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ABSTRACT

Exact Results Regarding the Physics of Complex Systems
via

Linear Algebra, Hidden Markov Models, and Information Theory

How can we ever make sense of what we observe? As a practical matter, most complex
systems—that is, many-bodied systems with strongly interacting degrees of freedom—can
only be observed through a time-series of relatively few functionals of their microstate.
Nevertheless, because of the strong coupling, the many instantaneously-hidden degrees of
freedom inject themselves over time into the observable time-series—giving us hope for
inference.

This dissertation delivers new broadly-applicable results regarding the generation,
prediction, and physical implication of such stochastic time-series with hidden structure.
After the development of the general mathematical theory, the remainder of the dissertation
can be subdivided into three parts. The first part addresses the fundamental limits
of generation and predictability of structured stochastic processes. The second part
identifies the possible correlation in and diffraction patterns of chaotic crystals. The
third part establishes new relationships that constrain and elucidate the fluctuations and
thermodynamics of nonequilibrium systems.

One of the predominant themes in this dissertation is the use of rather flexible math-
ematical structures called ‘hidden Markov models’. Indeed, much of this dissertation
grew out of the recognition that—beyond their ability to simulate many sophisticated
nonlinear and non-Markovian processes of interest—hidden Markov models enable an
exact linear algebraic analysis of processes they represent. However, to proceed required
the development of a generalized spectral theory for arbitrary functions of potentially
nondiagonalizable operators, which is developed and utilized herein. Despite its long
history, it appears (somewhat surprisingly) that not all of linear algebra had been worked

out to the extent necessary to address the physics of complex systems. This extension of
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the more familiar spectral theory is of interest in its own right, and has created several

new and rather independent directions of inquiry.
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Chapter 1

Complex Systems, Impoverished
Observables, and Hidden Markov
Models

Hungry for understanding, we open our senses—eyes, probes, and colossal detectors—to
both the natural and designed world around us in search of structure. The data deluge
ensues. How do we make sense of it all? Is it noise or is there hidden structure to be
inferred? How much structure exists in the data? Supposing there is predictable structure,
what resources must be allocated to predict what is predictable?

Complex systems—that is, many-bodied systems with strong interactions—are usually
observed through a time-series of low-bandwidth feature detectors, so that their hidden
structure is only revealed over time. Because the instantaneous observations cannot
capture the full resolution of each degree of freedom, the observed time-series is often
stochastic and non-Markovian (i.e., memoryfull), with long-range correlations.

In general, dealing with non-Markovian dynamics is notoriously difficult [283]. Memory
kernels serve some utility, but the analysis is generally not as simple as the theory of impulse
response functions since the system need not be linear nor time invariant. Despite these
generic difficulties, hidden Markov models (adapted from the field of machine learning)
have been used with considerable success to model and analyze non-Markovian dynamics

in the fields of complexity [55] and biomolecular dynamics [141].



This dissertation grew out of the recognition that—beyond their ability to simulate
many sophisticated non-Markovian processes of interest—hidden Markov models (HMMs)
can be treated as exact mathematical objects in the analysis of processes they represent.
However, to proceed required the development of a generalized spectral theory for arbitrary
functions of potentially nondiagonalizable operators. Despite its long history, it appears
(somewhat surprisingly) that not all of linear algebra had been worked out to the extent
necessary to address the physics of complex systems. This extension of the more familiar
spectral theory is of interest in its own right, and has created several new and rather
independent directions of inquiry.

The first two chapters of this dissertation set out the conceptual and mathematical
foundation for utilizing HMMs in the exact analysis of complex systems. This chapter—
an attempt at relative self-containment and an opportunity for the reader to more fully
synchronize with the language of the writer—will review fundamental notions in probability,
information theory, stochastic processes, and hidden Markov models. A fluency with these
basics will undoubtedly aid in the appreciation of the more nuanced concepts in the later
chapters. Chapter 2 develops the generalized spectral theory necessary to fully leverage
HMMs as objects of linear algebra. The subsequent chapters are somewhat modular,
according to applications of the theory. After the initial development, the three domains

of application I focus on are:

e The implicit structure and physical limits of the generation and prediction of a

time-series (Chapters 3 and 4);
e Correlation and diffraction patterns of chaotic crystals (Chapters 5 and 6); and
e Nonequilibrium thermodynamics (Chapters 7, 8, and 9).

Several of these chapters have appeared in print with only minor modifications in how
they appear here, and have benefited from the contributions of co-authors. I make these

acknowledgements at the beginning of each of those chapters.



1.1 Probability, Stochastic Dynamics, and HMMs
1.1.1 Probability

I assume the reader has at least a basic working knowledge of probability theory, at the
level of Ref. [I87]. However, since WGEI will be using probabilities extensively throughout
this dissertation, let us review our basic notation for probability, probability distributions,

joint probability, and conditional probability:

Pr(A = a) is the probability that the random variable A will take on the value a (1.1)
Pr(A) is the probability distribution of the random variable A (1.2)
Pr(A, B) is the joint probability distribution of A and B (1.3)
Pr(A|B =) = % is the conditional probability distribution for A given B =b

(1.4)

Pr(A|B) is the conditional probability distribution of A given B, as a function of B
(1.5)

Pr(A = a|B) is the conditional probability that A = a given B, as a function of B
(1.6)

Note that we typically use capital letters for random variables and lower case letters for a
possible outcome. Often, to be concise, we will use the shorthand that Pr(A|B = b) =
Pr(A|b), Pr(A = a|B = b) = Pr(alb), and so on, so long as the implicated random variables
are evident by context.

Note that the conditional probability of Eq. Pr(a|B), as a function of B, is
often called the likelihood of B = b given A = a. It is important to recognize that the
likelihood function Pr(a|B), plotted as a function of B, is not a probability distribution of
B—notice that, as a function of B, Pr(a|B) is not normalized in probability. Sometimes
it is preferable to think of B as a parametrization of a probability distribution rather than
as a random variable; in such cases, one may write Pry(A) rather than Pr(A|B = b).

Similar statements to the above can be restated with minor modification for probability

1By ‘we’, I mean you, dear reader, and me (and co-authors wherever applicable). We are in this journey
together. Indeed my hope is that you, with any luck and a bit of work, can extend what I present here.



densities, which we denote with p(-) rather than Pr(-). Probability densities p(A) are
necessary when the state-space of A is uncountably infinite. In the following, wherever we
can discuss either case on an equal footing, we will use P(-) to denote either probability
Pr(-) or probability density p(-), depending on the cardinality of the random-variable’s
state-space.

We denote the expectation value of a function f(A) of a random variable A as: (f(A)),
where it is implied that we are averaging with respect to P(A). Sometimes it is useful to
be explicit about the probability distribution that we are averaging with respect to, in
which case we may write (f(A))p 4y or (f(A))pa1=p)-

Allowing probability density functions to contain Dirac delta functions in addition
to normal functions makes probability density functions more versatile than discrete
probability distributions. Ultimately, partitioning the random-variable’s state-space via
a o-algebra, a la measure theory, yields probabilities from measurable subsets of the

state-space.

1.1.2 Shannon Entropy

Since we will be dealing largely with probabilistic systems, it will be important to have
a tool to quantify the randomness of collections of random variables. Shannon entropy,
broadly interpreted, gives us just such a tool [2206] 40, [62]. Recall that collections of
random variables are themselves random variables; therefore, a few simple definitions will
take us quite far through implication.

For any random variable X with possible outcomes = € A distributed as X ~ Pr(X),
the Shannon entropy of the distribution is:

H[P =— ZPr )log Pr(z) . (1.7)
z€A

Notice that this is the expectation value (—log Pr(X))p,y) of the surprisal —log Pr(z) of
a particular outcome z. In information theory, it is typical to use the base-2 logarithm
log,(+), in which case entropy is quantified in units of bits. The entropy in bits corresponds
roughly to how many yes/no questions a strategic questioner would need to ask on average

to determine the outcome of the random variable. In thermodynamics, we will use the



base-e natural logarithm log,(-) = In(-) to quantify Shannon entropy, in which case the
Shannon entropy is quantified in units of nats—some play on ‘natural bits’. It turns out
that thermodynamic entropy corresponds to Boltzmann’s constant kg times a particular
Shannon entropy—even in nonequilibrium. More on that later. Occasionally, we will use
the shorthand H(A) for the Shannon entropy of the distribution Pr(A).

The conditional entropy H(X|Y) is (H[Pr(X[Y =y)])pyy. When Y is a discrete

random variable, we can write:

H(X|Y) = Z Z Pr(Y Pr(X = z|Y = y)log(Pr(X = z]Y =y)) (1.8)
= Z > —Pr(X =2,Y =y)log(Pr(X = z|Y =y)) . (1.9)

Because of the logarithm in the definition of entropy, many rules where probabilities
would multiply (divide) have corresponding rules where entropies add (subtract). For
example, for cases where Y is a discrete random variable, it is useful to keep the following

easily-derivable property in mind:
H(X,Y)=H(X|Y)+H®Y) . (1.10)
More generally (and usefully), this leads to the chain rule for conditional entropies:
H(Xy, Xy, ..., X ZH (Xl X1, Xp1) (1.11)

We finish our brief introduction to information theory by defining the Kullback—Leibler

divergence Dyr, between two distributions Q and R with the same support A:

DrL(QIIR) =) Q(x) ? (1.12)

zeA )
which is always non-negative, and is positive whenever Q # R. The mutual information

between two variables I(X;Y") can be defined as:
I(X;Y) = Dy, <Pr(X, Y) || Pr(X) Pr(Y)) . (1.13)

Hence, the mutual information between two variables is only zero if the two variables

are statistically independent; i.e., if Pr(X,Y) = Pr(X)Pr(Y). The mutual information



therefore captures statistical dependency among random variables beyond what can be

captured by linear standards of correlation. The mutual information can also be shown to

be:

I(X;Y) = H(X) + H(Y) — H(X,Y) (1.14)
= H(X) — H(X|Y) (1.15)
— H(Y) — H(Y]X) (1.16)

which is the amount of uncertainty vanquished about one variable given knowledge of

another. The entropy of a variable is the information contained in itself:
I[(X;X)=H(X) . (1.17)

1.1.3 Stochastic Processes

Deterministic dynamics is a special case of stochastic dynamics. So, by considering
stochastic dynamics, we can greatly expand the repertoire of dynamical systems in physics.

Suppose a physical system generates an observable stochastic process { X, }sep, where
X, is the random variable for the observation at time ¢, which takes on the value x; € A.
The alphabet of observables A can be a countable or uncountable set. The time domain
D can either be discrete, in which case we typically choose the domain to be the set of
integers D = 7Z, or can be continuous, in which case the domain is the set of real numbers
D =R.

More generally, the domain D can be a multi-dimensional set, and does not need to
represent time. For example, to complement the notion of patterns in time, we will later
consider patterns in space. As a simple example, consider orientations of spin along a
lattice. Later, we consider spatial correlation among types of modular layers along the
stacking direction of a chaotic crystal.

The random variables {X;}; can have arbitrarily sophisticated interdependencies.
Observable realizations are generated probabilistically according to the constraints of these
interdependencies. Critical to the analysis of general stochastic processes, these constraints
yield a consistent family of measures—with a probability density over outcomes for each

finite subset of observable random variables.



Often, in unraveling the consequences of a stochastic process, it is sufficient to consider
families of finite-dimensional distributions. For example, in the discrete-time setting, each
(t, L)-pair with t € Z and L € {1,2,...} invokes a probability distribution P(X;., ) over
possible outcomes .., € AF. To be concise, we have denoted the contiguous block of
random variables from time ¢ to time ¢t + L — 1 as X4 = Xy Xyiq ... Xy p1—notice
left inclusiveness, but right exclusiveness of the time-index. Similarly, x;;.; denotes
the length-L realization z; ...z, 1. Joint probability distributions for non-contiguous
random variables can be obtained by marginalizing over the intervening random variables.

A stochastic process is said to be a stationary process if the probability measure is

invariant under a global time-shift:
P(th Ce XtL> = P(Xt1+t/ e XtL-H’) for all L € N and all t/,tl, . ,tL eD. (].].8)

Assuming stationarity eases analysis; however, stationarity is a rather confining assumption.
Fortunately, we can retain similar tractability with the less stringent constraint of wide-
sense stationarity (also called ‘weak-sense stationarity’). A stochastic process is said to be

a wide-sense stationary process if:
(X¢) = (Xo) and (X3 Xyyr) = (XoX,) forallt, 7€ D . (1.19)

Not all wide-sense stationary processes are stationary processes. Later we will show that
HMDMs are capable of producing various types of nonstationary one-sided processes that
are also not wide-sense stationary.

The simplest class of stochastic processes are independent and identically distributed
(IID) processes: At each time, the observable is independently sampled from the same
distribution as ever, oblivious of and unaffected by all past and future outcomes.

Because IID processes are easy to deal with, they are commonly assumed for many
applications. For example, IID processes, like Gaussian white noise, serve as the predomi-
nant model of noise in physics—completely uncorrelated in time. See also the elementary
development of information theory [46].

We will want to study processes with memory and temporal correlation. The simplest

among these are the Markov processes.



1.1.4 Markovity and Markov order

Markovian processes are those for which the future is conditionally independent of the past,
given the present observable state. Mathematically, a Markov process can be identified by

the Markov property:
P(Xt+t/‘{XT}T€D\(t,OO)) = ]P)(Xt+t/‘Xt) fOI' aﬂ t/ > O 5 (120)

where t' € N for discrete-time processes, and t' € R for continuous-time processes.
Our above definition of Markovity allows us to treat discrete-time and continuous-time
processes on an equal footing. However, an immediate implication for the discrete-time

processes follows from the above definition of Markovity:
{Xi}iez is a Markov process <> P(Xy| X o) = P(Xy| Xi1) (1.21)

which, in fact, sometimes serves as the definition of Markovity for discrete-time pro-
cesses [62]. Continuous-time processes do not quite enjoy the same simplification since
there is no smallest time step. However, in either case the intuition is similar: For Markov
processes, where you were most recently encapsulates all that is relevant about the past
regarding where you will go next.

Most common stochastic models in physics assume Markovity, either explicitly or
implicitly. Indeed, this is a familiar assumption in the study of dynamical systems, related
to the concept that trajectories don’t cross in phase space.

However, non-Markovian processes are typical when there are hidden degrees of freedom.

Sometimes, extended observations can make the process Markovian over an extended
alphabet. These are the processes of finite Markov order. For any process, the Markov

order R is:

R = lnf {r € {07 17 27 R } : P(Xt+t’|{XT}T€D\(t,oo)) = P(Xt+t’|Xt—t17Xt—t27 ceey Xt—tT € {XT}TED\(t,OO))

for all ¥ > 0 and for some ¢, > --- > #; 20} . (1.22)

It should be clear that the Markov order depends on what parts of the system can be

observed—what probes, sensory modalities, and measurement bandwidth one has. Whether



discrete state continuous state

eg,z= (111 e.g., z = (Z,p)
discrete Markov model Markov chain Monte Carlo (MCMC)
time — Pr(zq1]zt) = p(@t41lmt)
continuous | Markov jump process Langevin equations
time = Pr(@,,yr|o0) = bz pr]wt)

Table 1.1: Markov processes can occur in discrete or continuous time, and with a discrete
or continuous state-space. Each of the resulting four types of Markov processes have found
ample utility in physics; examples are indicated.

in continuous or discrete time, Markov order answers the question: Given my apparatus,
what is the minimal number of observations that I must make to be as certain as possible

about the future? For discrete time processes, this simplifies to:
R=inf{r € {0,1,2,...} : P(Xy|X_o:t) = P(X¢| Xs—rt) } - (1.23)

Intuitively, Markov order is also the answer to a related question: How far into the past
do T need to look to do optimal prediction? So, for example, a biased coin (or any 11D
process) has Markov order R = 0, Langevin dynamics are of Markov order R = 1 in the
dimension of the state space, a sinusoid of unknown phase has Markov order R = 2, and
spoken language has Markov order R = oco. It is notable that our definition of Markov
order implies that the Markov order of an observed scalar-valued time-series generated
via projection of a linear or nonlinear deterministic differential equation is equal to its
embedding dimension [184] 247], which is a welcome extension of the typical notion of
Markov order. Markovian processes are those processes with Markov order 1 or Markov
order 0. Many processes have infinite Markov order.

Hidden Markov models are capable of generating non-Markovian observed dynamics
as a byproduct of a Markovian dynamic over latent states. Even processes with infinite

Markov order can be generated by finite-state HMMs.



1.1.5 HMMs in general

HMNMs are capable of generating non-Markovian observed dynamics as a byproduct of a
Markovian dynamic over latent states. There are many possible types of HMMs, especially
since we interpret the notion rather broadly. Nevertheless, all HMMs are unified by
several characteristics that make them both powerful and tractable tools for the analysis
of complex stochastic processes.

Regardless of model class, each HMM has: a set of latent states S, a net latent-state-to-
state transition operator T, and an observable alphabet A. Let S; be the random variable
for the latent state at time ¢, which takes on the value s;, € 8. Let X; be the random
variable for the observation at time ¢, which takes on the value z; € A. The following are

true for all classes of hidden Markov models:

e The observable process {X;}¢ can be non-Markovian
e The hidden process {S;}+ must be Markovian

e The next observation is conditionally independent of all past observations, given the

current latent state:

]P)(Xt’St, Xt—l; Xt_g, PP ) - ]P)(thst)

1.1.6 Welcome to the jungle: Zoology of HMMs

We just discussed general characteristics of HMMs. Fig. introduces several more
specific classes of HMMs by illustration. Each class entails a particular assemblage of linear
operators that can be used to calculate probabilities for the observable stochastic process
that it generates. These will be introduced as appropriate throughout the dissertation.
In application, much work often goes into inferring a HMM, either from observed data
or first principles. Once inferred, the HMM most often serves as a numerical workhorse;
e.g., for pattern matching (as in voice recognition) or to numerically simulate more
data. However, we wish to emphasize that these HMMs can instead be used as exact

mathematical objects, yielding new opportunity for physical theory.
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(a) Discrete-domain  edge-
emitting HMM with alphabet
A = {0, 1} representing either
acyclic or cyclic rotations of
subsequent modular layers of a
close-packed SiC crystal. Each
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is a transition probability.
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(b) Discrete-time  state-
emitting HMM with real-
valued observable x € A = R.
This HMM generates a
stochastic process according
to the state-to-state transition
dynamic T and the probabil-
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(c) Continuous-time function of
a Markov chain, representing
a joint molecule—environment
dynamic, with symbolic observ-
ables representing conforma-
tional states of the Na™ channel
macromolecule. Edge weights
here are transition rates, rather
than transition probabilities.

each state.

Figure 1.1: Simple finite-state example HMMs meant to introduce several different classes
of hidden Markov models, with discrete or continuous time, countable or uncountable
cardinality of the observable alphabet, and observables emitted either within states or on
edge transitions. Regardless of model class, each HMM has a set of latent states S, net
latent-state-to-state transition operator 7', and observable alphabet A.

1.1.7 Probabilities, conditional probabilities, and linear algebra

Despite their differences, each class of HMM allows a method to calculate probabilities
by the concatenation of linear operators. Bayes rule, marginalization, and other rules
of probability all find natural analogs in the rules of linear algebra. Let us explore an
example calculation.

As a first example, let us consider an edge-emitting HMM, as in Fig. [I.1a}

—
0:1—7/4 \2:1

1:7(: :)0:7
O L
OO

Let Tz(f) = Pr(Siy1 = 7, X; = 2|8, = ') define the set of sub-stochastic observable-labeled

11



transition matrices relevant to this class of HMMs. Then T'= " _, T is a row-stochastic
net latent-state-to-state transition matrix with 7; ; = Pr(S;41 = $/|S; = s') and stationary
distribution ©#7" = .
Assuming 0,1 € A, let us proceed with what should be a very simple calculation: that
of Pr(Xy =1, X, = 0). We calculate:
Pr(Xo=1X=0)= > PrS=58=¢8=58=5"X=1X=0 (124)
5,8,s,5" €S

= Z PI'(S() = é) PI’(Sl = S/,XU = 1‘80 = é) PI’(SZ = S//,Sg = SW, X2 = O|Sl = S/,Xo = 1,8{) = S) (1.25)

s,8',8" s"eS

= Z PI‘(S() = é) Pl’(81 = SI,X() = 1|SO = é) PI‘(SQ = S”,Sg = S”I,XQ = O|$1 = Sl) (126)

5,88 8" ES

= E Pr(Sy = s) Pr(S1 = ¢, Xo = 1|8y = $) Pr(Se = §"|S1 = §') Pr(S5 = ¢, Xo = 0|S1 = &/, S2 = ") (127)

s,s',8" s"eS

= Z Pr(Sy = $) Pr(8S1 = &', Xo = 1|Sp = 5) Pr(Se = 8|S = §') Pr(Ss = s, Xo = 0|8y = §”) (128)
s,8',s" s!"ES

= Z WsTs(,ls)’TS’,s”Ti’O,i’” (129)
s,8',s" 8" ES

= (m| TOTTO 1) | (1.30)

where (7r| is the stationary distribution over latent states, cast as a row vector, and |1) is
a column-vector of all ones. In the first line, Eq. , we expanded the probability in
terms of a marginalization over the joint distribution including the latent states. With
this joint distribution, we were able to decompose the probability in Eq. according
to repeated use of the chain rule of probability. Then, in going to Eq. , we invoked
conditional independence: that—Dby the explicit assumptions built in to any HMM—S;
shields (in the sense of conditional probability) Sa, Xs, and S3 from Sy and X,. Again
using the chain rule and invoking conditional independence, and then identifying matrix
elements and implied matrix products, we finally arrive at Eq. .

Much detailed work of marginalization, decomposing probabilities according to the
chain rule, and invoking conditional independence has reduced the result in the end to
simple elegant structure, alluding to deeper principles and opportunity for intuition and

heuristics.
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Indeed, for this type of HMM, which produces observable symbols = € A as it transitions
from one latent state to another, the probability of any contiguous length-L string of
observables w = x¢.;, = Zox;...7L_1 can be calculated via: Pr(w) = (x| T® [1) =
(r| @@ -1 1),

A similar, albeit much more arduous, calculation would yield:
Pr(Xo=1,X5 =1, Xs50 = 0) = (z| TOTATOTETO) 1) | (1.31)

However, we start to see a trend: that marginalizing over observables corresponds to
simply inserting a symbol-agnostic net state-to-state transition operator 7. Many such
heuristics can be assimilated into one’s repertoire quite quickly, and allow a physicist to

make some serious progress with serious calculations.

1.1.8 Beyond normal: Probabilities invoke non-normal linear
operators

Already, from the sight of 7%, we know that we will want to perform some serious linear

algebra. Moreover, we want to do this analytically to obtain general theoretical insights.

However, the linear operators associated with hidden Markov models are nonnormal and

often nondiagonalizable. The familiar spectral theorem for normal operators (which serves

as the mathematical backbone for much work in physics) is therefore not applicable. The

necessary extension of spectral theory is developed next.
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Chapter 2

Beyond the Spectral Theorem:
Spectrally Decomposing Arbitrary

Functions of

Nondiagonalizable Operators

This chapter has appeared online as a preprint:
P. M. Riechers & J. P. Crutchfield, (2016). “Beyond the Spectral Theorem: Spec-
trally Decomposing Arbitrary Functions of Nondiagonalizable Operators”. arXiv preprint

arXiv:1607.06526.

2.1 Chapter Overview

Nonlinearities in finite dimensions can be linearized by projecting them into infinite dimen-
sions. Unfortunately, often the linear operator techniques that one would then use simply
fail since the operators cannot be diagonalized. This curse is well known. It also occurs
for finite-dimensional linear operators. We circumvent it by developing a meromorphic
functional calculus that can decompose arbitrary functions of nondiagonalizable linear
operators in terms of their eigenvalues and projection operators. It extends the spectral
theorem of normal operators to a much wider class, including circumstances in which poles
and zeros of the function coincide with the operator spectrum. By allowing the direct

manipulation of individual eigenspaces of nonnormal and nondiagonalizable operators, the
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new theory avoids spurious divergences. As such, it yields novel insights and closed-form
expressions across several areas of physics in which nondiagonalizable dynamics are rele-
vant, including memoryful stochastic processes, open nonunitary quantum systems, and
far-from-equilibrium thermodynamics.

