that:

PxTmin

T (22)) > —t and FF(2Z)) > 2S|

[e.9] —0o0

for any tail extension z=._ of w in £ (P). It follows that:

PxTmin PxT'min
o) > P > () o< e

which implies w € G,. O

Lemma 29. For any t € N, P(Gy) > 1 — |S|ad, where ag = a}/ls‘ < 1.
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Proof. By Lemmas 26}, [27] and 28 we have:

P(Gy) > P(Cf) = P(Cy) > P(By,) > 1—[S]ay* > 1 —[S|aj

6.2.3 Pair Chain Coupling Bound

Assume now, without loss of generality, that the state set is S = {1,2, ..., |S|}, and for zf, € G, let

the index I(xf)) and time set I'(z})) be defined by:

| = min{k : Ni(xf) > nt}

r={0<7<t—1:z,=y, and Py(zl,) > P;(zL,,) for all j}
Lemma 30. For any z}, € G¢, 7 € I'(z}), and i € S(a) :
P(Sye1 = 1IS; =i, XL = at) > q.
Proof. Let zf, € Gy and 7 € T'(zf)). Then, for any i € S(z%) we must have have:
PS:=i,X;=y)=P(S; =i,X;=2,) >0

and:

IP’(Xt+1 = $3+1\Sr =i, X; =y) < P(Xt-H = $t7+1|57+1 =1)

T T

Thus:

P(Sy41 = 1Sy = i, X! = zt)
N ]P)(ST-‘rl =1,5=14,X; = yl,XtH = $f_+1)

T

P(S, =4, X, =y, Xt =al )

T

B P(ST =1,X; = yl) : P(ST+1 = Z|ST =1,X; = yl) : P(Xt+1 = x5—+1‘ST+1 = l)

T

P(S: =4, X; =) 'P(Xtﬂ = xf—+1|Sf =i, Xr =y

T

> ]P)(ST-"-]. = l|S‘I' = ia XT = yl)

>
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Lemma 31. For any !, € Gy and states ko k € S(xf) -

I¢1(25) — ¢7(20) v < o

where az = (1 — ¢2)" < 1.

Proof. Applying the pair chain coupling bound we have:

6 (zh) — dp(@b)llry < P(Riyr # Riga)

f[ P (RT+1 # Ros1|Ry # §T>
7=0

IN

H P (RT+1 # Roy1|Ry # ﬁr)

Tel(zf)

IN

_max P (Rew # BB, =i, R, =)
relat) iieS(at), i

IN

_max (1P (Re1 = By = IR, =i, R, =17))
rCriat) S (@) i

< IT a-a)

Tel(zf)

®)
<(1-g)

:ag

Here (a) follows from Lemma [30]and (b) from the fact that |T'(z})| > nt. (Note: We have assumed
in the proof that @(RT * ﬁT) > 0, for all 0 < 7 < ¢. If this is not the case, then the conclusion

follows trivially since ]/P\)(Rtﬂ =+ §t+1) =0.) O

6.2.4 Convergence of the Entropy Rate Estimates

Lemma 32. For any two probability distributions p, v on S :

1P (Xo0) = Po(Xo)llrv < llw—vllrv
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Proof. 1t is equivalent to prove the statement for 1-norms. In this case we have:

IP.(Xo) — P (Xo)ll1 = ‘

> gk Pe(Xo) = Y vi - Pr(Xo)
k

k 1

<Dk — il - [PR(Xo) 1y
k

= [l = vl

Lemma 33. Let ty = to(az) = [log,,(1/e)]. Then for each t >ty and xfy € Gy
H Xy |X§ = o) — H(Xy1]So, Xb = 2b) < |X] - 0 - logy(1/a})
Proof. Fix zf, € Gy with ¢t > t;. Then for each k € S(zf)) we have by Lemmas 31| and

IP%(Xe1 | X6 = 25) — P(Xes| Xg = 20)7v
< IPe(Se1|Xg = 25) — P(Se1|1X6 = ) llzv

< max [[Pe(Si1|X6 = 20) — Pr(Si1]1 X5 = z0) 7w
keS(zf)

= max |ég(zh) — ¢;($6)HTV
keS(xf)

a3

IN

Thus, by Lemma
H(X41]Xg = 20) — H(X141|Xg = 20, S0 = k) < |X] - o3 - logy(1/a})
for all k € S(xf), since t > to. The claim follows since:
H(Xp1| X8 = ab) — H(Xy41]S0, X = b)

= D P(So=kIX§=2xf) (H(Xer1| X6 = 2f) — H(Xesa|X§ = 2, S0 = k)
keS(xf)
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Theorem 3. The entropy rate block estimates h(t) converge exponentially with:

limsup {h(t) — K}V <

t—ro0
where a = max{ae, as}.

Proof. For any t € N:

h = lim H(X0|X:Tl)
T—r00
> lim H(X0|X:i,5_(t+1))

T—00

= H(Xo‘X:(lt+1), Sf(tJrl))

= H(X11|X{, So)

Thus, using Lemmas and the difference h(t + 2) — h may be bounded as follows for all

t Z to = to(ag)l

h(t+2) —h = H(X;1|X() — h
< H(Xp41]X6) — H(Xe411 X0, So)

= > Pap) - [H(Xem| X = 2b) — H(Xi41|X§ = 5, S0)]
Ié€£t+1(M)

<B(Gy) - (] - af - logy(1/a4)) + B(GE) - log, | X|

<1-(|X]- af - logy(1/a3)) + S|aj - log, | X|
The claim follows directly from this inequality. O

6.3 Bounds for General FS Models

The following theorem gives an upper bound on the rate of convergence of the entropy rate estimates

h(t) for a FS HMM M. It is an immediate consequence of Theorem [3[ and Lemma
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Theorem 4. Let M be an irreducible, FS HMM, and let M™ be the irreducible, F'S1 block model
with n € N given by (@ Also, let the constant o < 1 be defined as in Theorem@for the FS1 block

model M™. Then the entropy rate estimates h(t) for the HMM M converge exponentially with:

limsup {h(t) — R} < a'/"

t—o00
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7 Conclusion

There is, in general, no closed form expression for the entropy rate of a hidden Makov model.
However, the entropy rate h can often be well approximated by the finite length block estimates
h(t), and the speed of convergence of these estimates is of independent interest as well, even in
cases where the entropy rate can be calculated analytically, such as for unifilar HMMs.

In particular, the rate of convergence of the estimates h(t) is important for numerical approx-
imations of the excess entropy [13] and for an observer making predictions from finite data. It is
also closely related to the rate at which the HMM “forgets its initial distribution”, a problem that
has been investigated extensively [17,34-39], though primarily in the case of an R or R™ valued
output sequence (X;) and often with a more general state space S as well.

In the finite case, it is well known that the estimates h(t) converge exponentially for state-
emitting HMMs if the underlying Markov chain has strictly positive transition probabilities [14].
Similarly, in [16] exponential convergence is demonstrated for finite HMMs (both state-emitting and
edge-emitting) with the assumption of strictly positive symbol emission probabilities and an aperi-
odic underlying Markov chain. However, no exponential bounds have been previously established
for the rate of convergence of the block estimates in all finite HMMs. The weakest previously used
assumptions come from [18], but these still require the output process (X;) to have full support.

We have demonstrated, here, exponential convergence not for all finite HMMs, but under a
number of alternative assumptions that do not require positivity of either the state transition
matrix or symbol emission probabilities and also do not require the output process to have full
support. The first two conditions we studied, exactness and unifilarity, are fairly strong, but we
believe, as discussed in the introduction, that they are natural assumptions to make and interesting
cases to consider. The flag-state condition is not as natural, but it is the most widely applicable,
and, when translated to state emitting HMMs, is strictly weaker than either of the positivity
assumptions used in [14] and [16]. These ideas will be discussed further and made more precise in
Appendices [B] and [C] respectively.