The technical contributions include the first full treatment of arbitrary powers of
an operator. In particular, we show that the Drazin inverse, previously only defined
axiomatically, can be derived as the negative-one power of singular operators within the
meromorphic functional calculus and we give a general method to construct it. We provide
new formulae for constructing projection operators and delineate the relations between
projection operators, eigenvectors, and generalized eigenvectors.

By way of illustrating its application, we explore several, rather distinct examples.
First, we analyze stochastic transition operators in discrete and continuous time. Second,
we show that nondiagonalizability can be a robust feature of a stochastic process, induced
even by simple counting. As a result, we directly derive distributions of the Poisson
process and point out that nondiagonalizability is intrinsic to it and the broad class of
hidden semi-Markov processes. Third, we show that the Drazin inverse arises naturally
in stochastic thermodynamics and that applying the meromorphic functional calculus
provides closed-form solutions for the dynamics of key thermodynamic observables. Fourth,
we show that many memoryful processes have power spectra indistinguishable from white
noise, despite being highly organized. Nevertheless, whenever the power spectrum is
nontrivial, it is a direct signature of the spectrum and projection operators of the process’
hidden linear dynamic, with nondiagonalizable subspaces yielding qualitatively distinct
line profiles. Finally, we draw connections to the Ruelle-Frobenius-Perron and Koopman

operators for chaotic dynamical systems.

the supreme goal of all theory is to make the irreducible basic elements
as simple and as few as possible without having to surrender the adequate

representation of a single datum of experience. A. Einstein 73] p. 165]
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2.2 Introduction

Decomposing a complicated system into its constituent parts—reductionism—is one of
science’s most powerful strategies for analysis and understanding. Large-scale systems with
linearly coupled components give one paradigm of this success. Each can be decomposed
into an equivalent system of independent elements using a similarity transformation
calculated by the linear algebra of the system’s eigenvalues and eigenvectors. The physics
of linear wave phenomena, whether of classical light or quantum mechanical amplitudes,
sets the standard of complete reduction rather high. The dynamics is captured by an
“operator” whose allowed or exhibited “modes” are the elementary behaviors out of which
composite behaviors are constructed by simply weighing each mode’s contribution and
adding them up.

However, one should not reduce a composite system more than is necessary nor, as
is increasingly appreciated these days, more than one, in fact, can. Indeed, we live
in a complex, nonlinear world whose constituents are strongly interacting. Often their
key structures and memoryful behaviors emerge only over space and time. These are
the complex systems. Yet, perhaps surprisingly, many complex systems with nonlinear
dynamics correspond to linear operators in abstract high-dimensional spaces [131], 03] [34].
And so, there is a sense in which even these complex systems can be reduced to the study
of independent nonlocal collective modes.

Reductionism, however, faces its own challenges even within its paradigmatic setting
of linear systems: linear operators may have interdependent modes with irreducibly en-
twined behaviors. These irreducible components correspond to so-called nondiagonalizable
subspaces. No similarity transformation can reduce them.

In this view, reductionism can only ever be a guide. The actual goal is to achieve a
happy medium, as Einstein reminds us, of decomposing a system only to that level at which
the parts are irreducible. To proceed, though, begs the original question, What happens
when reductionism fails? To answer this requires revisiting one of its more successful

implementations, spectral decomposition of completely reducible operators.
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2.2.1 Spectral Decomposition

Spectral decomposition—splitting a linear operator into independent modes of simple
behavior—has greatly accelerated progress in the physical sciences. The impact stems from
the fact that spectral decomposition is not only a powerful mathematical tool for expressing
the organization of large-scale systems, but also yields predictive theories with directly
observable physical consequences [255]. Quantum mechanics and statistical mechanics
identify the energy eigenvalues of Hamiltonians as the basic objects in thermodynamics:
transitions among the energy eigenstates yield heat and work. The spectrum of eigenvalues
reveals itself most directly in other kinds of spectra, such as the frequency spectra of
light emitted by the gases that permeate the galactic filaments of our universe [211].
Quantized transitions, an initially mystifying feature of atomic-scale systems, correspond
to distinct eigenvectors and discrete spacing between eigenvalues. The corresponding
theory of spectral decomposition established the quantitative foundation of quantum
mechanics.

The applications and discoveries enabled by spectral decomposition and the corre-
sponding spectral theory fill a long list. In application, direct-bandgap semiconducting
materials can be turned into light-emitting diodes (LEDs) or lasers by engineering the
spatially-inhomogeneous distribution of energy eigenvalues and the occupation of their cor-
responding states [I71]. Before their experimental discovery, anti-particles were anticipated
as the nonoccupancy of negative-energy eigenstates of the Dirac Hamiltonian [67].

The spectral theory, though, extends far beyond physical science disciplines. In large
measure, this arises since the evolution of any object corresponds to a linear dynamic in a
sufficiently high-dimensional state space. Even nominally nonlinear dynamics over several
variables, the canonical mechanism of deterministic chaos, appear as linear dynamics in
appropriate infinite-dimensional shift-spaces [34]. A nondynamic version of rendering
nonlinearities into linearities in a higher-dimensional feature space is exploited with much
success today in machine learning by support vector machines, for example [44]. Spectral
decomposition often allows a problem to be simplified by approximations that use only

the dominant contributing modes. Indeed, human-face recognition can be efficiently
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accomplished using a small basis of “eigenfaces” [233].

Certainly, there are many applications that highlight the importance of decomposition
and the spectral theory of operators. However, a brief reflection on the mathematical
history will give better context to its precise results, associated assumptions, and, more
to the point, the generalizations we develop here in hopes of advancing the analysis and
understanding of complex systems.

Following on early developments of operator theory by Hilbert and co-workers [45], the
spectral theorem for normal operators reached maturity under von Neumann by the early
1930s [177, 271]. Tt became the mathematical backbone of much progress in physics since
then, from classical partial differential equations to quantum physics. Normal operators,
by definition, commute with their Hermitian conjugate: ATA = AAT. Examples include
symmetric and orthogonal matrices in classical mechanics and Hermitian, skew-Hermitian,
and unitary operators in quantum mechanics.

The spectral theorem itself is often identified as a collection of related results about
normal operators; see, e.g., Ref. [I07]. In the case of finite-dimensional vector spaces
[T05], the spectral theorem asserts that normal operators are diagonalizable and can
always be diagonalized by a unitary transformation; that left and right eigenvectors (or
eigenfunctions) are simply related by complex-conjugate transpose; that these eigenvectors
form a complete basis; and that functions of a normal operator reduce to the action of the
function on each eigenvalue. Most of these qualities survive with only moderate provisos
in the infinite-dimensional case. In short, the spectral theorem makes physics governed by
normal operators tractable.

The spectral theorem, though, appears powerless when faced with nonnormal and
nondiagonalizable operators. What then are we to do when confronted, say, by complex
interconnected systems with nonunitary time evolution, by open systems, by structures
that emerge on space and time scales different from the equations of motion, or by other
frontiers of physics governed by nonnormal and not-necessarily-diagonalizable operators?
Where is the comparably constructive framework for calculations beyond the standard

spectral theorem? Fortunately, portions of the necessary generalization have been made
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within pure mathematics [70], some finding applications in engineering and control [169, 3].
However, what is available is incomplete. And, even that which is available is often not in

a form adapted to perform calculations that lead to quantitative predictions.

2.2.2 Synopsis

Here, we build on previous work in functional analysis and operator theory to provide
both a rigorous and constructive foundation for physically relevant calculations involving
not-necessarily-diagonalizable operators. In effect, we extend the spectral theorem for
normal operators to a broader setting, allowing generalized “modes” of nondiagonalizable
systems to be identified and manipulated. The meromorphic functional calculus we
develop extends Taylor series expansion and standard holomorphic functional calculus to
analyze arbitrary functions of not-necessarily-diagonalizable operators. It readily handles
singularities arising when poles (or zeros) of the function coincide with poles of the
operator’s resolvent—poles that appear precisely at the eigenvalues of the operator. Pole—
pole and pole—zero interactions substantially modify the complex-analytic residues within
the functional calculus. A key result is that the negative-one power of a singular operator
exists in the meromorphic functional calculus. It is the Drazin inverse, a powerful tool
that is receiving increased attention in stochastic thermodynamics.

Taken altogether, the functional calculus, Drazin inverse, and methods to manipulate
particular eigenspaces, are key to a thorough-going analysis of many complex systems,
many now accessible for the first time. Indeed, the framework has already been fruitfully
employed by the authors in several specific applications, including closed-form expressions
for signal processing and information measures of hidden Markov processes [60} 204], 205]
and for compressing stochastic processes over a quantum channel [203]. However, the
techniques are sufficiently general they will be much more widely useful. We envision new
opportunities for similar detailed analyses, ranging from biophysics to quantum field theory,
wherever restrictions to normal operators and diagonalizability have been roadblocks.

With this broad scope in mind, we develop the mathematical theory first without
reference to specific applications and disciplinary terminology. We later give pedagogical

(yet, we hope, interesting) examples, exploring several niche, but important applications to
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finite hidden Markov processes, basic stochastic process theory, nonequilibrium thermody-
namics, signal processing, and nonlinear dynamical systems. At a minimum, the examples
and their breadth serve to better acquaint readers with the basic methods required to
employ the theory.

We introduce the meromorphic functional calculus in through §2.5] after necessary
preparation in further explores eigenprojectors, which we refer to here simply
as projection operators. §2.6.2| makes explicit their relationship with eigenvectors and
generalized eigenvectors. then discusses simplifications of the functional calculus
for special cases, while takes up the spectral properties of transition operators. The
examples are discussed at length in before we close in with suggestions on future

applications and research directions.

2.3 Spectral Primer

The following is relatively self-contained, assuming basic familiarity with linear algebra at
the level of Refs. [105], 169]—including eigen-decomposition and knowledge of the Jordan
canonical form, partial fraction expansion (see Ref. [I40]), and series expansion—and basic
knowledge of complex analysis—including the residue theorem and calculation of residues
at the level of Ref. [28]. For those lacking a working facility with these concepts, a quick
review of §2.7s applications may motivate reviewing them. In this section, we introduce
our notation and, in doing so, remind the reader of certain basic concepts in linear algebra
and complex analysis that will be used extensively in the following.

To begin, we restrict attention to operators with finite representations and only
sometimes do we take the limit of dimension going to infinity. That is, we do not consider
infinite-rank operators outright. While this runs counter to previous presentations in
mathematical physics that consider only infinite-dimensional operators, the upshot is that
they—as limiting operators—can be fully treated with a countable point spectrum. We
present examples of this later on. Accordingly, we restrict our attention to operators
with at most a countably infinite spectrum. Such operators share many features with

finite-dimensional square matrices, and so we recall several elementary but essential facts

20



from matrix theory used extensively in the main development.
If A is a finite-dimensional square matrix, then its spectrum is simply the set A4 of its

eigenvalues:
AA:{)\GC:det()\I—A):O} ,

where det(-) is the determinant of its argument and I is the identity matrix. The algebraic
multiplicity ay of eigenvalue X is the power of the term (z — A) in the characteristic
polynomial det(z/ — A). In contrast, the geometric multiplicity g, is the dimension of the
kernel of the transformation A — AI or, equivalently, the number of linearly independent
eigenvectors associated with the eigenvalue. The algebraic and geometric multiplicities are
all equal when the matrix is diagonalizable.

Since there can be multiple subspaces associated with a single eigenvalue, corresponding
to different Jordan blocks in the Jordan canonical form, it is structurally important to

distinguish the index of the eigenvalue associated with the largest of these subspaces [69].

Definition 1. Figenvalue \’s index vy is the size of the largest Jordan block associated

with \.

If 2 ¢ Ay, then v, = 0. Note that the index of the operator A itself is sometimes
discussed [6]. In such contexts, the index of A is v9. Hence, vy corresponds to the index of
A=\

The index of an eigenvalue gives information beyond what the algebraic and geometric
multiplicities themselves yield. Nevertheless, for A € Ay, it is always true that vy — 1 <
ay — g < ay — 1. In the diagonalizable case, ay = gy and vy =1 for all A € A 4.

The following employs basic features of complex analysis extensively in conjunction
with linear algebra. Let us therefore review several elementary notions in complex analysis.
Recall that a holomorphic function is one that is complex differentiable throughout the
domain under consideration. A pole of order n at zy is a singularity that behaves as
h(z)/(z — z0)™ as z — 2o, where h(z) is holomorphic within a neighborhood of z; and

h(zp) # 0. We say that h(z) has a zero of order m at z; if 1/h(z) has a pole of order m at
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z1. A meromorphic function is one that is holomorphic except possibly at a set of isolated
poles within the domain under consideration.

Defined over the continuous complex variable z € C, A’s resolvent:
R(z;A) = (21 — A7,

captures all of A’s spectral information through the poles of R(z; A)’s matrix elements. In
fact, the resolvent contains more than just A’s spectrum: we later show that the order of
each pole gives the index v of the corresponding eigenvalue.

The spectrum A4 can be expressed in terms of the resolvent. Explicitly, the point
spectrum (i.e., the set of eigenvalues) is the set of complex values z at which zI — A is not

a one-to-one mapping, with the implication that the inverse of zI — A does not exist:
Aa={AeC:RNA) #inv(A — A)},

where inv(-) is the inverse of its argument. Later, via our investigation of the Drazin
inverse, it should become clear that the resolvent operator can be self-consistently defined
at the spectrum, despite the lack of inverse.

For infinite-rank operators, the spectrum becomes more complicated. In that case, the
right point spectrum (the point spectrum of A) need not be the same as the left point
spectrum (the point spectrum of A’s dual A"). Moreover, the spectrum may grow to
include non-eigenvalues z for which the range of zI — A is not dense in the vector space it
transforms or for which zI — A has dense range but the inverse of zI — A is not bounded.
These two settings give rise to the so-called residual spectrum and continuous spectrum,
respectively [I32]. To mitigate confusion, it should be noted that the point spectrum can
be continuous, yet never coincides with the continuous spectrum just described. Moreover,
understanding only countable point spectra is necessary to follow the developments here.

Each of A’s eigenvalues A\ has an associated projection operator Ay, which is the residue

of the resolvent as z — A [107]. Explicitly:

Ay =Res((zI —A) ", 2= \),
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where Res(-,z — A) is the element-wise residue of its first argument as z — A. The

projection operators are orthonormal:
AyAc = SacAy . (2.1)

and sum to the identity:
I=>Y A (2.2)
AEA 4

The following discusses in detail and then derives several new properties of projection

operators.

2.4 Functional Calculi

In the following, we develop an extended functional calculus that makes sense of arbitrary
functions f(-) of a linear operator A. Within any functional calculus, one considers how
A’s eigenvalues map to the eigenvalues of f(A); which we call a spectral mapping. For
example, it is known that holomorphic functions of bounded linear operators enjoy an

especially simple spectral mapping theorem [104]:

Apay = f(Aa) .

To fully appreciate the meromorphic functional calculus, we first state and compare the

main features and limitations of alternative functional calculi.

2.4.1 Taylor series

Inspired by the Taylor expansion of scalar functions:

a calculus for functions of an operator A can be based on the series:

. fn)
)y =3 L8 4 ey 23)

n.

where f™(€) is the n' derivative of f(z) evaluated at z = &.
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This is often used, for example, to express the exponential of A as:
o gn
et = ; .
This particular series-expansion is convergent for any A since e* is entire, in the sense of
complex analysis. Unfortunately, even if it exists there is a limited domain of convergence
for most functions. For example, suppose f(z) has poles and choose a Maclaurin series;
ie, & =0 in Eq. . Then the series only converges when A’s spectral radius is less
than the radius of the innermost pole of f(z). Addressing this and related issues leads

directly to alternative functional calculi.

2.4.2 Holomorphic functional calculus

Holomorphic functions are well behaved, smooth functions that are complex differentiable.
Given a function f(-) that is holomorphic within a disk enclosed by a counterclockwise
contour C, its Cauchy integral formula is given by:

fla) = —— 74 f(2) (2 —a)tdz | (2.4)

 2mi
Taking this as inspiration, the holomorphic functional calculus performs a contour integra-
tion of the resolvent to extend f(-) to operators:

FA) =4 ) T—A)ds (2.5)

21 Jo,
where Cy , is a closed counterclockwise contour that encompasses A 4. Assuming that f(z)
is holomorphic at z = A for all A € Ay, a nontrivial calculation [69] shows that Eq.
is equivalent to the holomorphic calculus defined by:

Tl p(m)
fA)=> 3 / f” (A—A)"A, . (2.6)

m
AeA 4 m=0

After some necessary development, we will later derive Eq. as a special case of our
meromorphic functional calculus, such that Eq. is valid whenever f(z) is holomorphic
at z=Aforall A € Ay.

The holomorphic functional calculus was first proposed in Ref. [69] and is now in

wide use; e.g., see Ref. [169, p. 603]. It agrees with the Taylor-series approach whenever
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the infinite series converges, but gives an functional calculus when the series approach
fails. For example, using the principal branch of the complex logarithm, the holomorphic
functional calculus admits log(A) for any nonsingular matrix, with the satisfying result
that e'°8(4) = A. Whereas, the Taylor series approach fails to converge for the logarithm
of most matrices even if the expansion for, say, log(1 — z) is used.

The major shortcoming of the holomorphic functional calculus is that it assumes f(z)
is holomorphic at A4. Clearly, if f(z) has a pole at some z € Ay, then Eq. fails. An
example of such a failure is the negative-one power of a singular operator, which we take
up later on.

Several efforts have been made to extend the holomorphic functional calculus. For
example, Refs. [98] and [I75] define a functional calculus that extends the standard
holomorphic functional calculus to include a certain class of meromorphic functions that
are nevertheless still required to be holomorphic on the point spectrum (i.e., on the
eigenvalues) of the operator. However, we are not aware of any previous work that
introduces and develops the consequences of a functional calculus for functions that are

meromorphic on the point spectrum—which we take up in the next few sections.

2.4.3 Meromorphic functional calculus

Meromorphic functions are holomorphic except at a set of isolated poles of the function.
The resolvent of a finite-dimensional operator is meromorphic, since it is holomorphic
everywhere except for poles at the eigenvalues of the operator. We will now also allow our
function f(z) to be meromorphic with possible poles that coincide with the poles of the
resolvent.

Inspired again by the Cauchy integral formula of Eq. , but removing the restric-
tion to holomorphic functions, our meromorphic functional calculus instead employs a

partitioned contour integration of the resolvent:

fA)=>" ﬁ i F(2)R(z; A)dz ,

AEA 4

where (' is a small counterclockwise contour around the eigenvalue A. This and a spectral

decomposition of the resolvent (to be derived later) extends the holomorphic calculus to a
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much wider domain, defining:

l/)\—l

fA)=>"% AA(A—AI)m%j[C %dgx (2.7)

A€Ay m=0
The contour is integrated using knowledge of f(z) since meromorphic f(z) can introduce
poles and zeros at A4 that interact with the resolvent’s poles.

The meromorphic functional calculus agrees with the Taylor-series approach whenever
the series converges and agrees with the holomorphic functional calculus whenever f(z)
is holomorphic at A4. However, when both the previous functional calculi fail, the
meromorphic calculus extends the domain of f(A) to yield surprising, yet sensible answers.
For example, we show that within it, the negative-one power of a singular operator is the
Drazin inverse—an operator that effectively inverts everything that is invertible.

The major assumption of our meromorphic functional calculus is that the domain of
operators must have a spectrum that is at most countably infinite—e.g., A can be any
compact operator. A related limitation is that singularities of f(z) that coincide with A4
must be isolated singularities. Nevertheless, we expect that these restrictions can be lifted

with proper treatment, as discussed in fuller context later.

2.5 Meromorphic Spectral Decomposition

The preceding gave an overview of the relationship between alternative functional calculi
and their trade-offs, highlighting the advantages of the meromorphic functional calculus.
This section leverages these advantages and employs a partial fraction expansion of the
resolvent to give a general spectral decomposition of almost any function of any operator.
Then, since it plays a key role in applications, we apply the functional calculus to investigate
the negative-one power of singular operators—thus deriving, what is otherwise an operator

defined axiomatically, the Drazin inverse from first principles.

2.5.1 Partial fraction expansion of the resolvent

The elements of A’s resolvent are proper rational functions that contain all of A’s spectral
information. (Recall that a proper rational function r(z) is a ratio of polynomials in z

whose numerator has degree strictly less than the degree of the denominator.) In particular,
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the resolvent’s poles coincide with A’s eigenvalues since, for z ¢ A 4:

R(z; A) = (21 — A)7!
CT
- det(zI — A)
CT
= H)\EAA(Z _ /\)a)\ )

where a) is the algebraic multiplicity of eigenvalue A and C is the matrix of cofactors of

(2.8)

zI — A. That is, C’s transpose C' is the adjugate of zI — A:
C" =adj(zI — A),

whose elements will be polynomial functions of z of degree less than ), Ay Q-

Recall that the partial fraction expansion of a proper rational function r(z) with poles in
A allows a unique decomposition into a sum of constant numerators divided by monomials
in z — X\ up to degree ay, when a, is the order of the pole of r(z) at A € A [140]. Equation
thus makes it clear that the resolvent has the unique partial fraction expansion:

ay—1

RaA) = 3 Y i (2.9

AEA, m=0

where {A,,,} is the set of matrices with constant entries (not functions of z) uniquely
determined elementwise by the partial fraction expansion. However, R(z; A)’s poles are not
necessarily of the same order as the algebraic multiplicity of the corresponding eigenvalues
since the entries of C, and thus of CT, may have zeros at A’s eigenvalues. This has the
potential to render A, equal to the zero matrix 0.

The Cauchy integral formula indicates that the constant matrices {A, ,,} of Eq.

can be obtained by the residues:

Mg = —— & (2= N)"R(2: A)d= | (2.10)
’ 271 Cy

where the residues are calculated elementwise. The projection operators A, associated

with each eigenvalue A\ were already referenced in but can now be properly introduced
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as the A, matrices:

Ay = Axg (2.11)
1

= — R(z;A)dz . 2.12

i ), Bl Az (212)

Since R(z; A)’s elements are rational functions, as we just showed, it is analytic except
at a finite number of isolated singularities—at A’s eigenvalues. In light of the residue
theorem, this motivates the Cauchy-integral-like formula that serves as the starting point

for the meromorphic functional calculus:

FA) =Y b f)R( Az (2.13)

271
AEAA Ox
Let’s now consider several immediate consequences.

2.5.2 Decomposing the identity

Even the simplest applications of Eq. (2.13]) yield insight. Consider the identity as the

operator function f(A) = A° = I that corresponds to the scalar function f(z) = 2% = 1.

Then, Eq. (2.13) implies:

This shows that the projection operators are, in fact, a decomposition of the identity, as

anticipated in Eq. (2.2)).
2.5.3 Dunford decomposition, decomposed

For f(A) = A, Egs. (2.13) and (2.10) imply that:

Z{Alj{RzAdH—]{ z—A A)dz

= Z (Ao + Axa) - (2.14)

AEA A
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We denote the important set of nilpotent matrices Ay, that project onto the generalized

eigenspaces by relabeling them:

N)\ = A)\,l (215)
1
=5 CA(Z —ANR(z; A)dz . (2.16)

Equation (2.14)) is the unique Dunford decomposition [10]: A = D + N, where D =
Z/\GAA AA, is diagonalizable, N = ZkeAA N, is nilpotent, and D and N commute:
[D, N] = 0. This is also known as the Jordan—Chevalley decomposition.

The special case where A is diagonalizable implies that N = 0. And so, Eq.

simplifies to:

A:Z)\AA.

AEA 4

2.5.4 The resolvent, resolved

As shown in Ref. [107] and can be derived from Egs. (2.12)) and ([2.16):

A)\AC = 5)\7414)\ and

A)\NC = (S)\7CN/\ .
Due to these, our spectral decomposition of the Dunford decomposition implies that:

Ny = A, (A -y CA<>

CeAy
= A\ (A—2A4,)
=A\(A= ). (2.17)
Moreover:
Ay =Ay(A= )" . (2.18)

It turns out that for m > 0: A, ,, = N{*. (See also Ref. [107, p. 483].) This leads to
a generalization of the projection operator orthonormality relations of Eq. (2.1). Most
generally, the operators of {Ay,,} are mutually related by:

A)\,mAC,n = 5)\,CA/\,m+n . (219)
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Finally, if we recall that the index v, is the dimension of the largest associated subspace,
we find that the index of A characterizes the nilpotency of Ny: N{* = 0 for m > vy. That

is:
Aym =0 for m > v, . (2.20)

Returning to Eq. (2.9), we see that all A, ,, with m > v, are zero-matrices and so do
not contribute to the sum. Thus, we can rewrite Eq. (2.9) as:

Vxl

EA:A mzo g (2.21)
or:
vy—1
= > Z EEyyT Ay(A=AD)™, (2.22)
AEA 4 m=0
for z ¢ Ay.

The following sections sometimes use A ,, in place of A, (A — A )m This is helpful
both for conciseness and when applying Eq. (2.19)). Nonetheless, the equality in Eq. (2.18))

is a useful one to keep in mind.

2.5.5 Meromorphic functional calculus

In light of Eq. (2.13)), Eq. (2.21)) together with Eq. (2.18)) allow us to express any function

of an operator simply and solely in terms of its spectrum (i.e., its eigenvalues for the finite

dimensional case), its projection operators, and itself:

Z Z M o 27m (z—f(%dz ' (2.23)

AEA 4 M=0

In obtaining Eq. we finally derived Eq. , as promised earlier in § Effectively,
by modulating the modes associated with the resolvent’s singularities, the scalar function
f(+) is mapped to the operator domain, where its action is expressed in each of A’s

independent subspaces.
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2.5.6 Evaluating the residues

Interpretation aside, how does one use this result? Equation (2.23)) says that the spectral

decomposition of f(A) reduces to the evaluation of several residues, where:

1

Res(g(z), z = \) = 2—7”]5 g(z)dz .

So, to make progress with Eq. (2.23), we must evaluate function-dependent residues of the

form:
Res (f(2)/(z =A™, 2 = A) .

If f(z) were holomorphic at each A, then the order of the pole would simply be the
power of the denominator. We could then use Cauchy’s differential formula for holomorphic
functions:

|
) = 5 ]{C %dz , (2.24)
for f(z) holomorphic at a. And, the meromorphic calculus would reduce to the holomorphic
calculus. Often, f(z) will be holomorphic at least at some of A’s eigenvalues. And so,
Eq. is still locally a useful simplification in those special cases.

In general, though, f(z) introduces poles and zeros at A € A4 that change their orders.
This is exactly the impetus for the generalized functional calculus. The residue of a
complex-valued function g(z) around its isolated pole A of order n + 1 can be calculated

from:

1 .. d”
Res(g(z), z — )\) = ll_r}/l\ prec [(z — )\)”Hg(zﬂ )

2.5.7 Decomposing A"

Equation says that we can explicitly derive the spectral decomposition of powers of
the operator A. Of course, we already did this for the special cases of A° and A'. The
goal, though, is to do this in general.

For f(A) = AF — f(z) = 2%, 2 = 0 can be either a zero or a pole of f(z), depending

on the value of L. In either case, an eigenvalue of A = 0 will distinguish itself in the residue
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calculation of A via its unique ability to change the order of the pole (or zero) at z = 0.
For example, at this special value of A\ and for integer L > 0, A = 0 induces poles that
cancel with the zeros of f(z) = 2%, since 2% has a zero at z = 0 of order L. For integer
L < 0, an eigenvalue of A = 0 increases the order of the z = 0 pole of f(z) = z". For all
other eigenvalues, the residues will be as expected. Hence, from Eq. and inserting
f(z) = 2L, for any L € C:

mLALm

m‘ lim, 5 dzmZ ml :lnzl(L—n‘f'l)
m 1 z
AEZAA T;) 2mi Jo, (z = A)mtt
A#£0
vo—1 1
A 4] AgA™ L=m=14
+[0 e AZ 0 <2m]{002 Z>
S
vy—1 vo—1
[Z > ( )ALmAA (A=AD)"| +[0€ Aa] D> OLmAA™ | (2.25)
AEA 4 m=0 m=0
A#£0
where (an ) is the generalized binomial coefficient:
L JR . (L
(1) oo I

and [0 € Ay4] is the Iverson bracket which takes on value 1 if zero is an eigenvalue of A
and 0 if not. A, ,, was replaced by Ay(A — AI)™ to suggest the more explicit calculations
involved with evaluating any A*. Equation (2.25) applies to any linear operator with only

isolated singularities in its resolvent.

If L is a nonnegative integer such that L > vy — 1 for all A € A4, then:

=> Vil < )AL—mAA,m : (2.27)

A€EA 4, m=0
A5£0

where () is now reduced to the traditional binomial coefficient L!/(m!(L —m)!).
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2.5.8 Drazin inverse

If L is any negative integer, then (_TLM) can be written as a traditional binomial coefficient

(=)™ (‘LHm*l) , yielding:

m

l/)\—l

AT = NN (= (e A AL, (2.28)

AeA 4 m=0
A#0

for —|L| € {-1,-2,-3,... }.

Thus, negative powers of an operator can be consistently defined even for noninvertible
operators. In light of Egs. and , it appears that the zero eigenvalue does not
even contribute to the function. It is well known, in contrast, that it wreaks havoc on the
naive, oft-quoted definition of a matrix’s negative power:

12 adj(4)  adj(4)
Cdet(A)  [Lea, A

since this would imply dividing by zero. If we can accept large positive powers of singular

matrices—for which the zero eigenvalue does not contribute—it seems fair to also accept
negative powers that likewise involve no contribution from the zero eigenvalue.

Editorializing aside, we note that extending the definition of A~! to the domain

including singular operators via Eqgs. (2.25)) and (2.28)) implies that:

AL A= — g1 4L

— AlLI-l for |L| > |¢| + vy ,

which is a very sensible and desirable condition. Moreover, we find that AA™! =T — A,.

Specifically, the negative-one power of any square matrix is in general not the same as
the matrix inverse since inv(A) need not exist. However, it is consistently defined via Eq.
to be:

vy—1

A7 = Y (DA T A (2.29)

AeA4\{0} m=0

This is the Drazin inverse AP of A. Note that it is not the same as the Moore—Penrose

pseudo-inverse [172], [191].
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Although the Drazin inverse is usually defined axiomatically to satisfy certain crite-
ria [19], it is naturally derived as the negative one power of a singular operator in the
meromorphic functional calculus. We can check that it indeed satisfies the axiomatic

criteria for the Drazin inverse, enumerated according to historical precedent:

(1) AP AP A = A%
(2) AP AAP = AP
(5) [A,AP] =0,

which gives rise to the Drazin inverse’s moniker as the {1*°,2, 5}-inverse [19].

While A~! always exists, the resolvent is nonanalytic at z = 0 for a singular matrix.
Effectively, the meromorphic functional calculus removes the nonanalyticity of the resolvent
in evaluating A=!. As a result, as we can see from Eq. , the Drazin inverse inverts
what is invertible; the remainder is zeroed out.

Of course, whenever A is invertible, A™! is equal to inv(A4). However, we should not
confuse this coincidence with equivalence. Moreover, despite historic notation there is
no reason that the negative-one power should in general be equivalent to the inverse.
Especially, if an operator is not invertible! To avoid confusing A~! with inv(A), we use
the notation AP for the Drazin inverse of A. Still, AP = inv(A), whenever 0 ¢ A 4.

Amusingly, this extension of previous calculi lets us resolve an elementary but funda-
mental question: What is 0~!? It is certainly not infinity. Indeed, it is just as close to
negative infinity! Rather: 07! = 0 # inv(0).

Although Eq. is a constructive way to build the Drazin inverse, it imposes more
work than is actually necessary. Using the meromorphic functional calculus, we can derive
a new, simple construction of the Drazin inverse that requires only the original operator
and the eigenvalue-0 projector.

First, assume that A is an isolated singularity of R(z; A) with finite separation at least

€ distance from the nearest neighboring singularity. And, consider the operator-valued
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function f5 defined via the RHS of:
Ay = f3(4)

=35 (CI—A)~hdc,

Ateetd
with A + e’ defining an e-radius circular contour around A. Then we see that:

— 14
fA( ) by ]{\_’_eew(g Z) C
=[zeC:|z=)N<¢, (2.30)

where [z € C : |z — A| < €] is the Iverson bracket that takes on value 1 if z is within
e-distance of A and 0 if not.

Second, we use this to find that, for any ¢ € C\ {0}:
-1

(A+cAy)~ Z Z Axm 5 % <Z(:_Cf§)(il)1 dz

)\EAA m=0

vo— 1 —1
AP 4 Z A Amzmjf ro fni)l
Cy *
vo—1
= AP+ AgAm (-1 (2.31)
m=0

where we asserted that the contour Cj exists within the finite e-ball about the origin.
Third, we note that A+ cAy is invertible for all ¢ # 0; this can be proven by multiplying

each side of Eq. by A+ cAgy. Hence, (A + cAy)™' = inv(A + cAp) for all ¢ # 0.
Finally, multiplying each side of Eq. by I —Ay, and recalling that Ay oAgm = Ao m,

we find a useful expression for calculating the Drazin inverse of any linear operator A,

given only A and Aj. Specifically:
AP = (I — Ag)(A+ )™t . (2.32)

which is valid for any ¢ € C\ {0}. Eq. (2.32)) generalizes the result found specifically for
¢ = —1 in Ref. [207].

For the special case of ¢ = —1, it is worthwhile to also consider the alternative
construction of the Drazin inverse implied by Eq. (2.31)):
vo—1
AP = (A — At + AO(Z Am) . (2.33)

35



By a spectral mapping (A — 1 — A, for A € Ar), the Perron—Frobenius theorem and
Eq. yield an important consequence for any stochastic matrix 7. The Perron—
Frobenius theorem guarantees that T”s eigenvalues along the unit circle are associated with
a diagonalizable subspace. In particular, vy = 1. Spectral mapping of this result means

that 7”s eigenvalue 1 maps to the eigenvalue 0 of [ — T and Ty = (I — T')p. Moreover:
(I-T)+T] ' =1 -1)"+T1,

since vy = 1. This corollary of Eq. (2.31)) (with ¢ = 1) corresponds to a number of important
and well known results in the theory of Markov processes. Indeed, Z = (I — T + Ty) ™" is
called the fundamental matriz in that setting [129].

2.5.9 Consequences and generalizations

For an infinite-rank operator A with a continuous spectrum, the meromorphic functional

calculus has the natural generalization:
F(A) = % IRCCEURS (2.34)
A

where the contour C) , encloses the (possibly continuous) spectrum of A without including
any unbounded contributions from f(z) outside of Cy,. The function f(z) is expected
to be meromorphic within C,. This again deviates from the holomorphic approach,
since the holomorphic functional calculus requires that f(z) is analytic in a neighborhood
around the spectrum; see § VII of Ref. [71]. Moreover, Eq. allows an extension of
the functional calculus of Refs. [98] 175, 22], since the function can be meromorphic at the
point spectrum in addition being meromorphic on the residual and continuous spectra.

In either the finite- or infinite-rank case, whenever f(z) is analytic in a neighborhood
around the spectrum, the meromorphic functional calculus agrees with the holomorphic.
Whenever f(z) is not analytic in a neighborhood around the spectrum, the function is
undefined in the holomorphic approach. In contrast, the meromorphic approach extends
the function to the operator-valued domain and does so with novel consequences.

In particular, when f(z) is not analytic in a neighborhood around the spectrum—say

f(z) is nonanalytic within A’s spectrum at Zy C As—then we expect to lose both

homomorphism and spectral mapping properties:
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e Loss of homomorphism: fi(A)fa(A) # (f1 - f2)(A);

e Loss of naive spectral mapping: f(Aa\ Zf) C Aga).

A simple example of both losses arises with the Drazin inverse, above. There, fi(z) =
z~1. Taking this and f5(z) = z combined with singular operator A leads to the loss of
homomorphism: APA # I. As for the second property, the spectral mapping can be
altered for the candidate spectra at =; via pole-pole or pole—zero interactions in the
complex contour integral. For f(A) = A~ how does A’s eigenvalue of 0 get mapped into
the new spectrum of AP? A naive application of the spectral mapping theorem might
seem to yield an undefined quantity. But, using the meromorphic functional calculus
self-consistently maps the eigenvalue as 0~ = 0. It remains to be explored whether the full
spectral mapping is preserved for any function f(A) under the meromorphic interpretation
of f(A).

It should now be apparent that extending functions via the meromorphic functional
calculus allows one to express novel mathematical properties, some likely capable of
describing new physical phenomena. At the same time, extra care is necessary. The
situation is reminiscent of the loss of commutativity in non-Abelian operator algebra: not
all of the old rules apply, but the gain in nuance allows for mathematical description of
important phenomena.

We chose to focus primarily on the finite-rank case here since it is sufficient to demon-
strate the utility of the general projection-operator formalism. Indeed, there are ample
nontrivial applications in the finite-rank setting that deserve attention. To appreciate

these, we now turn to address the construction and properties of general eigenprojectors.

2.6 Constructing Decompositions

At this point, we see that projection operators are fundamental to functions of an operator.
This prompts the practical question of how to actually calculate them. The next several
sections address this by deriving expressions with both theoretical and applied use. We
first address the projection operators associated with index-one eigenvalues. We then

explicate the relationship between eigenvectors, generalized eigenvectors, and projection
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operators for normal, diagonalizable, and general matrices. Finally, we address how the
general results specialize in several common cases of interest. After these, we turn to

examples and applications.

2.6.1 Projection operators of index-one eigenvalues

To obtain the projection operators associated with each index-one eigenvalue A € {( €
Ay v =1}, we apply the meromorphic calculus to an appropriately chosen function of

A, finding:

V Ve— 1/4 m IIgeAA(Z — )
M- -y Y =2

CeAy £€A 4 m=0
C#X
1 IIC€AA (z = Q)
=A\— 2 dz
Ao e zZ— A
= A [T =9
CEA 4
C#A

Therefore, if v, = 1:

A—CIN"
Ay = : 2.35
oit= (2.35)
Cery
C#A
As convenience dictates in our computations, we let vo — ac — gc + 1 or even v — a¢
in Eq. (2.35), since multiplying Ay by (A — (I)/(A — {) has no effect for ¢ € Ay \ {\} if
V) = 1.

Equation (2.35)) generalizes a well known result that applies when the index of all

eigenvalues is one. That is, when the operator is diagonalizable, we have:

A—(I
Ay = || el
CeAy
CH#A

To the best of our knowledge, Eq. is original.

Since eigenvalues can have index larger than one, not all projection operators of a
nondiagonalizable operator can be found directly from Eq. . Even so, it serves three
useful purposes. First, it gives a practical reduction of the eigen-analysis by finding all

projection operators of index-one eigenvalues. Second, if there is only one eigenvalue that
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has index larger than one—what we call the almost diagonalizable case—then Eq. ,
together with the fact that the projection operators must sum to the identity, does
give a full solution to the set of projection operators. Third, Eq. is a powerful
theoretical tool that we can use directly to spectrally decompose functions, for example,
of a stochastic matrix whose eigenvalues on the unit circle are guaranteed to be index-one
by the Perron—Frobenius theorem.

Although index-one expressions have some utility, we need a more general procedure
to obtain all projection operators of any linear operator. Recall that, with full generality,
projection operators can also be calculated directly via residues, as in Eq. .

An alternative procedure—one that extends a method familiar at least in quantum
mechanics—is to obtain the projection operators via eigenvectors. However, quantum
mechanics always concerns itself with a subset of diagonalizable operators. What is
the necessary generalization? For one, left and right eigenvectors are no longer simply
conjugate transposes of each other. More severely, a full set of spanning eigenvectors is no
longer guaranteed and we must resort to generalized eigenvectors. Since the relationships
among eigenvectors, generalized eigenvectors, and projection operators are critical to the
practical calculation of many physical observables of complex systems, we collect these

results in the next section.

2.6.2 Eigenvectors, generalized eigenvectors, and projection op-

erators

Two common questions regarding projection operators are: Why not just use eigenvectors?
And, why not use the Jordan canonical form? First, the eigenvectors of a defective matrix
do not form a complete basis with which to expand an arbitrary vector. One needs
generalized eigenvectors for this. Second, some functions of an operator require removing,
or otherwise altering, the contribution from select eigenspaces. This is most adroitly
handled with the projection operator formalism where different eigenspaces (correlates of
Jordan blocks) can effectively be treated separately. Moreover, even for simple cases where
eigenvectors suffice, the projection operator formalism simply can be more calculationally

or mathematically convenient.
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That said, it is useful to understand the relationship between projection operators and
generalized eigenvectors. For example, it is often useful to create projection operators
from generalized eigenvectors. This section clarifies their connection using the language
of matrices. In the most general case, we show that the projection operator formalism is
usefully concise.

2.6.2.1 Normal matrices

Unitary, Hermitian, skew-Hermitian, orthogonal, symmetric, and skew-symmetric matrices
are all special cases of normal matrices. As noted, normal matrices are those that commute
with their Hermitian adjoint (complex-conjugate transpose): AA! = ATA. Moreover,
a matrix is normal if and only if it can be diagonalized by a unitary transformation:
A = UAU', where the columns of the unitary matrix U are the orthonormal right
eigenvectors of A corresponding to the eigenvalues ordered along the diagonal matrix A.
For an M-by-M matrix A, the eigenvalues in A4 are ordered and enumerated according
to the possibly degenerate M-tuple (As) = (A1, ..., Apr). Since an eigenvalue A € A4 has
algebraic multiplicity a) > 1, A appears a) times in the ordered tuple.

Assuming A is normal, each projection operator A, can be constructed as the sum of
all ket—bra pairs of right-eigenvectors corresponding to A composed with their conjugate
transpose. We later introduce bras and kets more generally via generalized eigenvectors of
the operator A and its dual AT. However, since the complex-conjugate transposition rule
between dual spaces is only applicable to a ket basis derived from a normal operator, we
put off using the bra-ket notation for now so as not to confuse the more familiar “normal”
case with the general case.

To explicitly demonstrate this relationship between projection operators, eigenvectors,
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and their Hermitian adjoints in the case of normality, observe that:

A=UAU!
MO - 0| |dl
o S0 A 0| |l
— (U1 U2 Upnr
0 0 M| |,
i
it}
= [/\1271 /\Qﬁg AMITM
i@y
M
_ il
—Z)\]uju]
j=1
et
AEA A

Evidently, for normal matrices A:
M
Ay =) O, Gl
j=1

And, since ﬁ;rﬁj = 0, j, we have an orthogonal set {Ay}xen, with the property that:

M M

ACA)\ = Z Z 5(,)\i5>\,)\jﬁiﬁ;‘fﬁjﬁ;

i=1 j=1

M M
=3 G b, @b

i=1 j=1

M
_ =t
=) dcn O]
1=1

= (SQ/\A)\ .
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Moreover:

M
D A=) a4
AEA 4 7=1
=UUt
=1,

and so on. All of the expected properties of projection operators can be established again
in this restricted setting.

The rows of U~! = UT are A’s left-eigenvectors. In this case, they are simply the
conjugate transpose of the right-eigenvector. Note that conjugate transposition is the
familiar transformation rule between ket and bra spaces in quantum mechanics (see
e.g., Ref. [210])—a consequence of the restriction to normal operators, as we will show.
Importantly, a more general formulation of quantum mechanics would not have this same
restricted correspondence between the dual ket and bra spaces.

To elaborate on this point, recall that vector spaces admit dual spaces and dual bases.
However, there is no sense of a dual correspondence of a single ket or bra without reference
to a full basis [105]. Implicitly in quantum mechanics, the basis is taken to be the basis of
eigenstates of any Hermitian operator, nominally since observables are self-adjoint.

To allude to an alternative, we note that ﬁ;ﬁj is not only the Hermitian form of inner
product (u;, @;) (where (-,-) denotes the inner product) of the right eigenvector «; with
itself, but importantly also the simple dot-product of the left eigenvector dj and the right

il

eigenvector u;, where u; acts as a linear functional on u;. Contrary to the substantial effort

devoted to the inner-product-centric theory of Hilbert spaces, this latter interpretation of
ﬁ;ﬁj—in terms of linear functionals and a left-eigenvector basis for linear functionals—is
what generalizes to a consistent and constructive framework for the spectral theory beyond
normal operators, as we will see shortly.

2.6.2.2 Diagonalizable matrices

By definition, diagonalizable matrices can be diagonalized, but not necessarily via a
unitary transformation. All diagonalizable matrices can nevertheless be diagonalized

via the transformation: A = PAP™!, where the columns of the square matrix P are

42



the not-necessarily-orthogonal right eigenvectors of A corresponding to the eigenvalues
ordered along the diagonal matrix A and where the rows of P~1 are A’s left eigenvectors.
Importantly, the left eigenvectors need not be the Hermitian adjoint of the right eigenvectors.
As a particular example, this more general setting is required for almost any transition
dynamic of a Markov chain. In other words, the transition dynamic of any interesting
complex network with irreversible processes serves as an example of a nonnormal operator.

Given the M-tuple of possibly-degenerate eigenvalues (A4) = (A1, Ag, ..., Apr), thereis
a corresponding M-tuple of linearly-independent right-eigenvectors (|A1), |Aa), ..., [Aur))
and a  corresponding  M-tuple of linearly-independent left-eigenvectors

(M, (Aa|, ..., (Au]) such that:

AN =N [\)
and:

(N[ A= X5 (A
with the orthonormality condition that:

(AilAj) =iy -

To avoid misinterpretation, we stress that the bras and kets that appear above are the left
and right eigenvectors, respectively, and typically do not correspond to complex-conjugate
transposition.

With these definitions in place, the projection operators for a diagonalizable matrix

can be written:

M
Ay = Z5A,Aj A7) (Nl
j=1
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Then:

So, we see that the projection operators introduced earlier in a coordinate-free manner
have a concrete representation in terms of left and right eigenvectors when the operator is

diagonalizable.

A= Z)\AA

AEA 7

M
= N ) (]
=1

= [/\1 A1) Az |Ag)

= ||A1) [A2)

= PAP7! .

2.6.2.3 Any matrix

Not all matrices can be diagonalized, but all square matrices can be put into Jordan
canonical form via the transformation: A =Y JY ! [169]. Here, the columns of the square
matrix Y are the linearly independent right eigenvectors and generalized right eigenvectors
corresponding to the Jordan blocks ordered along the diagonal of the block-diagonal matrix

J. And, the rows of Y ! are the corresponding left eigenvectors and generalized left

Mot )
A O
0 A
\)\M>]
0 0

eigenvectors, but reverse-ordered within each block, as we will show.

Let there be n Jordan blocks forming the n-tuple (Ji, Jo, ...
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The k" Jordan block J;, has dimension my-by-my:

-)\k 1 0 0 0 0 ]
0 X 1 0 0
0 A 0
Ji = myj TOWS
0 Mo 10
0 0 0 M 1
00 0 0 )\k_ )

Vv
myg columns

such that:

k=1

Note that eigenvalue A € A4 corresponds to g, different Jordan blocks, where g, is the
geometric multiplicity of the eigenvalue A. Indeed:
=Yoo
AEA 4
Moreover, the index vy of the eigenvalue A is defined as the size of the largest Jordan block

corresponding to A. So, we write this in the current notation as:
n
V) = max{(i,\j)\kmk}kzl .

If the index of any eigenvalue is greater than one, then the conventional eigenvectors do
not span the M-dimensional vector space. However, the set of M generalized eigenvectors
does form a basis for the vector space [§].