Remark. The aperiodicity assumption in [16] is not essential. Exponential convergence for aperi-
odic HMMs with positive symbol emission probabilities could be used to show exponential convergence
for all HMMs with positive symbol emission probabilities. Similarly, exponential convergence will

still hold for a HMM that is “flag-state up to periodicity”.
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Appendices

A Property Testing

In this section we provide tests for several important HMM properties, including the flag-state
property, and whether a given pair of states (i,7) is (a) path-mergeable, (b) incompatible, or (c)
probabilistically distinguishable, in the case that the HMM is unifilar. Throughout, &;(w) denotes
the unifilar HMM transition function defined by , and for a HMM M = (S, X, {T®}) and
states 7,5 € S we denote the minimum path-merge length, minimum incompatibility length, and

minimum probabilistically distinguishing length, respectively, by K%j, Kfj, and E?j:

/1

sz

inf{n: Jw € L,(M) and k € S with k € §;(w) N 5;(w)} (¢}

; = 00, if no such n)

& =inf{n: La())NLa(j) =0} (& = oo, if no such n)

K?j = inf{n : P;(X;7 1) £ P;(X5 )} (6;-3]- = o0, if no such n)

Note that, by definition, a state pair (i,7) is path-mergeable if and only if Eilj < 00. Similarly, the
pair (7, ) is incompatible if and only if E?y ; < 0o and probabilistically distinguishable if and only if
Eij < 00.

Testing if £;; =1 (* = 1, 2, or 3) for any state pair (i, ) can be done directly by examining
the 1 symbol transition probabilities 7;233), 7;(;) foreachz € X, k€ S. It €7 j # 1 then determining
if E;‘j = n for some 1 < n < oo is more difficult, but it can be accomplished using modified versions
of the standard table filling algorithm for deterministic finite automata (DFAs) [40], as presented

below.

Algorithm 1. Determine Path-Mergeable State Pairs for HMM M = (S, X, {T®)})

Initialization Step

e Create a table with bozxes for each pair of distinct states (i,7).

Initially all boxes are unmarked.
e Then, for each pair (i,7) check if K}j = 1. If so, mark box for pair (i, 7).

Inductive Step
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o If for some i,j,x there exist states i’ € 6;(x),j’ € d;(x) such that the box for pair (i,j") is

already marked, then mark the box for pair (i,j).
e Repeat until no more bozxes can be marked this way.

Algorithm 2. Determine Incompatible State Pairs for HMM M = (S, X, {T®)})

Initialization Step

e Create a table with bozxes for each pair of distinct states (3, j).

Initially all boxes are unmarked.
e Then, for each pair (i,j) check if K?j = 1. If so, mark boz for pair (i,7).
Inductive Step

o If there exist states i,j such that for each x € X and i € 6;(x), j' € 6;(x) the box for pair

(', 4") is already marked, then mark the box for pair (i,j).
o Repeat until no more bozxes can be marked this way.

Algorithm 3. Determine Probabilistically Distinguishable State Pairs for Unifilar HMM M =
(S, X AT")})

Initialization Step

e Create a table with bozxes for each pair of distinct states (i, 7).

Initially all boxes are unmarked.
e Then, for each pair (i,7) check if E?j = 1. If so, mark box for pair (i, 7).
Inductive Step

e If for some i,j,x the box for pair (6;(x),d;(x)) is already marked, then mark the box for pair
(i,)-

e Repeat until no more bozxes can be marked this way.
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By induction on n, it can be shown that for each n € N all state pairs (7, j) with E}j =n end up
with marked boxes under Algorithm |1} Thus, all path-mergeable state pairs (i, 7), i.e. pairs with
Ezlj < 00, end up with marked boxes under this algorithm. On the other hand, a box never becomes
marked under Algorithm [1| unless the pair (7, ) is path-mergeable. Thus, under Algorithm (1| the
box for pair (i,7) ends up marked if and only if the pair (i, j) is path-mergeble.