Given the n-tuple of possibly-degenerate eigenvalues (A4) = (A1, A2, ..., A\y), there is

a corresponding n-tuple of my-tuples of linearly-independent generalized right-eigenvectors:

(At Az, - (A )

where:

s = (D), ), - )
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and a corresponding n-tuple of my-tuples of linearly-independent generalized

left-eigenvectors:

(O s ATz, o (D)

where:
(D = (01 O], )
such that:
(A= 2d) V) = [A) (2.36)
and:
M A = NI = (0] (2.37)

for 0 < m < my — 1, where [\”) = 0 and (\”’| = 0. Specifically, [A;"”) and (A}"| are
conventional right and left eigenvectors, respectively.
Most directly, the generalized right and left eigenvectors can be found as the nontrivial

solutions to:

(A= ND)™[A™) =0
and:

MWHA=ND)™ =10,

respectively.

It should be clear from Eq. (3.16) and Eq. (2.37)) that:

m n m—L n
OT1A = MDY = 1)

= I
for m,n,€ {0,1,...,my} and £ > 0. At the same time, it is then easy to show that:

NI = I =0, ifm - n <
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where m,n € {0,1,...,my}. Imposing appropriate normalization, we find that:
ANy = 508 (2.38
< j ‘ k > J,kYmA4n,mp+1 - : )

Hence, we see that the left eigenvectors and generalized eigenvectors are a dual basis to
the right eigenvectors and generalized eigenvectors. Interestingly though, within each
Jordan subspace, the most generalized left eigenvectors are dual to the least generalized
right eigenvectors, and vice versa.

(To be clear, in this terminology “least generalized” eigenvectors are the standard
eigenvectors. For example, the <)\](€1)‘ satisfying the standard eigenvector relation <)\](€1)‘ A=
Ak <)\](€1)| is the least generalized left eigenvector of subspace k. By way of comparison, the
“most generalized”’ right eigenvector of subspace k is |/\,(€m’“)> satisfying the most generalized
eigenvector relation (A — A1) |)\§€m’c)) = |/\§€m’“_1)> for subspace k. The orthonormality
relation shows that the two are dual correspondents: ()\S)M,(fmk)> = 1, while all other
eigen-bra—eigen-ket closures utilizing these objects are null.)

With these details worked out, we find that the projection operators for a nondiagonal-

izable matrix can be written as:

n

Ay =300 ao ) (] (2.39)

k=1 m=1
And, we see that a projection operator includes all of its left and right eigenvectors and all
of its left and right generalized eigenvectors. This implies that the identity operator must

also have a decomposition in terms of both eigenvectors and generalized eigenvectors:

I:ZAA

AEA A
n mg
=3 STy (g
k=1 m=1

Let [|)\,(€m)>]2'“:1 denote the column vector:

M)
U)‘I(cmw:k:l - : ’
A
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and let [()\(m’“H m)H:k:l denote the column vector:

A
[<)\(mk+1fm) H my

k m=1

Y]

Then, using the above results, and the fact that Eq. (2.37) implies that <)\](€m+1)| A=
A ()\ffmﬂ)] + <)\§€m)" we derive the explicit generalized-eigenvector decomposition of the

nondiagonalizable operator A:

=(D_ A4

)\GAA
k=1 m=1
3555 ) (e
k=1 m=1
= T r - — ( 1 -
U)‘(m >j|m 1 S 0 0 [</\1m1+ m)j|m 1
{0 0| [
A Lo 0 e g [
=YJYy ',
where, defining Y as:
m) 17

we are forced by Eq. (2.38) to recognize that:

[y ]
(ma+1—m) 1m2
[(AS ]

m=1

Yyl =

[

m=1_|

48



since then Y'Y = I, and we recall that the inverse is guaranteed to be unique.

The above demonstrates an explicit construction for the Jordan canonical form. One
advantage we learn from this explicit decomposition is that the complete set of left
eigenvectors and left generalized eigenvectors (encapsulated in Y ~!) can be obtained from
the inverse of the matrix of the complete set of right eigenvectors and generalized right
eigenvectors (encoded in Y') and vice versa. One unexpected lesson, though, is that the

generalized left eigenvectors appear in reverse order within each Jordan block.

Using Egs. (2.39)) and (2.18) with Eq. (2.37]), we see that the nilpotent operators Ay ,,

with m > 0 further link the various generalized eigenvectors within each subspace k.
Said more suggestively, generalized modes of a nondiagonalizable subspace are necessarily
cooperative.

It is worth noting that the left eigenvectors and generalized left eigenvectors form
a basis for all linear functionals of the vector space spanned by the right eigenvectors
and generalized right eigenvectors. Moreover, the left eigenvectors and generalized left
eigenvectors are exactly the dual basis to the right eigenvectors and generalized right
eigenvectors by their orthonormality properties. However, neither the left nor right eigen-
basis is a priori more fundamental to the operator. Sympathetically, the right eigenvectors
and generalized eigenvectors form a (dual) basis for all linear functionals of the vector
space spanned by the left eigenvectors and generalized eigenvectors.

2.6.2.4 Simplified calculi for special cases

In special cases, the meromorphic functional calculus reduces the general expressions
above to markedly simpler forms. And, this can greatly expedite practical calculations
and provide physical intuition. Here, we show which reductions can be used under which
assumptions.
For functions of operators with a countable spectrum, recall that the general form of
the meromorphic functional calculus is:
v—1

A= S A, g TG (2.40)

= 2mi Jo, (2 — A)mH!

Equations (2.18) and (2.39)) gave the method to calculate A, ,,, in terms of eigenvectors
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and generalized eigenvectors.
When the operator is diagonalizable (not necessarily normal), this reduces to:

=S Al TE (2.41)

o 2mi Jo, (2= A)

where A, can now be constructed from conventional right and left eigenvectors, although
(Aj] is not necessarily the conjugate transpose of |A;).
When the function is analytic on the spectrum of the (not necessarily diagonalizable)

operator, then our functional calculus reduces to the holomorphic functional calculus:

l/)\l

(2.42)

AEA 4 M=0
When the function is analytic on the spectrum of a diagonalizable (not necessarily
normal) operator this reduces yet again to:
=) F(VAs. (2.43)
AEA 4
When the function is analytic on the spectrum of a diagonalizable (not necessarily
normal) operator with no degeneracy this reduces even further to:
= fx <>— (2.44)
AEA
Finally, recall that an operator is normal when it commutes with its conjugate transpose.
If the function is analytic on the spectrum of a normal operator, then we recover the
simple form enabled by the spectral theorem of normal operators familiar in physics. That
is, Eq. is applicable, but now we have the extra simplification that (\;| is simply

the conjugate transpose of |\;): (\;| = |\;)'.

2.7 Examples and Applications

To illustrate the use and power of the meromorphic functional calculus, we now adapt it
to analyze a suite of applications from quite distinct domains. First, we point to a set of
example calculations for finite-dimensional operators of stochastic processes. Second, we

show that the familiar Poisson process is intrinsically nondiagonalizable, and hint that
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nondiagonalizability may be common more generally in semi-Markov processes. Third,
we illustrate how commonly the Drazin inverse arises in nonequilibrium thermodynamics,
giving a roadmap to developing closed-from expressions for a number of key observables.
Fourth, we turn to signal analysis and comment on power spectra of processes generated
by nondiagonalizable operators. Finally, we round out the applications with a general
discussion of Ruelle-Frobenius—Perron and Koopman operators for nonlinear dynamical

systems.

2.7.1 Spectra of stochastic transition operators

The preceding employed the notation that A represents a general linear operator. In the
following examples, we reserve the symbol T' for the operator of a stochastic transition
dynamic. If the state-space is finite and has a stationary distribution, then 7" has a
representation that is a nonnegative row-stochastic—all rows sum to unity—transition
matrix.

The transition matrix’s nonnegativity guarantees that for each A € Ay its complex
conjugate X is also in Ap. Moreover, the projection operator associated with the complex
conjugate of A is the complex conjugate of Ty: Tk = T).

If the dynamic induced by T has a stationary distribution over the state space, then
the spectral radius of 7" is unity and all of T"s eigenvalues lie on or within the unit circle in
the complex plane. The maximal eigenvalues have unity magnitude and 1 € Ay. Moreover,
an extension of the Perron—Frobenius theorem guarantees that eigenvalues on the unit
circle have algebraic multiplicity equal to their geometric multiplicity. And, so, v, =1 for
all e {Ae Ar: [N\ =1}

T’s index-one eigenvalue of A\ = 1 is associated with stationarity of the associated
Markov process. T’s other eigenvalues on the unit circle are roots of unity and correspond
to deterministic periodicities within the process.

All of these results carry over from discrete to continuous time. In continuous time,
where % = Ty, 4,1+, T's stationary eigenvalue of unity maps to G’s stationary eigenvalue
of zero. If the dynamic has a stationary distribution over the state space, then the rate

matrix G is row-sum zero rather than row-stochastic. T’s eigenvalues, on or within the
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unit circle, map to G’s eigenvalues with nonpositive real part in the left-hand side of the
complex plane.

To reduce ambiguity in the presence of multiple operators, functions of operators,
and spectral mapping, we occasionally denote eigenvectors with subscripted operators
on the eigenvalues within the bra or ket. For example, [0g) = |11) # |[0g) = |17) # |07)
disambiguates the identification of |0) when we have operators G, T, G, and T with
T=e%T=e¢9 and 0 € Ag, Ag, Ar.

2.7.2 Randomness and memory in correlated processes

The generalized spectral theory developed here has recently been applied to give the
first closed-form expressions for many measures of complexity for stochastic processes
that can be generated by probabilistic finite automata [60]. Rather than belabor the
Kolmogorov—Chaitin notion of complexity which is inherently uncomputable [142], the new
analytic framework infuses computational mechanics [55] with a means to compute very
practical answers about an observed system’s organization and to address the challenges
of prediction.

For example, we can now answer the obvious questions regarding prediction: How
random is a process? How much information is shared between the past and the future?
How far into the past must we look to predict what is predictable about the future? How
much about the observed history must be remembered to predict what is predictable
about the future? And so on. The Supplementary Materials of Ref. [60] exploit the
meromorphic functional calculus to answer these (and more) questions for the symbolic
dynamics of a chaotic map, the spacetime domain for an elementary cellular automata, and
the chaotic crystallographic structure of a close-packed polytypic material as determined
from experimental X-ray diffractograms.

In the context of the current exposition, the most notable feature of the analyses across
these many domains is that our imposed questions, which entail tracking an observer’s
state of knowledge about a process, necessarily induce a nondiagonalizable metadynamic
that becomes the central object of analysis in each case. (This metadynamic is the so-called

mized-state presentation of Refs. [58, [76].)
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O-0-0 O

Figure 2.1: Explicit Markov-chain representation of the continuous-time truncated Poisson
dynamic, giving interstate transition rates r among the first N + 1 counter-states. (State
self-transition rates —r are not depicted.) Taking the limit of N — oo recovers the
full Poisson counting distribution. It can either be time-homogeneous (transition-rate
parameter 7 is time-independent) or time-inhomogeneous (parameter r is time-dependent).

This theme, and the inherent nondiagonalizability of prediction, is explored in greater
depth elsewhere [200]. We also found that another nondiagonalizable dynamic is induced
even in the context of quantum communication when determining how much memory
reduction can be achieved if we generate a classical stochastic process using quantum
mechanics [203].

We mention the above nondiagonalizable metadynamics primarily as a pointer to
concrete worked-out examples where the meromorphic functional calculus has been em-
ployed to analyze finitary hidden Markov processes via explicitly calculated, generalized
eigenvectors and projection operators. We now return to a more self-contained discussion,
where we show that nondiagonalizability can be induced by the simple act of counting.

Moreover, the theory developed is then applied to deliver quick and powerful results.

2.7.3 Poisson point processes

The meromorphic functional calculus leads naturally to a novel perspective on the familiar
Poisson counting process—a familiar stochastic process class used widely across physics
and other quantitative sciences to describe “completely random” event durations that
occur over a continuous domain [13, 235, 96| [18]. The calculus shows that the basic
Poisson distribution arises as the signature of a simple nondiagonalizable dynamic. More
to the point, we derive the Poisson distribution directly, without requiring the limit of the
discrete-time binomial distribution, as conventionally done [28].

Consider all possible counts, up to some arbitrarily large integer N. The dynamics
among these first N 4 1 counter states constitute what can be called the truncated Poisson

dynamic. We recover the full Poisson distribution as N — co. A Markov chain for the
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truncated Poisson dynamic is shown in Fig. 2.1l The corresponding rate matrix G, for any

arbitrarily large truncation N of the possible count, is:

T

where G;; is the rate of transitioning to state (count) j given that the system is in state
(count) 7. Elements not on either the main diagonal or first superdiagonal are zero. This

can be rewritten succinctly as:
G = —r] + 7"D1 s

where [ is the identity operator in N-dimensions and D; is the upshift-by-1 matrix in
N-dimensions, with zeros everywhere, except 1s along the first superdiagonal. Let us
also define the upshift-by-m matrix D,,, with zeros everywhere except 1s along the m™
superdiagonal, such that D,, = D{* and D' = D,,.,, with Dy = I. Operationally, if (d,|
is the probability distribution over counter states that is peaked solely at state ¢, then
(0e] D = (e1m)-

For any arbitrarily large N, G’s eigenvalues are given by det(G—\I) = (—r—\)N*1 =0,
from which we see that its spectrum is the singleton: Ag = {—r}. Moreover, since it has
algebraic multiplicity a_, = N + 1 and geometric multiplicity g_, = 1, the index of the —r
eigenvalue is v_, = N + 1. Since —r is the only eigenvalue, and all projection operators
must sum to the identity, we must have the eigenprojection: G_, = I. The lesson is that
the Poisson point process is highly nondiagonalizable.

2.7.3.1 Homogeneous Poisson processes

When the transition rate r between counter states is constant in time, the net counter

state-to-state transition operator from initial time 0 to later time ¢ is given simply by:

T(t) =e'“ .
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The functional calculus allows us to directly evaluate e!“ for the Poisson nondiagonal-

izable transition-rate operator G; we find:

T(t) = €©
vy—1 etZ
=3 Y a@-anr (27”]{ e )
AeAg m=0 Ci
= lim ZI (G4 rl)™— lim d—metz
N—oc0 m' z2——1 dz™
—_———
tme—rt
o mtme—rt
= Z(rDl) ml
m=0
_ i Dm (rt)me rt
m!
m=0

Consider the orthonormality relation (6;|0;) = ¢; ; between counter states, where |d;)
is represented by Os everywhere except for a 1 at counter-state j. It effectively measures
the occupation probability of counter-state j. Employing the result for T'(¢), we find the

simple consequence that:

ol 7ty 15,y = LT

= (Om| () [0mtn) -

That is, the probability that the counter is incremented by n in a time interval ¢ is
independent of the initial count and given by: (rt)"e™""/nl.

Let us emphasize that these steps derived the Poisson distribution directly, rather
than as the typical limit of the binomial distribution. Our derivation depended critically
on spectral manipulations of a highly nondiagonalizable operator. Moreover, our result
for the transition dynamic 7'(t) allows a direct analysis of how distributions over counts
evolve in time, as would be necessary, say, in a Bayesian setting with unknown prior count.
This type of calculus can immediately be applied to the analysis of more sophisticated
processes, for which we can generally expect nondiagonalizability to play an important

functional role.
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2.7.3.2 Inhomogeneous Poisson processes

Let us now generalize to time-inhomogeneous Poisson processes, where the transition rate
r between count events is instantaneously uniform, but varies in time as r(¢). Conveniently,

the associated rate matrices at different times commute with each other. Specifically, with

G, = —al + aDy and Gy, = —bl 4+ bD;, we see that:
(G, Gb] =0 .

Therefore, the net counter state-to-state transition operator from time t; to time t; is
given by:
L
Ty, = elig GO dt
_ i ) (=1+01)

_ (A (=1+Dy)

eAGr | (2.45)
where At =ty — 1 is the time elapsed and:

(r) = ﬁ/tfr(t) dt

to
is the average rate during that time. Given Eq. (2.45]), the functional calculus proceeds
just as in the time-homogeneous case to give the analogous net transition dynamic:
- (ry At)" e (rat
T;‘/o,tf = Z Dm ( )
m=0

m)!

The probability that the count is incremented by n during the time interval At follows
directly:

n—(r)At
(Ol Tio ) 1) = (<T> Atz! e ‘
With relative ease, our calculus allowed us to derive an important result for stochastic
process theory that is nontrivial to derive by other means. Perhaps surprisingly, we see
that the probability distribution over final counts induced by any rate trajectory r(t) is

the same as if the transition rate were held fixed at mean (r) throughout the duration.
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Moreover, we can directly analyze the net evolution of distributions over counts using the
derived transition operator Ty, ;.

Note that the nondiagonalizability of the Poisson dynamic is robust in a physical sense.
That is, even varying the rate parameter in time in an erratic way, the inherent structure of
counting imposes a fundamental nondiagonalizable nature. That nondiagonalizability can
be robust in a physical sense is significant, since one might otherwise be tempted to argue
that nondiagonalizability is extremely fragile due to numerical perturbations within any
matrix representation of the operator. This is simply not the case since such perturbations
are physically forbidden. Rather, this simple example challenges us with the fact that
some processes, even those familiar and widely used, are intrinsically nondiagonalizable.
On the positive side, it appears that spectral methods can now be applied to analyze
them. And, this will be particularly important in more complex, memoryful processes
[164. 168, [166], including the hidden semi-Markov processes [13] that are, roughly speaking,

the cross-product of hidden finite-state Markov chains and renewal processes.

2.7.4 Stochastic thermodynamics

The previous simple examples started to demonstrate the methods of the meromorphic
functional calculus. Next, we show a novel application of the meromorphic functional
calculus to environmentally driven mesoscopic dynamical systems, selected to give a new
set of results within nonequilibrium thermodynamics. In particular, we analyze functions
of singular transition-rate operators. Notably, we show that the Drazin inverse arises
naturally in the general solution of Green—Kubo relations. We mention that it also arises
when analyzing moments of the excess heat produced in the driven transitions atop either
equilibrium steady states or nonequilibrium steady states [201].

2.7.4.1 Dynamics in independent eigenspaces

An important feature of the functional calculus is its ability to address particular eigenspaces
independently when necessary. This feature is often taken for granted in the case of normal
operators; say, in physical dynamical systems when analyzing stationary distributions or
dominant decay modes. Consider a singular operator £ that is not necessarily normal and

not necessarily diagonalizable and evaluate the simple yet ubiquitous integral fOT et~ dt.
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Via the meromorphic functional calculus we find:

T . =l Tetz dt
t _ 1 0
\/O e dt = Z Z 'C)\,mﬁ% m dz

AEAL m=0 G
vo—1 -1
T2 _ 1
- (X Eo,m%f Lﬂ@
— T Co Zer
I//\—l —1
TZ __ 1
D B B e X
AEA£\O m=0 Cx <Z N A)
vo—1
= (X &lom) + £7 (= 1) (2.46)
m=0

where £P is the Drazin inverse of £, discussed earlier.

The pole—pole interaction (z~! with z27™1)

at z = 0 distinguished the 0-eigenspace in
the calculations and required the meromorphic functional calculus for direct analysis. The
given solution to this integral will be useful in the following.

Next, we consider the case where L is the transition-rate operator among the states of
a structured stochastic dynamical system. This leads to several novel consequence within

stochastic thermodynamics.

2.7.4.2 Green—Kubo relations

Let us reconsider the above integral in the case when the singular operator £—let us
call it G—is a transition-rate operator that exhibits a single stationary distribution.
By the spectral mapping In A.c of the eigenvalue 1 € A.c addressed in the Perron—
Frobenius theorem, G’s zero eigenmode is diagonalizable. And, by assuming a single
attracting stationary distribution, the zero eigenvalue has algebraic multiplicity ag = 1.

Equation ([2.46)) then simplifies to:

/ e'“dt = 7|0¢) (0| + GP (7" = I) . (2.47)
0

Since G is a transition-rate operator, the above integral corresponds to integrated time
evolution. The Drazin inverse GP concentrates on the transient contribution beyond
the persistent stationary background. In Eq. , the subscript within the left and
right eigenvectors explicitly links the eigenvectors to the operator GG, to reduce ambiguity.

Specifically, the projector |0g) (O¢| maps any distribution to the stationary distribution.
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Green—Kubo-type relations [100], 284] connect the out-of-steady-state transport coeffi-
cients to the time integral of steady-state autocorrelation functions. They are thus very
useful for understanding out-of-steady-state dissipation due to steady-state fluctuations.
(Steady state here refers to either equilibrium or nonequilibrium steady state.) Specifically,

the Green—Kubo relation for a transport coefficient, x say, is typically of the form:

h= / T (AO)A®),. — (A2,)dt .

where A(0) and A(t) are some observable of the stationary stochastic dynamical system at

time 0 and time ¢, respectively, and the subscript (-)_ . emphasizes that the expectation

S.S.

value is to be taken according to the steady-state distribution.

Using:

(A(0)A(1)) = tr(]0c) (0| Ae™“A)
= (0g| Ae'CA|0g)

the transport coefficient x can be written more explicitly in terms of the relevant transition-
rate operator GG for the stochastic dynamics:
T

k= lim <0G’| AetGA |0(;> dt — 7 <0gl A |0(;>2

T—00 0

~ lim (0] A(/ ¢ dt) A106) — 7 {06] AJ0c)”
0

T—00

= lim (0g| AGP(e™ — 1) A|0¢)

T—00

= —(AGPA) (2.48)

s.s. °

Thus, we learn that relations of Green—-Kubo form are direct signatures of the Drazin
inverse of the transition-rate operator for the stochastic dynamic.

The result of Eq. holds quite generally. For example, if the steady state has
some number of periodic flows, the result of Eq. remains valid. Alternatively, in the
case of nonperiodic chaotic flows—where GG will be the logarithm of the Ruelle-Frobenius—

Perron operator, as described later in § [2.7.6.1}—|0¢) (O¢/| still induces the average over

the steady-state trajectories.

29



In the special case where the transition-rate operator is diagonalizable, — (A GP A)_
is simply the integrated contribution from a weighted sum of decaying exponentials.

Transport coefficients then have a solution of the simple form:

1
==Y 1 (06| AG1A0g) - (2.49)
AEAG\O

Note that the minus sign keeps x positive since Re(A) < 0 for A € Ag \ {0}. Also, recall
that G’s eigenvalues with nonzero imaginary part occur in complex-conjugate pairs and

5 = G,. Moreover, if G;; is the classical transition-rate from state ¢ to state j (to
disambiguate from the transposed possibility), then (0g| is the stationary distribution.
(The latter is sometimes denoted (7| in the Markov process literature.) And, |0g) is a
column vector of all ones (sometimes denoted |1)) which acts to integrate contributions
throughout the state space.

A relationship of the form of Eq. , between the Drazin inverse of a classical
transition-rate operator and a particular Green—Kubo relation was recently found in
Ref. [163] for the friction tensor for smoothly-driven transitions atop nonequilibrium steady
states. Subsequently, a truncation of the eigen-expansion of the form of Eq. was
recently used in a similar context to bound a universal tradeoff between power, precision,
and speed [137]. Equation shows that a fundamental relationship between a physical
property and a Drazin inverse is to be expected more generally whenever the property can
be related to integrated correlation.

Notably, if a Green—Kubo-like relation integrates a cross-correlation, say between A(t)

and B(t) rather than an autocorrelation, then we have only the slight modification:

| (0B, (A)8),,) dt =~ (467B),,. 2:50)

The foregoing analysis bears on both classical and quantum dynamics. G may be a
so-called linear superoperator in the quantum regime [152]; for example, the Lindblad
superoperator [147, [14] that operates on density operators. A Liouville-space represen-
tation [192] of the superoperator, though, exposes the superficiality of the distinction

between superoperator and operator. At an abstract level, time evolution can be dis-
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Figure 2.2: Bayes network for a state-emitting hidden Markov model graphically depicts
the structure of conditional independence among random variables for the latent state
{8, }nez at each time n and the random variables {X,, },cz for the observation at each
time n.

%
©

cussed uniformly across subfields and reinterpretations of Eq. will be found in each
associated physical theory.

Reference [201] presents additional constructive results that emphasize the ubiquity of
integrated correlation and Drazin inverses in the transitions between steady states [181],
relevant to the fluctuations within any physical dynamic. Overall, these results support
the broader notion that dissipation depends on the structure of correlation.

Frequency-dependent generalizations of integrated correlation have a corresponding
general solution. To be slightly less abstract, later on we give novel representative formulae
for a particular application: the general solution to power spectra of a process generated

by any countable-state hidden Markov chain.

2.7.5 Power spectra

A signal’s power spectrum quantifies how its power is distributed across frequency [242].

2> | (2.51)

where w is the angular frequency and X, is the random variable for the observation at time

For a discrete-domain process it is:

N
= g ([
n=1

n. For a wide-sense stationary stochastic process, the power spectrum is also determined

from the signal’s autocorrelation function v(7):

P(w)= lim 5 > (N —|7])y(r)e™, (2.52)
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where the autocorrelation function for a wide-sense stationary stochastic process is defined:
(1) = <X_an+T>n )

The windowing function N —|7| appearing in Eq. is a direct consequence of Eq. (2.51)).
It is not imposed externally, as is common practice in signal analysis. This is important
to subsequent derivations.

The question we address is how to calculate the correlation function and power
spectrum given a model of the signal’s generator. To this end, we briefly introduce
hidden Markov models as signal generators and then use the meromorphic calculus to
calculate their autocorrelation and power spectra in closed-form. This leads to several
lessons. First, we see that the power spectrum is a direct fingerprint of the resolvent of
the generator’s time-evolution operator, analyzed along the unit circle. Second, spectrally
decomposing the not-necessarily-diagonalizable time evolution operator, we derive the
most general qualitative behavior of the autocorrelation function and power spectra.
Third, contributions from eigenvalues on the unit circle must be extracted and dealt with
separately. Contributions from eigenvalues on the unit circle correspond to Dirac delta
functions—the analog of Bragg peaks in diffraction. Whereas, eigen-contributions from
inside the unit circle correspond to diffuse peaks, which become sharper for eigenvalues
closer to the unit circle. Finally, nondiagonalizable eigenmodes yield qualitatively different
line profiles than their diagonalizable counterparts. In short, when applied to signal
analysis our generalized spectral decomposition has directly measurable consequences.
This has been key to analyzing low-dimensional disordered materials, for example, when
adapted to X-ray diffraction spectra [239] 205] 204].

Let the 4-tuple M = (S AP, T) be some discrete-time state-emitting hidden Markov
model (HMM) that generates the stationary stochastic process ... X o X 1 XX X5. ..
according to the following. & is the (finite) set of latent states of the hidden Markov
chain and A C C is the observable alphabet. S; is the random variable for the hidden
state at time ¢ that takes on values s € S. X; is the random variable for the observation
at time t that takes on values x € A. Given the latent state at time ¢, the possible

observations are distributed according to the conditional probability density functions:
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Figure 2.3: Simple 3-state state-emitting HMM that generates a stochastic process accord-
ing to the state-to-state transition dynamic 7" and the probability density functions (pdfs)
{p(x|s)}ses associated with each state. Theorem 1 asserts that its power spectrum will be
the same (with only constant offset) as the power spectrum generated from the alternative
process where the pdfs in each state are solely concentrated at the Platonic average value
(T)p,(z) of the former pdf associated with the state.

P = {p(Xt =z|S; = s)}

as p(x|s) since the probability density function in each state is assumed not to change

w5 Foreach s € S, p(X; = z[S; = s) may be abbreviated
over t. Finally, the latent-state-to-state stochastic transition matrix 7' has elements
T;; = Pr(Siy1 = 548 = s;), which give the probability of transitioning from latent state
s; to s; given that the system is in state s;, where s;,s; € S§. It is important for the
subsequent derivation that we use Pr(-) to denote a probability in contrast to p(-) which
denotes a probability density. The Bayes network diagram of Fig. depicts the structure
of conditional independence among the random variables.

2.7.5.1 Continuous-value, discrete-state and -time processes

Figure gives a particular HMM with continuous observable alphabet A = R distributed
according to the probability density function shown within each latent state. Processes
generated as the observation of a function of a Markov chain can be of either finite or
infinite Markov order. (They are, in fact, typically infinite Markov order in the space of
processes [120].)

Directly calculating, one finds that the autocorrelation function, for 7 > 0, for any
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such HMM is:
’V(T) = <X_an+T>n

= / / 7o' p(Xo =2, X, = 2') dv dx’
€A Jz'eA

:ZZ/ / T2'p(Xo =2, X, =2/,8 = 5,8, = &) du da’
zeA Jx'eA

SES s'eS

= Z Z / / 72’ Pr(Sy = 5,8, = §') p(Xo = z|Sp = s) p(X; = 2'|S; = ') dr da’
zeAJr'eA

SES s'eS

=303 (mla) (BT 1820 (511 </$6Afp(x]3) i) (/MA Y p(a’]s') ')
= (] (3 P 12 01T (3 Wy 800 (1) 1)

where:
p(Xo=2,X,=2,8 =58 =5)=Pr(S =58 =5)pXo=2,X, =2/|S = 5,5, =¢)
holds by definition of conditional probability. The decomposition of:
p(Xo=2, X, =2'|S=5,S, =5) =p(Xog = z|Sy = s)p(X, =2/|S, = &)

for 7 £ 0 follows from the conditional independence in the relevant Bayesian network

shown in Fig. [2.2] Moreover, the equality:
Pr(So = 5,8, = §") = (7]ds) (0s| T7 |05) (ds]1)

can be derived by marginalizing over all possible intervening state sequences. Note that
|0s) is the column vector of all Os except for a 1 at the index corresponding to state s and
(05| is simply its transpose. Recall that (m| = (17| is the stationary distribution induced
by T over latent states and |1) = |17) is a column vector of all ones. Note also that
(m|0s) = Pr(s) and (d¢|1) = 1.

Since the autocorrelation function is symmetric in 7 and:

7(0) = <|l’|2>p(x)

= <7l‘| Z<’x|2>p(w\s) ’58> )

seES
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(a) A b-parametrized (b) Eigenvalue evolu- (¢) Power spectrum (d) Power spectrum
HMM with mean val- tion for all A € Ar and eigenvalues at b = and eigenvalues at b =
ues of each state’s pdf sweeping transition pa- 3/4. 1/4.

() p(s)s) indicated as rameter b from 1 to 0.

the number inside each

state.

Figure 2.4: Parametrized HMM generator of a stochastic process, its eigenvalue evolution,
and two coronal spectrograms showing power spectra emanating from eigen-spectra.

we find the full autocorrelation function is given by:

{|z[*) if =0
(1) = B :
(| QT (1) if 7] > 1

where € is the |S|-by-|S| matrix defined by:

Q=) () (sys) |05) (6| T . (2.53)
seS

The power spectrum is then calculated via Eq. using the meromorphic calculus. In
particular, the power spectrum decomposes naturally into a discrete part and a continuous
part. Full details will be given elsewhere, but the derivation is similar to that given in
Ref. [204] for the special case of diffraction patterns from HMMs. We note that it is
important to treat individual eigenspaces separately, as our generalized calculus naturally

accommodates. The end result, for the continuous part of the power spectrum, is:
= (|2*) + 2Re (x| Q (e“T - T) 'Q|1) . (2.54)

All of the w-dependence is in the resolvent. Using the spectral expansion of the resolvent

given by Eq. (2.21)) allows us to better understand the qualitative possibilities for the
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shape of the power spectrum:

vy—1

Po(w) = (lz[*)+ > > 2Re<w|§TA’mm1> . (2.55)

it (eiw — \)mHl

Note that (7| QTy,,Q|1) is a complex-valued scalar and all of the frequency dependence
now handily resides in the denominator.

The discrete portion (delta functions) of the power spectrum is:

o0

Py(w) = Z Z 27 §(w — wy + 27k)

k=—o00 MeAp
IAl=1

x Re(A(w|QTH Q1)) , (2.56)

where w) is related to A by A\ = ¢“*. An extension of the Perron-Frobenius theorem
guarantees that the eigenvalues of T" on the unit circle have index vy = 1.

When plotted as a function of the angular frequency w around the unit circle, the power
spectrum suggestively appears to emanate from the eigenvalues A € Ar of the hidden
linear dynamic. See Fig. for the analysis of an example parametrized process and the
last two panels for this display mode for the power spectra.

Eigenvalues of T" on the unit circle yield Dirac delta functions in the power spectrum.
Eigenvalues of T within the unit circle yield more diffuse line profiles, increasingly diffuse
as the magnitude of the eigenvalues retreats toward the origin. Moreover, the integrated
magnitude of each contribution is determined by projecting pairwise observation operators
onto the eigenspace emanating the contribution. Finally, we note that nondiagonalizable
eigen-modes yield qualitatively different line profiles.

Remarkably, the power spectrum generated by such process is the same as the that
generated by a potentially much simpler one—a process that is a function of the same
underlying Markov chain but instead emits the state-dependent expectation value of the

observable within each state:

Theorem 1. Let P = {ps(x)}ses be any set of probability distribution functions over
the domain A C C. Let B = {(x)ps(x)}ses and let @ = {6(z — <x)ps(x))}ses. Then,
the power spectrum generated by any hidden Markov model M = (S,A, P,T) differs at
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most by a constant offset from the power spectrum generated by the hidden Markov model
M = (S, B, Q, T) that has the same latent Markov chain but in any state s € 8 emits,
with probability one, the average value (m)ps(

function ps(x) € P of M.

) of the state-conditioned probability density

T

Proof. From Egs. (2.54) and (2.56|), we see that P.(w) + Py(w) — <\x!2> depends only on
T and {<37>p(z|s)}ses- This shows that all HMMs that share the same T and {(:c>p(w|s)}ses

have the same power spectrum P(w) = P.(w) + Py(w) besides a constant offset determined
by differences in <|93|2>
One immediate consequence is that any hidden Markov chain with any arbitrary set of

zero-mean distributions attached to each state, i.e.:

P e {{p('r|8)}868 : <x>p($|s) =0 for all s - S} s

generates a flat power spectrum with the appearance of white noise. On the one hand,
this strongly suggests to data analysts to look beyond power spectra when attempting to
extract a process’ full architecture. On the other, whenever a process’s power spectrum
1s structured, it is a direct fingerprint of the resolvent of the hidden linear dynamic. In
short, the power spectrum is a filtered image of the resolvent along the unit circle.

The power spectrum of a particular stochastic process is shown in Fig. and using
coronal spectrograms, introduced in Ref. [204], it illustrates how the observed spectrum can
be thought of as emanating from the spectrum of the hidden linear dynamic, as all power
spectra must. Figure shows the state-emitting HMM with state-to-state transition
probabilities parametrized by b; the mean values (z) ) of each state’s pdf p(z|s) are
indicated as the blue number inside each state. The process generated depends on the
actual pdfs and the transition parameter b although, and this is our point, the power
spectrum is ignorant to the details of the pdfs.

The evolution of the eigenvalues Ar of the transition dynamic among latent states
is shown from thick blue to thin red markers in Fig. [2.4b] as we sweep the transition
parameter b from 1 to 0. A subset of the eigenvalues pass continuously but very quickly

through the origin of the complex plane as b passes through 1/2. The continuity of this
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is not immediately apparent numerically, but can be revealed with a finer increment of
b near b ~ 1/2. Notice the persistent eigenvalue of Ay = 1, which is guaranteed by the
Perron-Frobenius theorem.

In Fig. and again, at another parameter setting, in Fig. 2.4d] we show the
continuous part of the power spectrum P.(w) (plotted around the unit circle in solid
blue) and the eigen-spectrum (plotted as red dots on and within the unit circle) of the
state-to-state transition matrix for the 11-state hidden Markov chain (leftmost panel) that
generates it. There is also a d-function contribution to the power spectrum at w = 0
(corresponding to Ay = 1). This is not shown. These coronal spectrograms illustrate
how the power spectrum emanates from the HMM’s eigen-spectrum, with sharper peaks
when the eigenvalues are closer to the unit circle. This observation is fully explained by
Eq. (2.55). The integrated magnitude of each peak depends on (| Q|\) (A Q]1).

Interestingly, the apparent continuous spectrum component is the shadow of the discrete
spectrum of nonunitary dynamics. This suggests that resonances in various physics domains
concerned with a continuous spectrum can be modeled as simple consequences of nonunitary
dynamics. Indeed, hints of this appear in the literature [176], 236, [173].

2.7.5.2 Continuous-time processes

We close this exploration of conventional signal analysis methods using the meromorphic
calculus by commenting on continuous-time processes. Analogous formulae can be derived
with similar methods for continuous-time hidden Markov jump processes and continuous-
time deterministic (possibly chaotic) dynamics in terms of the generator G of time evolution.
For example, the continuous part P.(w) of the power spectrum from a continuous-time

deterministic dynamic has the form:
P.(w) = 2Re (| Q2 (iwl — G) Q1) .

Appealing to the resolvent’s spectral expansion again allows us to better understand the

possible shapes of their power spectrum:

I//\—l -~
(] D Grn2 1)
Pw) =3 Y 2Re i — (2.57)
AeAg m=0
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Since all of the frequency-dependence has been isolated in the denominator and
(| QG2 |1) is a frequency-independent complex-valued constant, peaks in P.(w) can
only arise via contributions of the form Rem forceC,weR, A€ Ag,and n e Z,.
This provides a rich starting point for application and further theoretical investigation.
For example, Eq. helps explain the shapes of power spectra of nonlinear dynamical
systems, as have appeared, e.g., in Ref. [87]. Furthermore, it suggests an approach to the
inverse problem of inferring the spectrum of the hidden linear dynamic via power spectra.
In the next section, however, we develop a more general proposal for inferring eigenvalues

from a time series. Further developments will appear elsewhere.

2.7.6 Operators for chaotic dynamics

Since trajectories in state-space can be generated independently of each other, any nonlinear
dynamic corresponds to a linear operation on an infinite-dimensional vector-space of
complex-valued distributions (in the sense of generalized functions) over the original
state-space. For example, the well known Lorenz ordinary differential equations [I51] are
nonlinear over its three given state-space variables—z, y, and z. Nevertheless, the dynamic
is linear in the infinite-dimensional vector space D(R?) of distributions over R3. Although
D(R?) is an unwieldy state-space, the dynamics there might be well approximated by a
finite truncation of its modes.

2.7.6.1 Ruelle-Frobenius—Perron and Koopman operators

The preceding operator formalism applies, in principle at least. The question, of course,
is, Is it practical and does it lead to constructive consequences? Let’s see. The right
eigenvector is either |0g) or |17) with T' = €7 as the Ruelle-Frobenius—Perron transition
operator [208], 156]. Equivalently, it is also 7, the stationary distribution, with support
on attracting subsets of R? in the case of the Lorenz dynamic. The corresponding left-
eigenvector 1, either (0| or (17|, is uniform over the space. Other modes of the operator’s
action, according to the eigenvalues and left and right eigenvectors and generalized
eigenvectors, capture the decay of arbitrary distributions on R3.

The meromorphic spectral methods developed above give a view of the Koopman

operator and Koopman modes of nominally nonlinear dynamical systems [34] that is
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complementary to the Ruelle-Frobenius—Perron operator. The Koopman operator K is the
adjoint—in the sense of vector spaces, not inner product spaces—of the Ruelle-Frobenius—
Perron operator T': effectively the transpose K = T'". Moreover, it has the same spectrum
with only right and left swapping of the eigenvectors and generalized eigenvectors.

The Ruelle-Frobenius—Perron operator 7' is usually associated with the evolution of
probability density, while the Koopman operator K is usually associated with the evolution
of linear functionals of probability density. The duality of perspectives is associative in
nature: (f| (I™|po)) corresponds to the Ruelle-Frobenius—Perron perspective with T
acting on the density p and (< fl T”) |po) corresponds to the Koopman operator T = K
acting on the observation function f. Allowing an observation vector f = [f1, fo, - fuml
of linear functionals, and inspecting the most general form of K" given by Eq.
together with the generalized eigenvector decomposition of the projection operators of
Eq. , yields the most general form of the dynamics in terms of Koopman modes.
Each Koopman mode is a length-m vector-valued functional of a Ruelle-Frobenius—Perron
right eigenvector or generalized eigenvector.

Both approaches suffer when their operators are defective. Given the meromorphic
calculus’ ability to work around a wide class of such defects, adapting it the Ruelle—
Frobenius—Perron and Koopman operators suggests that it may lift their decades-long
restriction to only analyzing highly idealized (e.g., hyperbolic) chaotic systems.
2.7.6.2 Eigenvalues from a time series
Let’s explore an additional benefit of this view of the Ruelle-Frobenius—Perron and
Koopman operators, by proposing a novel method to extract the eigenvalues of a nominally
nonlinear dynamic. Let On(f, z) be (27! times) the z-transform [32, pp. 257-262] of a

length-N sequence of 7-spaced type-f observations of a dynamical system:

N
On(f,2) =271 2" (fIT"|po)
n=0
— Voo (fI(2I = T) 7 |po)
SD 3P BRCILEIOR
o 7"67’w _ m+1 ’
AEAT m= 0
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as N — oo for |z| = r > 1. Note that (f|T"|po) is simply the f-observation of the
system at time n7, when the system started in state pg. We see that this z-transform
of observations automatically induces the resolvent of the hidden linear dynamic. If the
process is continuous-time, then 7' = €7 implies Ay = "¢, so that the eigenvalues should
shift along the unit circle if 7 changes; but the eigenvalues should be invariant to 7 in
the appropriate 7-dependent conformal mapping of the inside of the unit circle of the
complex plane to the left half complex plane. Specifically, for any experimentally accessible
choice of inter-measurement temporal spacing 7, the fundamental set of continuous time
eigenvalues Ag can be obtained from A\g = %ln Ar, where each A\ € A7 is extrapolated
from c/(re® — Ap)™ curves fit to On(f,re™) for ¢ € C, large N, and fixed 7.

The square magnitude of Ox(f, z) is related to the power spectrum generated by
f-type observations of the system. Indeed, the power spectrum generated by any type of
observation of a nominally nonlinear system is a direct fingerprint of the eigenspectrum
and resolvent of the hidden linear dynamic. This suggests many opportunities for inferring
eigenvalues and projection operators from frequency-domain transformations of a time

series.

2.8 Conclusion

The original, abstract spectral theory of normal operators rose to central importance when,
in the early development of quantum mechanics, the eigenvalues of Hermitian operators
were detected experimentally in the optical spectra of energetic transitions of excited
electrons. We extended this powerful theory by introducing the meromorphic functional
calculus, providing the spectral theory of nonnormal operators. Our straightforward
examples suggest that the spectral properties of these general operators should also be
experimentally accessible in the behavior of complex—open, strongly interacting—systems.
We see a direct parallel with the success of the original spectral theory of normal operators
as it made accessible the phenomena of the quantum mechanics of closed systems. This
turns on nondiagonalizability and appreciating how ubiquitous it is.

Nondiagonalizability has consequences for settings as simple as counting, as shown in
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§ [2.7.3l Moreover, there we found that nondiagonalizability can be robust. The Drazin
inverse, the negative-one power in the meromorphic functional calculus, is quite common
in the nonequilibrium thermodynamics of open systems, as we showed in § Finally,

we showed that the spectral character of nonnormal and nondiagonalizable operators

manifests itself physically, as illustrated by Figs. [2.4d| and [2.4d| of § [2.7.5]

From the perspective of functional calculus, nonunitary time evolution, open systems,
and non-Hermitian generators are closely related concepts since they all rely on the
manipulation of nonnormal operators. Moreover, each domain is gaining traction. Nonnor-
mal operators have recently drawn attention, from the nonequilibrium thermodynamics
of nanoscale systems [92] to large-scale cosmological evolution [20]. In another arena
entirely, complex directed networks [I78] correspond to nonnormal and not-necessarily-
diagonalizable weighted digraphs. There are even hints that nondiagonalizable network
structures can be optimal for implementing certain dynamical functionality [I80]. The
opportunity here should be contrasted with the well established field of spectral graph the-
ory [41] that typically considers consequences of the spectral theorem for normal operators
applied to the symmetric (and thus normal) adjacency matrices and Laplacian matrices.
It seems that the meromorphic calculus and its generalized spectral theory will enable a
spectral weighted digraph theory beyond the purview of current spectral graph theory.

Even if the underlying dynamic is diagonalizable, particular questions or particular
choices of observable often induce a nondiagonalizable hidden linear dynamic. The
examples already showed this arising from the simple imposition of counting or assuming a
Poissonian dynamic. In more sophisticated examples, we recently found nondiagonalizable
dynamic structures in quantum memory reduction [203] and classical complexity measures
[60].

Our goal has been to develop tractable, exact analytical techniques for nondiagonalizable
systems. We did not discuss numerical implementation of algorithms that naturally
accompany its practical application. Nevertheless, the theory does suggest new algorithms—
for the Drazin inverse, projection operators, power spectra, and more. Guided by the

meromorphic calculus, such algorithms can be made robust despite the common knowledge
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that numerics with nondiagonalizable matrices is sensitive in certain ways.

The meromorphic calculus complements attempts to address nondiagonalizability, e.g.,
via pseudospectra [253 254]. It also extends and simplifies previously known results,
especially as developed by Dunford [70]. Just as the spectral theorem for normal operators
enabled much theoretical progress in physics, we hope that our generalized and tractable
analytic framework yields rigorous understanding for much broader classes of complex
system. Importantly, the analytic framework should enable new theory of complex systems
beyond the limited purview of numerical investigations.

While the infinite-dimensional theory is in principle readily adaptable from the present
framework, special care must be taken to guarantee a similar level of tractability and
generality. Nevertheless, even the finite-dimensional theory enables a new level of tractabil-
ity for analyzing not-necessarily-diagonalizable systems, including nonnormal dynamics.
Future work will take full advantage of the operator theory, with more emphasis on
infinite-dimensional systems and continuous spectra. Another direction forward is to
develop creation and annihilation operators within nondiagonalizable dynamics. In the
study of complex stochastic information processing, for example, this would allow analytic
study of infinite-memory processes generated by, say, stochastic pushdown and counter
automata [65, 250} 166], 63]. In a physical context, such operators may aid in the study of
open quantum field theories. One might finally speculate that the Drazin inverse will help

to tame the divergences that arise there.
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Chapter 3

Spectral Simplicity of Hidden
Complexity:
Cracking the Nondiagonalizable

Metadynamics of Prediction

3.1 Chapter Overview

To render simple answers for complex systems, we demonstrate that almost all questions
that we know how to ask about the structural complexity of a stochastic process reduce to
a linear algebraic framing of time evolution if we use the appropriate hidden Markov model
(HMM) generator of the process. An important lesson is that different types of questions—
those of correlation, predictability, or predictive burden—invoke different classes of HMM
representations. Corresponding answers are simple functions of the class-appropriate
transition dynamic. Helpfully, the resulting expressions reveal unexpected similarities
between complexity measures typically thought to capture distinct informational and
computational properties. Along the way, the implicit structure of optimal prediction is
made clear.

The theoretical advance enabling this new level of tractability is the recently introduced
meromorphic functional calculus, which allows proper analysis of functions of nondiagonable

linear operators even when the poles and zeros of the function coincide with the spectrum of
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the operator. By avoiding spurious infinities, this results is the first closed-form expressions
for many complexity measures, couched either in terms of the Drazin inverse—which is
the negative-one power of a singular operator in the meromorphic functional calculus—or
in terms of the eigenvalues and projection operators of the appropriate transition dynamic.
We also establish special properties of the projection operators that demonstrate how they
capture the organization of subprocesses within a complex system.

We apply the theoretical advances to derive closed-form expressions for correlation
functions, finite-length Shannon entropy rate approximates, asymptotic entropy rate,
excess entropy, transient information, transient and asymptotic state uncertainty, and syn-
chronization information. The spectral decomposition lends intuition towards generalizing
concepts of complexity. And so, we briefly address several more informative extensions of

familiar complexity measures.

3.2 Introduction

Hungry for understanding, we open our senses—eyes, probes, and colossal detectors—to
both the natural and designed world around us in search of structure. The data deluge
ensues. How do we make sense of it all? Is it noise or is there hidden structure to be
inferred [56]7 How much structure exists in the data [62]7 Supposing there is predictable
structure, what resources must be allocated to predict what is predictable?