Similarly, one can show, by induction, that under Algorithm [2| a pair (i,7) ends up with a
marked box if and only if the pair (4,j) is incompatible, and under Algorithm [3| (operating on
a unifilar HMM) that a pair (i,j) ends up with a marked box if and only if the pair (i,j) is
probabilistically distinguishable. Thus, these three algorithms provide ways to determine all the
state pair properties of interest.

In light of Proposition [§in Appendix |[B| we also now have the following one way test to see if a
given (irreducible) HMM is a flag-state HMM:

1. Determine all path-mergeable state pairs with Algorithm
2. Determine all incompatible state pairs with Algorithm

3. If each state pair (7,j) satisfies at least one of these two properties, then the HMM is a

flag-state HMM. If not, the test is inconclusive.

The three algorithms presented above, and thus the flag-state one way test, are all “reasonably
fast”, at least if the inductions in the second step are carried out in an efficient manner. For example,
as described in [40] for the DFA table filling algorithm, with small modifications as necessary. In
particular, the running times are all polynomial in the number of states and symbols.

However, the one way flag-state test is not definitive in the negative direction, and we are
unaware of a similar modification of the DFA table filling algorithm that gives a definitive answer
for whether a given HMM is flag-state or not. Instead, we present below an auxiliary construction,
which we call simply the flag-state test machine, that allows one to test definitively if a given HMM
is a flag-state HMM. Unfortunately, though, the machine M. itself can be very large, even if the
original HMM is reasonably sized. In particular, its state set R has 2(I51%) states, where S is the
state set of the original HMM M. In general, not all states of M;.s will be accessible, and it is only

necessary to construct the restricted graph consisting of accessible states. Nevertheless, there still

may be very many accessible states, so the construction and analysis may take quite some time.
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Definition 10. For an irreducible HMM M = (S, X, {T(fc)}) the flag-state test machine Myes is
the unifilar HMM (R, X,{Q®}) with state set:

R={r=(A1,..,Aig) : An is a subset of S, for each n =1,...,|S|}

and unifilar transition function:

—test

0 (w) = (04, (W), ..., 04,5 (w))

where dA(w) is the standard transition function for the original HMM M given by @ Transition

probabilities are, by canventz’or@ taken to be uniform over all outgoing edges from each state:

Qq(f) = ’21(| -1 {giwt(m) = 1"’}

For notational convenience, let us assume that the state set of M is S = {1, ..., |S|}. Also, let:

ro = ({1}, . {ISI})

and, for w € X*, let r = r(w) be defined by:

—<test

r= (4, ...,A|3|) =6, (w)=(d(w), ...,6‘5|(w))

Then w is a flag word for state k if and only if:
(a) For each i € S, either k € A; or A; =0, and
(b) There exists some ¢ € S with A; # (.

Thus, state k has a flag word if and only if there is some r = (41, ..., A5)) € R that is accessible
from ro and satisfies (a) and (b). To test if M is a flag-state HMM one can, therefore, restrict the
graph of M;.st to g and those states accessible from ry, and then for each k € S examine all states
r in the restricted graph to make sure there is some r that satisfies (a) and (b). If for each k € S

there is some such r then the HMM is a flag-state HMM, otherwise it is not. In fact, as noted

Y Transition probabilities of the allowed transitions are unimportant. It is only the topology of the test machine
Miest that is relevant for deciding if M is a flag-state HMM.
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previously in Section if any state k has a flag word w then all of them do (by irreducibility).
Thus, if suffices to check that there is some r satisfying (a) and (b) for a single state k € S.