Herein, we investigate hidden structure and the complexities associated with prediction.
Following up on our recent progress, we uncover new relationships among supposedly
different challenges [60] and identify the importance of a generalized spectral theory
in answering each challenge [198], yielding closed-form solutions that deliver elegance
and insight. We show that different questions regarding correlation, information, or
prediction induce their own structure as they sieve through the data. Resulting transitions
among hidden variables summarize symmetry breaking, synchronization, and information
processing. FEach of these metadynamics (for example, the dynamic among belief states),
though, is built up from the original observed dynamics.

Complex systems—that is, many-bodied systems with strong interactions—are usually
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observed through a time-series of low-bandwidth feature detectors, so that their hidden
structure is only revealed over time. Because the instantaneous observations cannot
capture the full resolution of each degree of freedom, the observed time-series is often
stochastic and non-Markovian, with long-range correlations. Even finite models can
appear quite complex: despite admitting finite descriptions, stochastic processes with sofic
support exhibit infinite-range dependencies among observable random variables. While
such infinite-correlation processes are legion in complex physical and biological systems,
analyzing them is generally appreciated as difficult, if not impossible. Nonetheless, we
show that their complexity measures have simple closed-form expressions in both the
time-asymptotic and finite-time regimes.

The major shift in perspective allowing this new level of tractability begins by recogniz-
ing that—beyond their ability to generate many sophisticated processes of interest—hidden
Markov models (HMMs) can be treated as exact mathematical objects in the analysis of
processes they represent. Crucially—even when dealing with nonlinear processes—most
questions that we tend to ask about a process imply a linear transition dynamic over some
hidden state space: something happens, then something evolves linearly in time, then we
take a snapshot of our favorite characteristic about a process. Let’s call this broad type
of questioning ‘cascading’, since the influence of the initial preparation cascades through
state-space as time (or position) evolves, affecting our final measurement. Alternatively,
some (more sophisticated?) questions involve accumulating such cascading events. The
linear algebra underlying all such questions is highlighted in Table in terms of the
appropriate discrete-time transition operator 7' or continuous-time generator of time
evolution G.

The challenge behind making our questions crumble into the simplicity of linear algebra
then is relegated to identifying the appropriate hidden state space. The appropriate
state space depends on the genre of the question. In this chapter, we describe closed-
form solutions for complexity measures of a process. We find that many questions of
complexity fall into three sub-genres and, for each of these, we identify the appropriate

linear dynamic and closed-form expressions for the most important questions in the genre.
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The linear algebra inside our many questions

Discrete time Continuous time
Cascading (-|T*|) (-|e’¥]-)
Accumulating | (-] (3, T%) |) (| ([e<at)|)

Table 3.1:  Once we identify the hidden linear dynamic behind our questions, most
questions we care to ask are either of the cascading or accumulating type.

This categorization of complexity measures and their implied linear transition dynamic is
given in Table [3.2] This table will become more understandable as we progress, and we
will return to an enhanced version of it in our conclusion.

Layering observables z € A on top of the transitions between these hidden states 0 € S
then turns this abstraction into a concrete hidden Markov model with observation-labeled
transition matrices {7 : Tz(f) = Pr(x,aj|al-)}x€A that sum to the net row-stochastic
state-to-state transition matrix 7.

Because complex processes have highly structured directional transition dynamics,
we encounter the full richness of matrix algebra in the analysis of HMMs. Normal and
diagonalizable restrictions, so familiar in mathematical physics, are immediately shrugged
off. Notably, the analysis of complex systems induces a nondiagonalizable meta-dynamics,
even if the observed dynamics are diagonalizable in their underlying state-space.

The new richness of nondiagonalizable dynamics presents a technical challenge in
the analysis of complex processes described by HMMs. A calculus for functions of
nondiagonalizable operators becomes a commonplace necessity in the exact analysis of
complex processes. Moreover, complexity measures naively appear to implore us to perform
illegal operations such as the inverse of a singular operator. In reality, the illegal operation
is skirted because the complexity measures have us only skim off the excess transient
behavior of an infinite underbelly. But what is the calculus of only accumulating the
contributions of select modes of functions of a nondiagonalizable operator?

Motivated by such questions, we have recently developed a meromorphic functional

calculus in Ref. [I98] that enables much of the theory herein for the analysis of complex
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processes described by HMMs. In addition to enabling a general spectral weighted digraph
theory, these techniques are applied more specifically here to the challenges of prediction.
The results developed here extend and explain those given in Ref. [60], which introduced
the basic methods by focusing on closed-form expressions for various measures of intrinsic
computation and applying them to several complex systems.

This meromorphic functional calculus, summarized in more detail later, deals with
functions of nondiagonalizable operators when poles (or zeros) of the function coincide
with poles of the operator’s resolvent—poles that appear precisely at the eigenvalues of
the matrix. Pole—pole and pole—zero interactions transform the complex-analysis residues
within the functional calculus. One result is that the negative-one power of a singular
operator exists in the meromorphic functional calculus, and is the Drazin inverse.

In the following, we give the first closed-form expressions for many complexity measures
in wide use—many of which turn out to be expressed most concisely in terms of a Drazin
inverse. Furthermore, via spectral decomposition, we give insight into sub-processes
of complex behavior in terms of the projection operators of the appropriate transition
dynamic.

To get started, the following sections ( through briefly review relevant
background in stochastic processes and their complexities and the HMMs that generate
them. Several classes of HMMs are discussed in §7.10.1] Mixed-state presentations (MSPs),
which are HMM generators of a process that also track distributions induced by observation,
are reviewed in since they are relevant to complexity measures with an information-
theoretic framing. We then, in §3.6] show how each complexity measure reduces to linear
algebra upon the use of the appropriate HMM restriction for the genre of the question. To
make progress at this point, we summarize the meromorphic functional calculus in §3.7]
Several of its mathematical implications are discussed in relation to projection operators
in and a spectral weighted digraph theory in §3.9] With that all set out, in
and we finally derive the promised closed-form complexities of a process. Common
simplifications for special cases are discussed in and §3.12.5] A suite of examples
in and ground the theoretical developments, and are complemented with an
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Question genres and their hidden linear dynamic

Implied linear

Genre Example Questions transition dynamic
Correlations: y(L); Transition matrix 7'
. 1 )
Observationa Power spectra: P(w) of any HMM
Predictability Myopic entropy: h,(L); | Transition matrix W

Excess entropy: E, E(w) | of MSP of any HMM
Causal HT(L), | Transition matrix W
synchrony: S, S(w) | of MSP of e-machine

Prediction

Table 3.2: Several genres of questions about the complexity of a process are given in the
left column of the table in order of increasing sophistication. Each genre implies a different
linear transition dynamic. Observational questions are about the superficial dynamic.
Predictability questions are about the observation-induced dynamic over distributions
(over states that generate the superficial dynamic). Prediction questions are about the
dynamic over distributions over causally-equivalent histories of a process. Other question
genres, like generation or quantum compressibility of a process, invoke other hidden linear
representations not discussed here—nevertheless the tools developed here extend in obvious
ways once the appropriate hidden linear dynamic is identified.

in-depth pedagogical example worked out in §3.16| Ultimately, we conclude with a brief

retrospect and an eye towards future applications.

3.3 Structured Processes and their Complexities

We describe a system of interest in terms of its observed behavior, following the ap-
proach of computational mechanics, as reviewed in Ref. [55]. Again, a process is the
collection of behaviors that the system produces and their probabilities of occurring. A
process’s behaviors are described via a bi-infinite chain of random variables, denoted
by capital letters ... X; o Xy 1 X; X1 Xiio. ... A realization is indicated by lowercase
letters ... x4 9@y 1 Ty X411 Tyyo . ... We assume the value x; belongs to a discrete alphabet
A. We work with blocks X;.,/, where the first index is inclusive and the second exclusive:
X =Xp .o X1,

A process’s probabilistic specification is a density over these chains: P(X_,.»). Practi-
cally, we work with finite blocks and their probability distributions: Pr(Xy, ). To simplify

the development in the following, we primarily analyze stationary, ergodic processes: those
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for which Pr(Xy,, 1) = Pr(Xo.,) for all ¢t € Z. In such cases, we only need to consider a
process’s length-L word distributions Pr(Xo.p).
3.3.1 Directly observable organization

A first step in understanding how processes express themselves is to analyze correlations
among observables. Pairwise correlation in a sequence of observables is often summarized

by the autocorrelation function:

’Y(L> = <7tXt+L>t )

where the bar above X; denotes its complex conjugate, and the angled brackets denote
an average over all positions t € Z. Alternatively, structure in a stochastic process is

often summarized by the power spectral density, also referred to more simply as the power

N 2
E —iwlL
XLe ;
L=1

where w € R is the angular frequency [242]. It is not always fully appreciated however

spectrum:

.1

Plw) = lim <
that power spectra only capture pairwise correlation. Indeed, it is straightforward to
show that the power spectrum is the windowed Fourier transform of the autocorrelation
function. Thus, power spectra show how pairwise correlations are distributed among
frequencies. Power spectra are common in signal processing, both in technological settings
and physical experiments. As a physical example, diffraction patterns are the power
spectra of a sequence of structure factors.

Green—Kubo transport coefficients are another important example measure of observable
organization, but are more application-specific [100} 284]. Such coefficients epitomize the
idea that dissipation depends on the structure of correlation. They usually appear in
the form of integrating the autocorrelation of derivatives of observables, but a change of
observables turns this into an integration of a standard autocorrelation function. Green—
Kubo transport coefficients then involve the limit lim,,_,o P(w) for the process of appropriate
observables.

Unfortunately, correlation functions and power spectra give an impoverished view

of a process’s structural complexity, since they only consider ensemble averages over
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pairwise events. Moreover, creating a list of higher-order correlations is an impractical
way to summarize complexity, as seen in the connected correlation functions of statistical

mechanics [25].

3.3.2 Intrinsic predictability

Information metrics can involve all orders of correlation and thus help to go beyond
pairwise correlation in understanding how the information expressed thus far will affect
the predictability at some later time or place. Information theory, as developed for general
complex processes [62], provides a set of quantities that capture such properties using
variants of Shannon’s entropy H[-] and mutual information I[-;-] [46]. Each quantity

answers a specific question about a process’s organization. For example:

e How much information is contained in the words generated? The block entropy [62]:
H(L) = = caz Pr(w) log, Pr(w).

How random is a process? Its entropy rate [130]:

hy, = lim_,o H(L)/L.

How is this irreducible randomness approached? Via the myopic entropy rates [62]:

h(L) = H[Xo|X1_1 ... X_4].

How much of the future can be predicted? Its excess entropy [62]:

E = I[X—oo:O; XO:oo]‘

How much information must be extracted from the system to know how predictable

it is and so see the process’s intrinsic randomness? Its transient information [61]:

T=>1—E+h.L-HL)

We later introduce the ezcess entropy spectrum &(w), which completely, yet concisely,
summarizes the structure of myopic entropy reduction, in a similar way to how the
power spectrum completely describes autocorrelation. But while the power spectrum only
summarizes pairwise linear correlation, the excess entropy spectrum captures all orders of
nonlinear dependencies among random variables, making it a strongly qualified probe of

hidden structure.
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3.3.3 The overhead of prediction

The nuanced measures of a system’s predictability, as just enumerated, certainly say a
lot about its intrinsic computational structure. But they leave open the question of the
complexity associated with actually doing the prediction. To answer this challenge, a
complementary set of measures address the inherent complexity of actually predicting
what is predictable. How cryptic is a process?

Computational mechanics investigates optimal prediction via the structure of transitions
among causal states, summarized by the process’s e-machine [55]. A causal state o € 87 is
an equivalence class of observable histories that all yield the same probability distribution
over observable futures. Therefore, knowing a process’s current causal state, that Sf = o,
is sufficient for optimal prediction.

Computational mechanics provides a set of quantities that capture the overhead of
synchronization and prediction, again using variants of Shannon’s entropy and mutual
information. Each quantity answers a specific question about an observer’s burden of

prediction. For example:

e How much historical information must be stored for optimal prediction? The statistical
complexity [64]:
C, =H[S;].

e How unpredictable is the causal state of the process upon observing it for a duration
L? The myopic causal state uncertainty [62]:
HT(L)=H[S) | X ... X 4]

e How much information must an observer extract to synchronize to the causal state?
The optimal predictor’s synchronization information [62]:
S = Zf:o HJF(L)‘

We later introduce the optimal synchronization spectrum S(w), which completely, yet
concisely, summarizes the structure of state-uncertainty reduction, in a similar way to
how the power spectrum completely describes autocorrelation, or how the excess entropy
spectrum completely describes myopic entropy reduction. All of the above quantifiers of

optimal prediction can be found from the optimal synchronization spectrum.
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These complexities associated with an observer’s burden in optimally predicting a
process have tremendous practical relevance for artificial and biological intelligent agents
taking advantage of structured stochastic environments, for prey avoiding easy prediction,
and for taking advantage of predictable fluctuations in the stock market.

The prediction game has many natural generalizations. For example, since optimal
prediction often requires infinite resources, sub-optimal prediction is of great practical
interest. Fortunately, there are principled ways to investigate the tradeoffs between
predictive accuracy and computational burden [240] 48| 167]. As another example, optimal
prediction under constraints of noisy or irregular observations can be investigated with
a properly generalized framework [75]. Blending the existing tools, resource-limited
prediction under such observational constraints could also be investigated. In all of these
cases, information metrics similar to those listed above are crucial to understanding and
quantifying the tradeoffs encountered in prediction.

Now that we have highlighted the difference between prediction and predictability, we
can appreciate that some processes are more cryptic than others. Crypticity x, it turns
out, can be quantified: It is the difference between the observer’s stored information C,,,
necessary for prediction, and the mutual information E shared between past and future
observables [160]. Crypticity therefore contrasts predictable information content (E) with
the observer’s minimal overhead of stored memory (C),) necessary to do the prediction.
To actually predict what is predictable, an optimal predictor is taxed by the crypticity of

the process.

3.3.4 Generative complexities

How does a physical system intrinsically compute its output process? This can depend on
many particulars. Sometimes there is vast redundancy while other times Occam’s razor or
resource constraints seem to have shaved the mechanism down to its minimal generative
structure. And different pressures imply different senses of minimality: minimal entropy
generators turn out to be distinct from minimal state generators.

Given any generative model [59, [61] M with state-set S, we can consider the corre-
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sponding myopic state uncertainty given L sequential observations:
H(L) = H[SO‘XfL:O] )

with asymptotic uncertainty ‘H = limy ., H(L), and excess synchronization information:

S' =) [H(L)—H] .
L=0
Such quantities are relevant even when the observer can never fully synchronize to the

generative state, i.e., even when H > 0. Each generative model has its own state

complexity:

Despite the fact that many different models can generate the same process, we can still
define useful bounds on the complexity of any generator for the process. For example: The
minimal generative complezity [150] Cy = miny C (M) is the minimal state-information a
classical physical process must store to generate its future. Complexities of various genres

bound each other: E.g. [150],
E<C, <C,;

i.e., the information that is predictable about the future is less than or equal to the
information necessary to produce the future, which is less than or equal to the information
necessary to predict the future.

A further nuance to this story has recently come to light: quantum physics can produce
a stochastic process of classical observables using less memory than a classical process
can. The minimal quantum memory C, (quantified via von Neumann entropy rather
than classical Shannon entropy) of generation is not known in general, but has been
upper-bounded by several recent investigations [276], 102, 157, 185, 203]. In summary, it
appears that:

E<C,<C,<C,:

i.e., predictable information < quantum memory necessary for generation < classical

memory necessary for generation < classical memory necessary for optimal prediction.
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3.4 Mealy Hidden Markov Models

A unifying mathematical representation can be used to describe a wide class of process
generators: the edge-labeled HMM, also known as a Mealy HMM [59]. (This is as opposed
to the class-equivalent state-labeled HMMs; also known as Moore HMMs [T}, 259] 261].)

Definition 2. A finite-state, edge-labeled hidden Markov model (HMM) M consists of:

A finite set of hidden states & = {01, e ,0‘5|}.
A finite output alphabet A.
A set of |S|x |8| symbol-labeled transition matrices {T(”")}xeA, where Tz(f) = Pr(z,0,|0;)

is the probability of transitioning from state o; to state o; and emitting symbol x.

The corresponding overall state-to-state transition matriz is the row-stochastic matriz

T= ZxGA T(x)
An initial distribution over hidden states: ny = (Pr(SO =01), Pr(Sy = 09), ..., Pr(Sy =

UM)), where S; is the random variable for the hidden state at time t.

M can be written as the 4-tuple: M = (5,.,4, {T@)} ca, 170). In automata theory,
a finite-state HMM may be called a probabilistic nondeterministic finite automaton
(probabilistic NFA) [232].

Since the transition dynamics of finite-state models are represented by transition
matrices amenable to linear algebra, it is useful to use a bra-ket notation where bras (:|
are row vectors and kets |-) are column vectors. One benefit is immediate recognition of
object type. For example, on the one hand, any expression that forms a closed bra-ket
pair—either (-|-) or (-| - |-)—is a scalar quantity and commutes as a unit with anything.
On the other hand, when useful, an expression of the ket-bra form |-) (| can be interpreted
as a matrix.

Row-stochasticity of T' means that all rows sum to unity. Introducing |1) as the column

vector of all 1s, this can be restated as:
TR =11) .

The reader may also recognize this as an eigen-equation: the all-ones vector |1) is always

a right eigenvector of T associated with the eigenvalue of unity.
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When the internal Markov transition matrix 7" is irreducible, there is a unique stationary

state distribution 7 determined by:
(n|T = (x|,

with the further condition that 7 be normalized in probability: i.e., (7|1) = 1. This will
again be recognized as an eigen-equation: the stationary distribution 7 over the hidden
states is the left eigenvector of T associated with the eigenvalue of unity.

When choosing to describe a stationary process, as we will often do in this chapter,
we will choose the initial distribution over hidden states to be the stationary one: 79 = .
Choosing another 79 can be useful in many contexts, but yields non-stationary processes
which we avoid for now for simplicity of the exposition.

An HMM M describes process’s behaviors as a formal language £ C A* of allowed
realizations. Moreover, M succinctly describes a process’s word distribution Pr(w) over
all words w € L. (Appropriately, M also gives zero probability to words outside of the
language of the process: Pr(w) = 0 for all w € £¢ £’s complement.) Specifically, the
stationary probability of observing a particular length-L word w = xgx; ...z is given

by:
Pr(w) = (x| T™ |1) | (3.1)

where TW) = T@o) (1) .. pler-1)
More generally, given a nonstationary distribution over hidden states, the subsequent

probability of a word is:
Pr(Xpiir = w|S; ~n) = (n| T [1) (3.2)

where §; ~ n means that the random variable S; is distributed as 1. Such a generalized
concept is actually hugely necessary: for example, most observations induce a non-
stationary distribution over hidden states. Tracking these observation-induced distributions

will be the role of the mixed-state presentation, introduced shortly.
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3.4.1 Unifilar HMMs

A highly useful additional property that one can require of a HMM is that of unifilarity
which guarantees that, given a start state and a sequence of observations, there is a unique
path through the internal states [4]. This, in turn, allows one to directly translate properties
of the internal Markov chain into properties of the observed behavior. General (non-unifilar)
HMMs, in contrast, typically have an exponentially growing number of possible state paths
for a linearly growing observation sequence, obviating most all quantitative connections

between internal dynamics and observations.

Definition 3. A finite-state, edge-labeled, unifilar HMM (uHMM) is a finite-state, edge-
labeled HMM with the following property:

e Unifilarity: For each state o € 8 and each symbol x € A there is at most one

outgoing edge from state o that outputs symbol x.

In automata theory, a uHMM may be called a probabilistic deterministic finite automa-

ton (probabilistic DFA) [232].

3.4.2 Minimal Unifilar HMMs

The minimal entropy uHMM of a process turns out to be the same as its minimal state
uHMM which turns out to be the e-machine of computational mechanics [55]. The states
of the e-machine, called causal states, are equivalence classes of histories that yield the
same predictions for the future. More explicitly, two histories % and &7 map to the same
causal state e(%F) = e(F7) = s iff Pr(X|F) = Pr(X %) = Pr(Xs).

Converting from a uHMM to its corresponding e-machine uses a variant of the familiar

state-minimization algorithm in automata theory [112].

3.4.3 The Finitary Stochastic Process Hierarchy

The finite-state models in these classes form a hierarchy in terms of the processes they can
generate [54]: Processes(e-machines) = Processes(uHMMs) C Processes(HMMs). That is,
finite HMMs generate a strictly larger class of stochastic processes than finite uHMMs.
The class of processes generated by finite uHMMs, though, is the same as generated by

finite e-machines.
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3.4.4 Continuous-time HMMs

In continuous time, transition rates are more appropriate fundamental entities than
transition probabilities. Continuous-time HMMs can often be obtained as the At — 0
limit of an edge-labeled HMM whose edges are parameterized by At, but the most natural
continuous-time HMM has a continuous-time generator GG of time evolution over hidden
states, with observables emitted as deterministic functions of the Markov chain, f : & — A.
Functions of a Markov chain |27, 26, [4, 251] are a sub-class of state-emitting HMMs, and
continuous versions of these are yet more particular. Yet, this class of processes is as
expressive as any physically realistic continuous-time HMM.

The rows of G each sum to zero, which is the continuous-time analogue of probability
conservation: over a finite time interval ¢, marginalizing over all possible observations, the

row-stochastic state-to-state transition dynamic is

,—Z—Wtoﬁto+t = etG .

The function of the Markov chain can also be given a matrix manifestation. For this
purpose—with d; ¢(s) as a Kronecker delta, |§,) as the column vector of all zeros except for
a one at the position for state s, and (Js| as the transpose (Js| = (|(5s>)T—We introduce

the continuous time observation matrices as the projectors:

Fm — Z 6a:7f(s) ’63> <6s| 5

sES

which sum to the identity: > _, Ty = 1.

3.5 Mixed State Presentations

We have just discussed HMM representations of a process, and have indicated that several
classes of HMMs (e.g., nonunifilar, unifilar, e-machine) can be used to generate the same
process. Moreover, within either the unifilar or nonunifilar model class, there are extensive
families of HMMs the describe the same process. This flexibility suggests that we can
create a HMM generator of a process that also tracks important supplementary information

in the hidden states or through well-crafted dynamics over the hidden states. The HMMs
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Figure 3.1: Simple examples to illustrate distinct classes of hidden Markov model, as
represented by their corresponding automatons. For any setting of the transition probabil-
ities p, ¢ € (0, 1) and transition rates a, b, c € (0, o), each HMM generates an observable
stochastic process over its alphabet A C {0, 1,2}—the latent states themselves are not
directly observable from the output process (hence, ‘hidden’ states). (a) Simple nonunifilar
source: nonunifilar because two edges going out from the same state generate the same
output. (b) (Non-minimal) unifilar HMM. (c¢) The minimal unifilar HMM for the stochastic
process generated. (d) The generator of a continuous-time stochastic process.

we are about to discuss, the mized-state presentations (MSPs), are a prime example of
this dualistic functionality. In particular, an MSP generates a process while tracking the
observation-induced distribution over the states of another generative model of the process.
As we will show in § 3.6] tracking distributions over the states of another generator
makes the MSP an ideal algebraic object for closed-form complexities involving conditional
entropies (which invoke conditional probabilities). We have seen in § and § that
many complexity measures of predictability and predictive burden are indeed framed as
conditional entropies, and so MSPs will be relevant to their closed-form solutions.
Mixed states were already implicit in Ref. [27], introduced in their modern form by
Ref. [259], and have been used recently, e.g., in [58, [76]. Most of these efforts, however,
have used mixed-states in the specific context of the synchronizing MSP (8-MSP), which
we discuss in detail later. A greatly extended development of mixed-state dynamics appears
in Ref. [75]. Different information-theoretic questions will invoke different mixed-state
dynamics, each of which is a unifilar presentation. Utilizing the mathematical methods
developed here, we find that the desired closed-form solution are often simple functions
of the transition dynamic of the appropriate MSP. The spectral character of the relevant

MSP controls the behavior of information theoretic quantities. Here, we review only the
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subset of the mixed-state theory required in the following.