Of course, once it is determined that the HMM is a flag-state HMM, it is also easy to determine
flag words for it in order to apply the bounds given in Section @ For a state r satisfying (a) and
(b) for a given k, if we take any path in the graph from rg to r and let w be the word defined by
this path then w is a flag word for k. Generally, better bounds will tend to result from shorter
paths, but finding an ideal path may also require some searching.

An example of the M;.s construction is presented below in Figure

Original HMM M Flag-State Test Machine M,
1
2la
8 @) —(C3.12)—

4

Figure 8: The flag-state test machine construction for a 3 state, 2 symbol HMM. In the test machine
M. state names have been abbreviated by dropping the outer parentheses, set brackets, and
commas between elements of each set. Thus, for example, the state ({1}, {1,2},{1,3}) is denoted
simply by 1,12,13, and the state ({1,3}, {1,3},0) is denoted 13,13, (). Also, transition probabilities
have been omitted from the edge labels of the test machine, because they are irrelevant, and the
graph of the test machine has been restricted to the state rp and other states accessible from it,
since these are all that matter for determining if M is a flag-state HMM. For ease of recognition,
7o is colored in green, and each state r satisfying conditions (a) and (b) for some k € S is colored
in blue, while all other states are colored white. Since there are indeed blue states in this restricted
graph of My.ss we know that M is a flag-state HMM.
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B Weakness of the Flag-State Condition

Proposition 8 below states than an irreducible HMM M is a flag-state HMM if each pair of distinct
states i, j is either path-mergeable or incompatible. This is not a necessary condition for a HMM
to be flag-state, but it is a fairly weak sufficient condition.

In particular, if the number of symbols m and states n are both large (or even if the number
of states n is large and the alphabet is binary, m = 2) and a HMM topology is selected uniformly
at random from all topologies with n states and m symbols, then with high probability the HMM
will have a significant degree of branching or non-unifilarity. That is, most states will have at least
one symbol upon which they can transition to many (i.e. ~ n/2) other states. If this is the case,
then most state pairs should be path-mergeable. The most likely way for a given state pair ¢, j to
not be path-mergeable (at least if m is small) is that ¢ and j have no common output symbol, or
possibly a common output symbol but no common words of some short length. If this is the case,
though, the state pair 7, j is incompatible. Thus, when n is large (and especially when n and m are

both large) with high probability each pair i, 7 should be either path-mergeable or incompatible.

Proposition 8. If M = (S, X, {T®}) is an irreducible HMM and each pair of distinct states

1,7 € S is either path-mergeable or incompatible, then M is a flag-state HMM.

Proof. We will explicitly construct a word v*, which is a flag word for some state i*. As noted
previously, irreducibility then implies that the HMM M is indeed a flag-state HMM.

To construct the word v* we need to introduce a little notation. If a pair of states 4,j is
path-mergeable we denote by w;; and k;; the special word w and state k£ in the definition of path-
mergeability, so that k;; € 6;(wi;) N dj(w;;). Also, for a state i we denote by M(i) the set of all
states that are path-mergeable with . Finally, for notational convenience, we assume, without loss
of generality, that the state set is S = {1, 2, ..., |S|} and the alphabet is X = {1,2,...,|X|}.

v* is then defined inductively by the following algorithm:
(i) t:=0, vo := A (the empty word), i :=1, R :=S/{1}
(ii) While R # 0 do:

k¢ == min{k : k € R}
If 6, (ve) N M (iy) # O
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Je=min{j : j € 0, (ve) N M(ir) }
Wt 2= Wiy,
Vi1 = VW
i1 = Kiyj,
Else:
wy := min{z : P;, () > 0}
Vi1 = VWt
ir1 ;= min{i : i € 0;, (wy)}
R =R/ ({k : ivs1 € 6x(ors1)} U 1k : Pe(vs1) = 0})

ti=t+1

*

(111) v o= Ut,i* = it

If O, (v¢) N M(iy) = 0 then, by assumption, each j € &, (v;) is incompatible with ;. So,
in this case, we will always have P, (v¢41) = 0 with our choice of wy. On the other hand, if
Ok, (ve) N M(iy) # (0, then by our choice of w; we will always have i;41 € g, (vi41). Thus, the state
k; is always removed from the set R in each iteration of the loop, so the algorithm must terminate
after a finite number of steps.

Now, let us assume that the loop terminates at time ¢ with word v* = wow;...wy_1 and state
i* = 4;. Then, by the construction, we have ip = 1 and ir4; € §;, (w;) for each 7 = 0,1,...,¢t — 1,
which implies ¢* € §;(v*), and, hence, that v* € L(M).

Further, since each state k # 1 must be removed from the list R before the algorithm terminates,

we know that for each k # 1 one of the following must hold:
1. 4741 € 0k (vry1), for some 0 < 7 < ¢t — 1, which implies i* € 0 (v*).
2. Px(vr41) =0, for some 0 < 7 <t — 1, which implies Py (v*) = 0.

It follows that v* is a flag word for state i*. O
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C State-Emitting vs. Edge-Emitting HMMs

In this section we show how the results derived in this dissertation for edge-emitting HMMs apply
to the more commonly used state-emitting HMMs. We begin in Sections and with the
state-emitting definition and standard model type equivalence. Then in Section [C.3] we show how
our edge-emitting results translate to the state-emitting case.
C.1 State-Emitting Definition
Definition 11. A (finite) state-emitting hidden Markov model is a 4-tuple (S, X, T, Q) where:

e S is a finite set of states.

e X is a finite alphabet of output symbols.

o T is an |S| x |S| stochastic state transition matriz: T;j = P(Si41 = j|S¢ = 19).

o O is an |S| x |X| stochastic observation matri@: Oir = P(Xy = x|S; = 1).

The state sequence (S;) for the state-emitting HMM (S, X', T, O) is a Markov chain with transi-
tion matrix 7, and the output sequence (X;) has conditional distribution defined by the observation
matrix O. More precisely, for each initial state i € S we have measure P; on joint state-symbol

sequences (S, Xt)ez+ defined by:
t—1
Pi(Sh = sb) = 1{so =i} - [] Tensnir
n=0
t
n=0

If the HMM (S, X, T, ) is irreducible, then we denote by P the (unique) stationary measure
on joint sequences (S, X¢t)iez+ given by choosing the initial state Sy according to the stationary

distribution 7 for the underlying Markov model (S,7): P(:) = Pr(-) = >, mPs(-).

20Tn much of the early literature [1}3}[14], as well as some of the more recent [15], it is assumed that the observation
matrix O is deterministic: Qs = 1{f (i) = z}, for some observation function f : § — X. Such HMMs are sometimes
referred to as functional HMMs. However, we will not distinguish them as such explicitly here. It can be shown that
functional HMMs are equivalent to general state-emitting HMMSs in the same way that edge-emitting HMMSs are, as
discussed below in Section [C.2]
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C.2 Equivalence of Model Types

Though they are different objects, state-emitting and edge-emitting HMMs are equivalent in the
following sense: Given an irreducible HMM M of either of these types there exists an irreducible
HMM M’ of the other type such that the stationary output processes (X;) for the two HMMs M
and M’ are equal in distribution. Thus, if one is only concerned with questions about the observable
output process, such as the convergence of the entropy rate block estimates h(t), then either the
state-emitting or edge-emitting model may be used.

We recall below the standard model type conversions.

1. State-Emitting to Edge-Emitting - It M = (S, X,T,0) then M’ = (S,X,{T ®}), where
" = Tij0je.
2. Edge-Emitting to State-Emitting - If M = (S, X, {T®}) then M’ = (S',X,T’,0'), where

S =A{(i,x): 3, 7;?) >0}, Ty ) = (ﬁﬁx)/zk 7;?)) ' <Zk 7}(13))7 and O ., = 1{z = y}.