Consider a HMM presentation M = (8, AAT®} e u, 7r) of some process in statistical
equilibrium. A mixed state 1 could be any distribution over &, but the uncountable set of
points in this simplex is infinitely more than we need in the calculation of many complexity
measures. For example, the set R, of mixed states that we use for the S-MSP are those
induced by all allowed words w € £ C A* from initial mixed state 1y = =

W\T(w
R~
U (n| T 1)

The cardinality of R, is finite when there are only a finite number of distinct probability
distributions over the states of M that can be induced by observed sequences if we start
from the stationary distribution .

If w is the first observation sequence to induce a particular distribution over &, then
we use the notation that this distribution is denoted by n*. For example, if the two
observation sequences 010 and 110110 both induce the same distribution over &, and no
word shorter than 010 induces that distribution, then the mixed state will be denoted 719,
corresponding to the distribution (% = (x| TOTOTO) /(7| TOTOTO) 1),

Since a particular observation induces a unique updated distribution from a previous

distribution, the dynamic over mixed states is unifilar. Transition probabilities among

mixed states can be obtained via Eq. (3.2): If (n|T®™[1) > 0 and (r/| = % then
Pr(n/,z|n) = Pr(z|n) = (n|T™|1). These transition probabilities over the mixed states in
R, are the matrix elements for the observation-labeled transition matrices {W®},c 4 of

the 8-MSP of M:
8-MSP(M) = (R, A, {W )} cn,0r)

where 0, is the distribution over R, peaked at the unique start-(mixed)-state 7. The row-
stochastic net mixed-state-to-state transition matrix of S-MSP(M) is: W =3 _, W@
If irreducible, then there is a unique stationary probability distribution (my | over 8-
MSP(M)’s states obtained by solving (mw| = (mw|W. We will use R; to denote the
random variable for the state of the MSP at time ¢.
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More generally, we will need to consider a mixed state dynamic that can start from a
non-peaked distribution over the simplex. This may be counterintuitive, since a distribution
over distributions should correspond to a single distribution. However: the general MSP
formalism, with a non-peaked starting distribution over the simplex, allows us to consider
a weighted average of behaviors originating from disparate histories—which is distinct
from considering the behavior originating from a weighted average of histories. This more
general MSP formalism arise in the closed form solutions for the bound information, to
appear elsewhere, which has been enabled by the following mathematical developments.

Finally, we emphasize that similar linear algebraic constructions—where hidden states
track relevant information—that are nevertheless not MSPs are just as important for
answering a different set of questions about a process. Since the other constructions are

not directly about predictability and prediction, we report on these findings elsewhere.

3.6 Identifying the Hidden Linear Dynamic

We are now in a position to identify the appropriate hidden linear dynamic for many
questions of complexity. In part, this section addresses a very practical need for specific
calculations. It should, however, also serve a broader purpose: outlining a method to
identify the hidden linear dynamic behind any question from an even broader class at the
frontier of complex systems science.

Identifying the linear dynamic means identifying the linear operator A such that a
question of interest can be reformulated as either the cascading form (-|A™|-) or as an
accumulation of such cascading events. For better or worse, many well-known questions of
complexity can be mapped to these simple forms. And so, we now proceed to uncover the

hidden linear dynamics of the cascading questions approximately in the order they were
introduced in §
3.6.1 Simple Complexity from any Presentation

For observable correlation, any HMM transition operator will do as the linear dynamic.
We simply observe, let time (or space) crank forward, and observe again. Let us make this

more rigorous.
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Recall the familiar autocorrelation function. For a discrete-domain process it is [202]:
V(L) = <7tXt+L>t )

where L € Z and the bar denotes the complex conjugate. The autocorrelation function is

symmetric about L = 0, so we can focus on L > 0. For L = 0, we simply have:

<7tXt>t = Z ’.T|2 PI'(Xt = :B)
zeA

=D laf* (x| T (1) .

€A

For L > 0, we have:

V(L) = (X Xe11),
= Z Z f(f/ PI'(Xt =X, Xt+L = LE,)

zeAz'cA
= E E Ta' Pr(xs---xx')
——
rzeAz'cA L—1 xs

= Z Z za' Z Pr(zwz’) .

zeAzr'eA weAL—1

Each ‘x” above is a wildcard symbol denoting indifference to the particular symbol observed

in its place. That is, the xs denote marginalizing over the intervening random variables.
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We develop the consequence of this, explicitly calculating |I| and finding:

=> > @ Y (x| TWTWTE) 1)

zeAx'cA weAL-1

=38 @ (x| T(“)< S T(“’)>T(m/) 1)

zeAx'c A weAL-1
L—-1

= Z Z 72’ (7| T (@) <H Z T(-%’))T(x/) 1)

zeAx'cA =1 z;€A

——
=T

—ZZ:U:U (r| T@TL1TED 1)

zeAx'eA
= (7| (ZET@»TLA( Z x’T(x,)) 1)

€A z'eA

The result is the autocorrelation in cascading form (-|T%|-), which can be made extra
transparent by subsuming time-independent baggage on the left and right into the bras
and kets. Introducing the new row vector

(rA| = < Z T
€A
and column vector
AL = (32T 1)
zeA

the autocorrelation function for nonzero integer 7 is simply:
Y(L) = (rA| T | AT) (3.3)

Clearly, the autocorrelation function is a direct (albeit filtered) signature of iterates of the
transition dynamic of any presentation of a process.
This result can easily be translated to the continuous time setting. If the process is

represented as a deterministic function of a continuous-time Markov chain, and we make

L Averaging over t invokes unconditioned word probabilities that must be calculated using the stationary
probability 7 over the recurrent states. Effectively this ignores any transient non-stationarity that may
exist in a process, since only the recurrent part of the HMM presentation plays a role in the autocorrelation
function. One practical lesson is that if T has transient states, they might as well be trimmed prior to
such a calculation.
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the translation that:

(TA| = W\(Z$F> and |Al) = (fo)ﬂ ,

€A €A

then the autocorrelation function for any 7 € R is simply:
v(1) = (nA| eH1¢ | A1) . (3.4)

Again, the autocorrelation function is a direct fingerprint of the transition dynamic over
the hidden states.
The power spectrum is a modulated accumulation of the autocorrelation function; with
some algebra, one can show that it is:
N

P(w) = lim % SO (N = (L) y(L) ek

N—oo
L=—N

In [202], we show that the continuous part of the power spectrum, for discrete-domain

processes, is simply:
P(w) = {Jz|*) + 2Re (wA| (eI —T) " | A1) (3.5)

where Re(+) denotes the real part of its argument and [ is the identity matrix. Or, for

continuous-domain processes:
P.(w) = 2Re (nA| (iw] — G)™" | A1) . (3.6)

Although useful, signatures of pairwise correlation are only first-order complexity
measures. Common measures of complexity that include higher orders of correlation can
also be written in the simple cascading form, but will require a more careful choice of

representation.

3.6.2 Predictability from MSP of any presentation

Any HMM presentation allows us to calculate a process’s block entropy:

H(L) = H[XoX: ... X1 1]
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using Eq. but, due to the exponentially growing number of words in £ N A~ at
a computational cost that is exponential in L: O (|S |3L|A|L). Consequentially, using a
general HMM one cannot directly nor efficiently calculate many key complexity measures,
including a process’s entropy rate and excess entropy. These limitations motivate using
more specialized HMM classes.

For example, it is known that the entropy rate h, can be calculated directly from any
unifilar presentation [4]. Also, we can calculate the excess entropy directly from a process’s
uHMM forward and reverse states [58, [76]: E = I[y; Y] =1IS8*;87].

However, efficient computation of myopic entropy rates remained elusive until recently,
and we have only just found their closed-form solutions. Myopic entropy rates h,(L) are
important because they represent the apparent entropy rate of a process if it is modeled
as a finite Markov order-(L — 1) process—a type of approximation made commonly in the
sciences. Crucially, the difference from the true entropy rate of the process, h, (L) — h,,,
is the surplus entropy rate incurred by using an order-L — 1 Markov approximation.
Besides an apparent loss of predictability, the excess entropy rate associated with such
an approximation can lead directly to errors in inferred physical properties, such as over-
estimated dissipation that would be associated with the surplus entropy rate assigned to a
physical thermodynamic system [31].

Unifilarity, it turns out, is not enough to calculate h, (L) directly. Conditioning on
histories gave a clue as to the hidden linear dynamic. In particular, the $-MSP of any
presentation was the missing link. Much of this subsection follows Ref. [75].

The length-L myopic entropy rate is the expected uncertainty in the L™ random

variable X _1, given the preceding L — 1 random variables Xg.;,_1:

h,(L) = H(L) — H(L — 1)
=H [XO;L|770 = 7T] —H [XO:L—1|7]0 = ﬂ
=H [XLA’ XO:Lfl‘nO = 7T] —H [XO:L71|770 = 7T]

=H [XL—1|XO:L—17770 = 7T] ) (3-7)

where we explicitly give the initial condition of ignorance: Without taking any observations
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we can only assume that the initial distribution 7y, over M’s states is the expected
asymptotic distribution 7. For a mixing ergodic process, for example, even if another
distribution 1y = o was known in distant past, we still have (no| = (n_y| T — (7|, as
N — o0.

Assuming an initial probability distribution over M’s states, a given sequence of
observations induces a particular sequence of updated state distributions. That is, 8-
MSP (M) is unifilar regardless of whether M is unifilar or not. Or, in other words, given the
8-MSP’s unique start state—7R, = m—and a particular realization Xy.;_; = w’~! of the
last L — 1 random variables, we end up at the particular mixed state Rp_1 = n,c-1 € R.
Moreover, the entropy of the next observation is uniquely determined by M'’s state

distribution, suggesting that Eq. (3.7]) becomes:
H[Xp 1| Xop-1,m0 =7 = H[X, 1|Rp-1,Ro =7,

as proven elsewhere [75]. Intuitively, conditioning on all of the past random variables
of observation is equivalent to conditioning on the random variable for the distribution

induced by particular sequences of observation.

We can now recast Eq. (3.7)) in terms of the S-MSP, finding:

hu(L) =H [XL,1| RLflaRO = 7T]

=Y Pr(Ri1=nRo=m)H[X;1|Rp_1 =1

NER
= (6| W5,
NER~
X = {6, W (1) log, (6, W) |1)
zeA

= (0| W H(WA))
where

[HWA) == 16,0 Y (6,] W& [1) log, (6,| W |1)

NER~ z€EA

is simply the column vector whose i'" entry is the entropy of transitioning from the %

state of 8-MSP. Importantly, |H(W+)) is independent of L.
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Notice that taking the logarithm of the sum of the entries of the row vector (4, W
via (6,| W@ |1) is only permissible since 8-MSP’s unifilarity guarantees that W®) has at
most one nonzero entry per row. (We also use the familiar convention that 0log, 0 = 0
[46].)

The result is the particularly compact and efficient expression for the length-L myopic

entropy-rates:
hu(L) = (6| WETHH(WH)) (3:8)

where all one must do is compute the powers of the MSP transition dynamic. The
computational cost is now only linear in L: O(L|R,|*). Moreover, W is very sparse,
especially with a small alphabet A, and so the computational cost can be reduced even
further with optimization.
With %, (L) in hand, the hierarchy of complexity measures that derive from it immedi-
ately follow, including h,,, E, and T [62]. For example:
h, = lim h,(L) ,

L—oo

E=> [h(L)-h and

L=1

T = iL[hu(L) —h) .

=1
We will discuss these quantities more and give their closed-form expressions after introduc-
ing the meromorphic functional calculus.

3.6.2.1 Continuous time?

We have seen that correlation measures are easily extended to the continuous-time domain
via continuous-time HMMs. Information measures of complexity, though, are awkward in
continuous time, although progress has been made recently towards understanding their
structure [168, [165].

This roadblock may seem puzzling since continuous-time nonequilibrium (or equilib-
rium) thermodynamics can be non-problematically reformulated in information-theoretic

terms. The difference is that, in thermodynamics, information quantities are over a set
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of simultaneous observables rather than a temporal sequence of observables; taking the
limit of continuous time doesn’t change what is instantaneously observable although it
wreaks havoc on information-theoretic measures of sequential expression. In nonequilib-
rium thermodynamics, there is still a temporal aspect, but this goes into updating the
distribution over hidden states, which leads to an evolving entropy over instantaneous

observables [199]. Explicitly, the thermodynamic entropy is:

S = kg H((Xo.n)el (Yo ) —ooit) (3.9)

where kg is Botzmann’s constant, (Xo.x); is the random variable for the N degrees of
freedom for the system under study at time ¢, (Yp.p1) oo 1S the entire history of the
length-M vector of environmental boundary conditions up to the present time ¢, and H(-)
in this case is the Shannon entropy in units of nats [I99]. Hence, the linear dynamic
associated with nonequilibrium thermodynamic entropy is the dynamic over distributions
(over states that produce the observable configurations of the system) induced by the
environmental boundary conditions. In steady state, this reduces to the time-independent
entropy of the stationary distribution over all configurations of the system, kg H(Xq.x).
A large class of nonequilibrium thermodynamic systems can be reformulated in terms
of HMMs [15], 30}, 199, 201]. Many have already considered using Markovian dynamics or
explicit Markov models in thermodynamics, but using hidden Markov models allow new
analysis for transitions atop nonequilibrium steady states—for example, the first exact

calculations for excess thermodynamic quantities [201].

3.6.3 Synchronization from MSP of generating model

If the physical state-space is known, then the 8-MSP of the generating model allows one
to keep track of the observation-induced distributions over states of the generative model,
naturally leading to closed-form solutions to questions about synchronizing to states of
the system.

Expressing the myopic state uncertainty, H(L) = H[So| X _L.0], in terms of the 8S-MSP,
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one finds [75]:

H(L) = — Z Pr(w) ZPY(O‘|’LU) log, Pr(o|w)

weAL ceS
= Z Pr(Ry = n|Ro = m) Hln] .
NER~

Here, H[n| is the presentation-state uncertainty specified by the mixed state 7:

Hn] = - Z (ndo) logy (n|ds) (3.10)

c€ES
where |0,) is the length-|S| column vector of all zeros except for a one at the appropriate
index of the presentation-state o.
Continuing, we re-express H(L) in terms of powers of the S-MSP transition dynamic:

H(L)= Y (&l W"[5,) HIn

NERx
= (0| W [H[n]) . (3.11)
Here, we defined:
[Hn)) = Y 16,) Hn],
nER~
which is the L-independent length-|R | column vector whose entries are the appropriately
indexed entropies of each mixed state.

The forms of Eqs. and highlight that h,(L + 1) and H(L) differ only in
the type of information being evolved: observable entropy or state entropy, as implicated
by their respective kets. Each of these entropies is reduced by the distributions induced
by longer observation.

Paralleling h,, (L), there is a complementary hierarchy of complexity measures that are
built from functionals of #(L). These include the asymptotic state uncertainty H and

excess synchronization information S’, to mention only two:

H= Lh_r}(}o H(L) and
S' =) [H(L)-H] .
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Compared to the h, (L) spin-offs, H and S’ mirror the roles of h, and E, respectively.

The state-complexity of the model, C(M) = H(0) = (0, |H[n]), also has an analogue
in the h,(L) hierarchy: the alphabet complexity of the process: H[Xy] = h,(1) =
(0r | H(WH)).

3.6.4 Optimal prediction from MSP of e-machine

We just reviewed the linear underpinnings of synchronizing to any model of a process.
However, the myopic state uncertainty of the e-machine has a distinguished role in telling
the synchronization cost for optimal prediction of the output, regardless of the model
that generated it. Using the S-MSP of the e-machine, the myopic state uncertainty of the

e-machine can be written in direct parallel to the myopic state uncertainty of any model:

HY(L) = — Z Pr(w) Z Pr(o|w)log, Pr(o|w)

weAL oceSt
= Z Pr(Rr = n|Ro = m) H[n]
neRt
= (6| W [H[n]) .

where we use the script W to emphasize that this is now the the state-to-state transition
dynamic of the MSP of the e-machine specifically.

Paralleling (L), an obvious hierarchy of complexity measures is built from functionals
of HT(L). For example, the state-complexity of the e-machine is the statistical complezxity
C,, = H"(0). The information that must be obtained to synchronize to the causal state
and thus optimally predict—the causal synchronization information—is given in terms of
the S-MSP of the e-machine by S = >"7° H™(L).

An important difference for e-machines is that they have zero asymptotic state uncer-

tainty:
HT=0.

Therefore, S = S'(e-machine). Moreover, we conjecture that S = minpy Y ;. ,H(L) for

any presentation M that generates the process, even if C,, > Cj,.
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3.6.5 Beyond the MSP

Many of the complexity measures introduced have used a mixed-state presentation (with
particular focus on the 8-MSP) as the appropriate linear dynamic. However, we want
to emphasize that this is a testament to the questions that have become popular, and is
not indicative of the general answer that one should expect in the broader approach to
finding the hidden linear dynamic. Here, we hope to give a brief eye-opener for what other
linear dynamics can look like for different types of questions of complexity, which we have
uncovered recently, primarily in as-yet unpublished work.

For example, we have found a reverse-time mixed-functional presentation (MFP ##
MSP) of any forward-time generator. The MFP tracks the reverse-time dynamic over linear
functionals |n) € Ry = {%}w (linear functionals of state distributions) induced
by reverse-time observations. The MFP allows direct calculation of the convergence of
the preparation uncertainty Y(L) = H(Sy| Xo.1) via powers of the linear MFP transition
dynamic. The preparation uncertainty gives a new perspective on the transient information
since 77, (H(Sy|Xo:) — x) = T can be interpreted as the predictive advantage of
hindsight. The myopic process crypticity x(L) was previously introduced [160], where
x(L) = YWH(L) — H*(L). Since limy_,o, HT(L) = HT = 0, the asymptotic crypticity is
x = WH+HT =", We now glean a refined partitioning behind the sum Y 7" (X —
x(L)) =S —T >0.

Crypticity x = H(Sy | Xo.00) itself is only non-zero if the process’ cryptic order,

k=min{¢ € {0,1,...} : H(S|X_r) = 0} ,

is non-zero. The cryptic order is always less than or equal to its better known cousin, the

Markov order,
R=min{l€{0,1,...} : H(S]|X_¢0) = 0} ,

since conditioning (on future observations Xj.,, in the case of cryptic order) can never
increase entropy. Since the reverse causal state at time 0, §;, is a linear combination of

forward causal states [I58, [159], the forward-time cryptic operator presentation, which

[s7)n™] .
(U C

gives the forward-time observation-induced dynamic over the operators O € {
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s e S, (" € Ry, (n"|s™) > 0} allow new calculations regarding the convergence
to crypticity that implicate Pr(S;|X _r.o). However, the cryptic operator presentation
is just a special case of the more general myopic bi-directional dynamic over operators
(ONS {% S (Y] € Ra, ) € Ra, (n*n™") > 0} induced by new observations of
either the future or the past, relevant for understanding the interplay between forgetfulness
and shortsightedness, Pr(Sq| X _ .0, Xo.v)-

Another construction, the quantum pairwise merger machine (QPMM) gives quantum
probability amplitudes on the edges of a topology derived from the e-machine. The QPMM
exactly quantifies how a classical process can be generated with less memory using quantum
mechanics [203]. Although the QPMM is not quite a HMM, its linear transition dynamic
is manipulated in much the same way as discussed here.

The list goes on. For example, detailed bounds on entropy rate convergence can
be obtained from the transition dynamic of the so-called possibility machine, beyond
the asymptotic result obtained in Ref. [249]. As another example, the importance of
post-synchronized monitoring, as quantified by the information lost upon negligence over
a duration ¢, b, (¢) = I(Xo.0; Xt:00| X —oc:0), has been pinned down using a modified type of
MSP.

These examples all find an exact solution via a parallel theory to that outlined in
this chapter, applied to the linear dynamic appropriate for the corresponding question
of complexity. Furthermore, these examples demonstrate the new opportunity, enabled
by the associated mathematical developments, to ask and answer more nuanced and thus

more directed questions about structure, predictability, and prediction.

3.6.6 The end?

In some sense, our goal is done: we have identified the appropriate transition dynamic for
common questions of complexity and, by some standards, have given formulae for their
exact solution. But the work so far has all been in preparation. Although we have set
ourselves up nicely for linear analysis, closed-form expressions for all of the complexity
measures still await the developments of the following sections. Concomitantly, at the

level of qualitative understanding and scientific interpretation we have so far failed to give
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answers to the simple questions:

e What is the range of possible behaviors that these complexity measures can exhibit?
and the natural follow-up question:

e What are the mechanisms that produce qualitatively different behaviors?

In the following section, we review the recently developed functional calculus that allows
us to actually decompose arbitrary functions of the nondiagonalizable hidden dynamic to
give conclusive answers to these fundamental questions. We expose the range of possible
behaviors and identify the internal mechanisms that give rise to qualitatively different
contributions to complexity.

Our investment in the next sections will allow us to express new closed-form solutions
for many complexity measures beyond what we have been able to achieve so far. Besides
the obvious calculational advantage, this also yields new insights into the possible behavior
of the complexity measures and, moreover, their unexpected similarities with each other.
In many ways, the results will shed new light upon what we were (implicitly) probing with
complexity measures that we thought we knew. Constructively, the new understanding will
suggest extensions from complexity magnitudes to complexity functions that succinctly
capture the organization of all orders of correlation. As intuition for pairwise correlation
can grow out of a power spectrum, so too can this extension unveil the viscera of both the

predictability of a process and the burden of prediction.

3.7 Spectral Theory beyond the Spectral Theorem
Here we briefly review the requisite theory from Ref. [198] necessary for the subsequent
development.

3.7.1 Spectral Primer

We will restrict our attention to operators that have at most a countably infinite spectrum.
Such operators share many features with finite-dimensional square matrices, and so we will

review some elementary but essential facts that will be used extensively in the following.
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Recall that if A is a finite-dimensional square matrix, then A’s spectrum is simply its

set of eigenvalues:
AA:{)\EC:det()\I—A):O} ,

where det(+) is the determinant of its argument.

For reference later, recall that the algebraic multiplicity ay of eigenvalue \ is the power
of the term (z — A) in the characteristic polynomial det(z/ — A). In contrast, the geometric
multiplicity gy is the dimension of the kernel of the transformation A — Al or the number
of linearly independent eigenvectors for the eigenvalue. The algebraic and geometric
multiplicities are all equal when the matrix is diagonalizable.

Since there can be multiple subspaces associated with a single eigenvalue, corresponding
to different Jordan blocks in the Jordan canonical form, it is structurally important to
introduce the index of the eigenvalue to describe the depth of its deepest associated

subspace.

Definition 4. The index vy of eigenvalue X is the size of the largest Jordan block associated

with \.

The index gives information beyond what the algebraic and geometric multiplicities
themselves yield. Nevertheless, for A € Ay, it is always true that vy — 1 < ay — gy < a) — 1.
In the diagonable case, ay = g, and vy = 1 for all A € A4.

The resolvent,
R(z;A) = (21 — A",

defined with the help of the continuous complex variable z € C, captures all of the spectral
information about A through the poles of the resolvent’s matrix elements. Indeed, the
resolvent contains more than just the spectrum: the order of each pole gives the index of
the corresponding eigenvalue.

Each eigenvalue A of A has the associated projection operator Ay, which is the residue

of the resolvent as z — \:
1

Ay = — R(z;A)dz . 3.12
A 971 s (Za )Z ( )
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The residue of the matrix can be calculated element-wise.

The projection operators are orthonormal:
A\Ae = 0 cAn, (3.13)

and sum to the identity:
I = Z A, . (3.14)
AEA 4

For cases where v, = 1, we have found that the projection operator associated with A
can be calculated as:

Ay = H (’i__?)yc ify, =1. (3.15)

CEA 4
CH#A

Not all projection operators of a nondiagonalizable operator can be found directly from
Eq. (3.15) (since some of them will have index larger than one). However, if there is only

one eigenvalue that has index larger than one—the almost diagonalizable case treated

in §[3.12.5(—then Eq. (3.15)), together with the fact that the projection operators must

sum to the identity, does give a full solution to the set of projection operators. Next, we

consider the general case, with no restriction on v,.