C.3 Translation of Results

For a state-emitting HMM M = (S, X, T, O) let 6;(w) be defined, as for edge-emitting HMMs, as

the set of states j, which the HMM M can transition to upon emitting w if it starts in state Zlﬂ:
Si(w) = {j € 8 : Py(X[") = w, 8 = j) > 0} (37)
Also, for A C S let:

0a(w) = U di(w)

€S
As for edge-emitting HMMs, we say that a state-emitting HMM M = (S, X, T, 0) is:
o unifilar if |6;(x)] <1, foreachi € S, x € X.

e czact if there exists some synchronizing word w and state j € S, such that ds(w) = {j}.

?1In the edge-emitting case we had instead 6;(w) = {j € & : Py(X}" ™! = w, S} = §) > 0}, but this is because of
the offset that comes from using edge-emitting HMMs where the symbol X, is generated on the transition from state
St to state Syy1, rather than being emitted directly from state St, as for state-emitting HMMs.
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o a flag-state HMM if for each state k there is some flag word w € L(M) such that k € 6;(w),
for all i with 6;(w) # 0.

The following lemma shows that these three properties are preserved under the state-emitting

to edge-emitting conversion.

Lemma 34. Let M = (S, X, T,0) be an irreducible, state-emitting HMM, and let M' = (S, X, {T *)})
be the corresponding, irreducible, edge-emitting HMM defined as in the previous section with 7;;.@) =

TijOjz. Then:
1. M is unifilar if and only if M' is unifilar.
2. M 1is exact if and only if M’ is exact.
3. M is a flag-state HMM if and only if M’ is a flag-state HMM.

Proof. By induction on t it is easily seen that for each t € N, 2} € X?, and sf, € ST
P;i(SG = sp, X1 = 21) = Pi(S) = 56, X = 1)

where P; and P} are, respectively, the measures on state-symbol sequences (S, X;);ez+ for M and
M’ with initial state Sy = ¢. This implies that the transition function §;(w) for M defined by

is the same as the transition function &](w) for M’ defined by (6):
§i(w) = 6i(w) , for each i € S,w € X*

All three claims follow immediately from the equivalence of transition functions. O

Thus, although some of these properties may be slightly less natural in the state-emitting case
(particularly unifilarity), they all do have well defined analogs, and a state-emitting HMM has one
of these properties if and only if the corresponding edge-emitting HMM has the same property. Of
course, in practice, if one wants bound on convergence of the entropy rate estimates h(t) for the

output process of an irreducible, state-emitting HMM M it is possible to:

1. Convert it to the corresponding edge-emitting HMM M’.
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2. Test M’ for the various properties (exactness, unifilarity, flag-state property) as described

previously.
3. Apply the bounds established for edge-emitting HMMs with whatever property(s) (if any)
M’ satisfies.

And, none of this requires any direct knowledge of the properties of the original state-emitting
HMM M.

However, to compare conditions on state-emitting HMMs to the conditions studied here for edge-
emitting HMMSs the model type independent nature of the properties is important. In particular,

observe that, on the one hand:

1. If the underlying transition matrix 7 for a state-emitting HMM M = (S, X, T, O) has strictly

positive entries, as is often assumed, then for each state j and symbol x with O;; > 0:

j €di(x), foreachie S

Thus, such a HMM is a flag-state HMM.

2. If a state-emitting HMM M = (S, X, T, O) is aperiodic and the observation matrix O has all

positive entries, then for any word w € X™ and state j € S:

j €di(w), foreachie S

where:

n =min{m : 77" > 0, for all 4,j € S} < oo (by aperiodicity)

Hence, such a HMM is also a flag-state HMM.

On the other hand, it is easy to construct state-emitting, flag-state HMMs (or state-emitting unifilar
or state-emitting exact HMMSs) for which neither the underlying transition matrix 7 or observation
matrix O has all positive entries. So, our exponential decay bounds on the error in the estimates
h(t) are more widely applicable than many of those established previously, if sometimes not as

strong.
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