3.7.2 Eigenprojectors and right and left eigenvectors and gener-

alized eigenvectors

In general, the eigenprojectors can be obtained from all left and right eigenvectors and
generalized eigenvectors associated with the eigenvalue. Given the n-tuple of possibly-
degenerate eigenvalues (Ag) = (A, Ay, ..., \y), there is a corresponding n-tuple of

my-tuples of linearly-independent generalized right-eigenvectors:

(O™ (A, o (AT )

where:

Ay = (A A2 )
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and a corresponding n-tuple of my-tuples of linearly-independent

generalized left-eigenvectors:

(O D, (S Dz, o (D)

where:
(D = (O] O], 1)
such that:
(A= M) DY) = A7) (3.16)
and:
A (A = Nd) = (A7) (3.17)

for 0 < m < my — 1, where |)\§-0)> — 0 and ()\;0)| = 0. Specifically, |)\,(€1)> and </\,(€1)| are
conventional right and left eigenvectors, respectively.
Recall that eigenvalue A € A4 corresponds to g, different Jordan blocks, where g, is

the geometric multiplicity of the eigenvalue A. Indeed:

n:ng.

AEA 4
Moreover, the index v, of the eigenvalue A is the size of the largest Jordan block corre-

sponding to A:
V) = max{(s,\7)\kmk}’,z:1 .

Most directly, the generalized right and left eigenvectors can be found as the nontrivial

solutions to:
(A= ND)™ [Ny =0
and:

AWM A=- D™ =0,
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respectively. Imposing appropriate normalization, we find that:
A = 65 40m4mmy i1 (3.18)

Crucially, right and left eigenvectors are no longer simply related by complex-conjugate
transposition, and right eigenvectors are not necessarily orthogonal to each other. Rather,
left eigenvectors and generalized eigenvectors form a dual basis to the right eigenvectors
and generalized eigenvectors. Somewhat surprisingly, the most generalized left eigenvector
()\;m’“)| associated with Ay is dual to the least generalized right eigenvector \)\S)> associated
with Ap. That is: (A A0y = 1.

Explicitly, we find that the projection operators for a nondiagonalizable matrix can be

written as:

n

Av =73 d ) (3.19)

k=1 m=1

3.7.3 Companion operators and decomposition of the resolvent

It is useful to introduce the generalized set of companion operators:
Ay = (A= A", (3.20)
for A € Ay and m € {0,1,2,...}. These operators satisfy the following semigroup relation:
AxmAcn = OxcAxmtn - (3.21)
Ay reduces to the eigenprojector for m = 0:
Ayo= Ay, (3.22)
and exactly reduces to the zero-matrix for sufficiently large m:
Aym =0 for m > v, . (3.23)

Crucially, we can rewrite the resolvent as a weighted sum of the companion matrices
{Ax .}, with complex coefficients that have poles at each eigenvalue A up to the index v

of the eigenvalue. That is:

l/)\—l

Rz 4) = 5 ) WAW. (3.24)

)\EAA m=0
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Ultimately this all allows us to evaluate arbitrary functions of nondiagonalizable

operators, which we show next. More details can be found in Ref. [198)].

3.7.4 Arbitrary functions of nondiagonalizable operators

The starting point for the meromorphic functional calculus [198], which gives meaning to
arbitrary functions f(-) of any linear operator A, is the Cauchy-integral-like formula:

AEZA 5o YR(z; A)dz | (3.25)
where C denotes a sufficiently small counterclockwise contour around A in the complex
plane such that no singularity of the integrand besides the possible pole at z = A is
enclosed by the contour.

Invoking Eq. (3.24) yields the desired formulation:

=> ZAM 27”]{ %dz. (3.26)

XEA L M=0

Hence, with the eigenprojectors {Ax}rea, in hand, evaluating an arbitrary function of the
nondiagonalizable operator A comes down to the evaluation of several residues.

Typically, the evaluation of Eq. requires less work than one might expect when

looking at the equation in its full generality. For example, whenever f(z) is holomorphic

(i.e., well behaved) at z = A, the residue simplifies to ;- fCA (Z_f/\(;)nH dz = L fim(N),
where f(™()) is the m'™ derivative of f(z) evaluated at z = \. However, if f(z) has a pole
or zero at z = A, then it crucially changes the complex contour integration. In the simplest
case, when A is diagonalizable and f(z) is holomorphic at A4, the matrix-valued function
reduces to the simple form: f(A) = 37, f(A) Ax. Moreover, if A is non-degenerate,
then A, = ﬁ although (A| here should be interpreted as the solution to the left
eigen-equation (\| A = X ()| and in general (| # (|]A\))T.

The meromorphic functional calculus agrees with the Taylor-series approach whenever
the series converges and agrees with the holomorphic functional calculus of Ref. [69]
whenever f(z) is holomorphic at A4. However, when both the previous functional calculi

fail, the meromorphic functional calculus extends the domain of f(A), in a way that is

crucial in enabling the following analysis. For example, we will show that within the
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meromorphic functional calculus, the negative-one power of a singular operator is the
Drazin inverse which effectively inverts everything that is invertible and appears ubiquitous

in the newfound solution to many complexity measures.

3.7.5 Evaluating the residues
How does one use this result? Eq. (3.26) says that the spectral decomposition of f(A)

reduces to the evaluation of several residues, where:

Res(g(z), z = ) = QLmjé g(z)dz .

So, to make progress with Eq. (3.26)), we must evaluate functional-dependent residues of
the form Res (f(2)/(z — \)™L 2z — \).
Recall that the residue of a complex-valued function g(z) around its isolated pole A of

order n + 1 can be calculated from:
1 : dn n+1
Res(g(z), z — )\) = - ll_}ﬁi pe [(z —A) g(z)} )

3.7.6 Decomposing A"
Using Eq. , we can explicitly derive the spectral decomposition of powers of the
operator A. For f(A) = A¥ — f(2) = z¥, 2 = 0 can be either a zero or a pole of f(z),
depending on the value of L. In either case, an eigenvalue of A = 0 will distinguish itself
in the residue calculation of AL via its unique ability to change the order of the pole (or
zero) at z = 0. For example, at this special value of A and for integer L > 0, A = 0 induces
S

poles that cancel with the zeros of f(z) = 2L, since 2% has a zero at z = 0 of order L. For

integer L < 0, an eigenvalue of A = 0 increases the order of the z = 0 pole of f(z) = 2.
For all other eigenvalues, the residues will be as expected. Hence, for any L € C:

vy—1 I
5 3 (o)

AeEA 4, m=0
A£0

Al =

vo—1
+[0 € AA] D OLmAA™ | (3.27)

m=0

where (é) is the generalized binomial coefficient:

(;) _ %i{l@ 1) with (g) 1 (3.29)
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and [0 € Ay4] is the Iverson bracket which takes on value 1 if zero is an eigenvalue of A
and 0 if not. Eq. (3.27) applies to any linear operator with only isolated singularities in
its resolvent.

If L is a non-negative integer such that L > v, — 1 for all A € A4, then:

L = L L—m
A=) (m))\ A (3.29)

AeA gy m=0
A#0

where (i ) is now reduced to the traditional binomial coefficient — ( ].ﬂm)!.

3.7.7 Drazin Inverse

The negative-one power of any linear operator—which is in general not the same as the

inverse inv(-) since inv(A) need not exist—is always defined via Eq. (3.27)) to be:

vy—1

A7 = T Y (DA T A (3.30)

AeA4\{0} m=0

Notably, when the operator is singular, we find that: AA=! =1 — A,.

This is the Drazin inverse AP of A, also known as the {1"°,2 5}-inverse [19]. (Note
that it is not the same as the Moore-Penrose pseudo-inverse.) Although the Drazin inverse
is usually defined axiomatically to satisfy certain criteria, here it naturally falls out as the
negative one power of a singular operator in the meromorphic functional calculus.

Whenever A is invertible, A~ is equal to inv(A). However, we should not confuse
this coincidence with equivalence, and there is no reason despite historic notation that
the negative-one power should in general be equivalent to the inverse—especially if an
operator is not invertible! To avoid confusing A™! with inv(A), we will use the notation
AP for the Drazin inverse of A. Still, A” = inv(A) whenever 0 ¢ A4.

Although Eq. is a constructive way to build the Drazin inverse, it suggests more
work than is actually necessary. Indeed, we have derived several simple constructions of
the Drazin inverse that requires only the original operator and the eigenvalue-0 projector.

For example, in Ref. [I98] we found that, for any ¢ € C\ {0}:

AP = (I — Ag)(A+cAp)™. (3.31)
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Later, we will also need the decomposition of (I — W)P, as it enters into many of our

closed-form complexity expressions. In Ref. [198], we showed that:
I-TP=[—-(T-T0)]" -1 (3.32)

for any stochastic matrix 7. If T is the state-transition matrix of an ergodic process,
then the RHS of Eq. becomes especially simple to evaluate since then 77 = |1) (7|
Somewhat tangentially, the result allows a connection with the ‘fundamental matrix’
Z = (I-T+T,)"! used by Kemeny and Snell [129] in their analysis of Markovian dynamics.
More immediately, Eq. will play a prominent role in upcoming derivations for excess

entropy and synchronization information. It will also be useful to give the explicit spectral

decomposition:

vy—1

= > Z —>\m+1 . (3.33)

AEAT\{1} m=0
3.8 Projection Operators for Stochastic Transition
Dynamics

The preceding employed the notation that A represents a general linear operator. In the
following examples, we reserve the symbol T' for the operator of a stochastic transition
dynamic, as in the state-to-state transition dynamic of a HMM: T'= 3" _ , T If the
state-space is finite and has a stationary distribution, then T has a representation that is
a nonnegative row-stochastic—i.e., all rows sum to unity—transition matrix.

We are now in a position to summarize several useful properties for the projection
operators of any row-stochastic matrix 7. Naturally, if one uses column-stochastic instead
of row-stochastic matrices, all results can be translated by simply taking the transpose of
every line in the derivations—recall that (ABC)" = CTBTAT.

The transition matrix’s nonnegativity guarantees that for each A € Ay its complex
conjugate X is also in Ap. Moreover, the projection operator associated with the complex
conjugate of \ is the complex conjugate of Ty: Tk = T).

If the dynamic induced by T has a stationary distribution over the state space, then

the spectral radius of T is unity and all of T”s eigenvalues lie on or within the unit circle in
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the complex plane. The maximal eigenvalues have unity magnitude and 1 € Ay. Moreover,
an extension of the Perron—Frobenius theorem guarantees that eigenvalues on the unit
circle have algebraic multiplicity equal to their geometric multiplicity. And, so, v, =1 for
all e {Ae Ar: |\ =1}

T’s index-one eigenvalue of A = 1 is associated with stationarity on the hidden Markov
chain. T’s other eigenvalues on the unit circle are roots of unity and correspond to

deterministic periodicities within the process.

3.8.1 Row Sums: 7)|1) =6,11)

If T is row-stochastic, then by definition:
Th)=11).

Hence, via the general construction of the eigenprojectors Eq. (3.19) and the general
orthogonality condition Eq. (3.18)), we find that:

Ty [1) = 6y, [1) . (3.34)

This shows that T”s projection operator 77 is row-stochastic, whereas each row of every
other projection operator must sum to zero. This can also be viewed as a consequence of

conservation of probability for dynamics over Markov chains.

3.8.2 Expected Stationary Distribution from 7T}
If a process has no deterministic periodicities (i.e., if unity is the only eigenvalue of Ay
on the unit circle), then every initial condition will lead to an asymptotic stationary

distribution. The expected stationary distribution 7, from any initial distribution a will

be:

(To| = lim {(a| T*
L—o0

=(a|T} . (3.35)

An attractive feature of Eq. (3.35)) is that it holds even for nonergodic processes—those

with multiple attractors.
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When the stochastic process is ergodic (has only one attractor), then a; = 1 and there

is only one stationary distribution 7 and the T} projection operator is:
Ty = [1) (x|, (3.36)

even if there are deterministic periodicities. Deterministic periodicities imply that different
initial conditions may still induce different asymptotic oscillations, according to {7} :
|A| = 1}. In the case of ergodic processes without deterministic periodicities, every
initial condition relaxes to the same steady-state distribution over the hidden states:
(7| = (| T1 = (7| regardless of «, so long as « is a properly normalized probability

distribution.

3.9 Spectra by inSpection: Useful rules for weighted
digraphs

As suggested in Ref. [T98], these new results extending spectral theory to arbitrary functions

of nondiagonalizable operators, presented above, allow a spectral weighted digraph theory

beyond the purview of ‘spectral graph theory’ proper. Moreover this theory enables new

analysis. In the next sections, we show how spectra and eigenprojectors can be intuited,

computed, and applied in the analysis of complex systems.

3.9.1 Eigenvalues by inspection

Suppose a directed graph structure has cascading dependencies: that a cluster of nodes
feeds back only among itself according to the matrix A, and feeds forward to another
cluster of nodes according to the feedforward matrix B (not necessarily a square matrix);
this second cluster feeds back only among itself according to the matrix C. The latter
cluster of nodes might also feed forward to another cluster of nodes, but such considerations

can be applied iteratively. The simple situation we have just described can be summarized
A B

(upon proper permutation of indexing) by a block matrix of the form: W = . In

0 C
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such a case, it is easy to observe that:

aetw —an ="M P Ao (3.37)
0 C -
and so Ay = A4 U Ae. This simplification presents an opportunity to read off eigenvalues
from clustered graph structures that often appear in practice, especially for transient graph
structures.
Cyclic cluster structures (say, of length N and edge-weights «; through ay) yield
especially simple spectra:
N-1

{(lj_[l ;) N (3.38)

n=0

i.c., the eigenvalues are simply the N*! roots of the product of all of the edge-weights.
Similar ‘rules’ for reading off spectra from other cluster structures can be constructed.
Although we cannot list them exhaustively here, we give another simple but useful rule in
Fig. which also indicates the ubiquity of nondiagonalizability in weighted digraph
structures. This second rule is suggestive of further generalizations where spectra can be

read off from common digraph motifs.

3.9.2 Eigenprojectors from graph structure

We have just discussed how clustered directed graph structures yield simplified joint
spectra. Is there any corresponding simplification of the projection operators? Indeed,
there is a nice simplification that allows for iterative construction of ‘higher-level’ projectors
from ‘lower-level’ clustered components. In contrast to the joint spectrum though, which
completely ignored the feedforward matrix B, the emergent projectors do require B to pull
the eigencontributions into the generalized setting. Fig. summarizes the results for the
simple case of non-degenerate eigenvalues. The general case can be constructed similarly.

The preceding implies a number of algorithms, both for analytic and numerical cal-
culations. Most directly this section points to the fact that the eigen-analysis can be
partitioned into a series of simpler problems that are later combined for the final solution.
However, in addition to more efficient serial computation, there are opportunities for nu-

merical parallelization of the algorithms to compute the eigenprojectors, whether they are

114



”/O\‘“O o aec)
| A

V2 .
\
1Y » BN
o o
TN

BN

(a) (b)

Figure 3.2: (a) Weighted digraphical representation of the feedback matrix A of a cyclic

, N-1
cluster structure, which would contribute eigenvalues A4, = { (Hf\il ai) VN ginm/N } with
n=0

algebraic multiplicities ay = 1 for all A € A4. (b) Weighted digraphical representation of the
feedback matrix A of a doubly cyclic cluster structure, which would contribute eigenvalues

1 N
Ay = {0} U { (O‘[(Hﬁ\; ﬁz‘) + (Hf\il %)D N+leﬁ7{ } with algebraic multiplicities ag =
n=0

N —1 and ay = 1 for A # 0. (Notice that this eigenvalue ‘rule’ depends on having the
same number of [-transitions as 7-transitions.) The 0-eigenvalue only has geometric
multiplicity of go = 1, so the structure is nondiagonable for N > 2; nevertheless, the
generalized eigenvectors are easy to construct. The spectral analysis of the cluster structure
in (b) suggests more general rules that can be constructed for reading-off eigenvalues from
digraph clusters; e.g., if a chain of o’s appears in the bisecting path.

computed directly, say from Eq. , or from right and left eigenvectors and generalized
eigenvectors. This automation will be useful for applying our analysis to real systems with
immense data produced from very high-dimensional state spaces.

With the general spectral theory now outlined, we proceed to the promised analysis of

commonly used measures of complexity.
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Figure 3.3: Construction of W-eigenprojectors from ‘lower-level’” A-projectors and C-

ﬁ g . Recall that (A — A)~! and (A] —C)~! can be constructed
from the lower-level projectors. For simplicity, we assume that the algebraic multiplicity
ax = 1 in each of these cases.

projectors, when W =

3.10 The Breadth of Possible Behaviors for Correla-
tion and Myopic Uncertainty

In light of Eq. (3.27), the autocorrelation function is simply a superposition of weighted
eigen-contributions. Most generally, the spectral decomposition of y(L) = (7. A| T/H=1|.A1)

for nonzero integer L is:

V(L) = Z i (mA| Ty m |AL) <|L|Tn_ 1) A\ Ll=1=m

XeAT m=0

A#£0
vo—1 L

+[0 € Ar] > (mA| ToT™ |AL) 61 —1.m (3.39)
m=0

=7 (L) + (L) - (3.40)

We will denote the persistent first term of Eq. (3.39) as ~.., and note that it can be
summarized by: v..(L) = (r A|TPTTH-1|A1) = (r A| TPTIH | A1), where TP is the

Drazin inverse of the transition matrix 7'. We will denote the ephemeral second term as
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Y—., which can be written as: v_.(L) = (mA| ToTWI~1 | A1), where T, is the eigenprojector
associated with the eigenvalue of zero (Tp = 0 if 0 ¢ A7).

From Eq. , it is now apparent that the index of the zero eigenvalue of T' gives a
finite horizon contribution (v_.) to the autocorrelation function. Beyond v of T', the only
L-dependence comes via a weighted sum of terms of the form ('Ly‘n_l)A'L‘_l_m—polynomials
in L times decaying exponentials. The set {(wA| T\, |A1)} simply weighs the amplitude
of these contributions. In the diagonalizable case, the behavior of autocorrelation is simply
a sum of decaying exponentials .

Similarly, in light of Eq. and Eq. (3.27), we find the most general spectral
decomposition of the myopic entropy rates h, (L) = (6| WL |H(W4)) to be:

ha(L) =) Z_: (52| Wi |H(WA)) (L - 1) \L-1-m

XAy m=0 m
A#0
vo—1
+[0 € Aw] D> Spcm (02| WoW™ [H(WH)) (3.41)
m=0
=h.(L)+h(L). (3.42)

We will denote the persistent first term of as h.., and note that it can be summarized
by: ho (L) = (6| WPWWEL | H(WA)) = (6| WPWE |H(W)), where WP is the Drazin
inverse of the mixed-state-to-state net transition dynamic W. We will denote the ephemeral
second term as h_,, which can be written as: h_.(L) = (0| WoWLL|H(W4)).

From Eq. , it is now apparent that the index of the zero eigenvalue of W
gives a finite horizon contribution (h_,) to the myopic entropy rate. Beyond vy of W,
the only L-dependence comes via a weighted sum of terms of the form (anl) N—tmm
polynomials in L times decaying exponentials. The set {(d:| Wy, |H(W*))} simply
weighs the amplitude of these contributions. For stationary processes we anticipate that,
for all ¢ € {\ € Aw : [N = 1, X # 1}, (6] W, = 0 and thus (6| W, |H(W#A)) = 0; hence
we can save ourselves from superfluous calculation by excluding the non-unity eigenvalues
on the unit circle when calculating the myopic entropy rate for stationary processes.

In the diagonalizable case, the behavior of autocorrelation is simply a sum of decaying

exponentials A%
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In practice v_, is very often zero whereas h_, is very often non-zero. This practical
difference between v_, and h_, stems from the difference between typical graph structures
of the respective dynamics. For a generic transition dynamic for a stationary process,
zero eigenvalues (and thus v4(7")) of T typically come from hidden symmetries in the
dynamic. In contrast, the MSP of a generic transition dynamic often has tree-like ephemeral
structures that are primarily responsible for the zero eigenvalues (and v5(W)). Nevertheless,
despite their practical typical differences, the same mathematical structures appear and
contribute to the most general behavior of each of these cascading dynamics.

The breadth of possible behavior qualitatively shared by autocorrelation and myopic
entropy rate is common to the solution of all questions that can be reformulated as a
cascading hidden linear dynamic; H* (L) is just one of many other examples. But, as we
have already seen, different measures of a process yield the signatures of different linear
operators.

Next, we expose the similarity in the qualitative behavior of asymptotics, and discuss

the implications for correlation and entropy rate.

3.10.1 Asymptotic correlation

From the spectral decomposition, it is apparent that the autocorrelation converges to some
constant value as L. — oo, unless T" has eigenvalues on the unit circle besides unity itself.
This is under the assumption that v is finite, which is true for all processes generated by a
finite-state HMM and also many infinite-state HMMs. If unity is the sole eigenvalue with
a magnitude of one, then all other eigenvalues have magnitude less than unity and their

contributions decay to negligibility for large enough L. Explicitly, if argmax,c, . [A| = {1},
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then:

vy—1
— -1 L—1-m
Lh_rélo’y hm Z Z (A TAm].Al)( ))\

)\EAT m=0
A0

= <7TZ| Ty | A1)
= (mA| 1)(r |A1)

Above, we used the fact that v; = 1 and that—for an ergodic process—T1 = |1) (|
If other eigenvalues in A7 beside unity exist on the unit circle, then the autocorrelation

approaches a periodic sequence as L gets large.

3.10.2 Asymptotic entropy rate

By the Perron—Frobenius theorem, v, = 1 for all eigenvalues of W on the unit circle.

Hence, In the limit of L — co we obtain the asymptotic entropy rate for any stationary

process as:
hy = lim (L) (3.43)
= lim NTH(S | W | H(WAY) (3.44)
L—o0 Nerw
IAl=1
= (| W1 [HWA)) (3.45)

since, for stationary processes, (3| W, = 0 for all ( € {A € Ay : [\| = 1, X # 1}. For
non-stationary processes, this limit may not exist, but h, may still be found in a suitable
sense as a function of time. If the process has only one stationary distribution over mixed

states, then Wy = |1) (m/|, and:
= (mr [HOWA)) (3.46)

where 7y is the stationary distribution over the states of W, found either from (my | =

(0] W1 or from solving (mw | W = (mw|.
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A simple but interesting example of when ergodicity is not the case, is for the multi-
armed bandit problem, where any realization is drawn from a distribution over different
biased coins (or over any other collection of IID processes) [47, 24, 63]. More generally,
there could be many different memoryful structured attractors that any realization chooses
amongst, with a probability distribution atop the space of attractors. In the case of
many attractors (numbering the algebraic multiplicity a(7) = a;(W)), we have the
stationary mixed state eigenprojector Wi = > 7% |1x) (1| with (1;]1x) = d;%, and the

entropy becomes:

a

= (G| 1) (15 [H(WA)) (3.47)

iy

k=1
<h£Lattractor k) > ) (348)

Above, (0| 1;) can be interpreted as the probability of ending up in attractor k£ while
(1x |H(W)) can be interpreted as the entropy rate for sequences generated within attractor
k. Thus, the entropy of the process may not be the same as the entropy of any particular
realization if a process is non-ergodic. Rather, the entropy of the process is a weighted
average of the entropies for the ensemble of sequences that constitute the process.

For unifilar M, the topology, transition probabilities, and stationary distribution over
the attracting set of states is the same for both M and its 8-MSP. Hence, we have for
unifilar M:

hy, = (mw [HW™))
(r|H(TH)) . (3.49)

One can easily show that Eq. is equivalent to the well known closed-form expression
for h,, for unifilar presentations:
(rlH(TA) = = Pr(o) > Y T log,y(T12) . (3.50)
ceS z€Ao’'eS
For nonunifilar presentations, however, we must use the more general result of Eq. .
This is similar to the calculation in Eq. , but must be performed over the recurrent

states of a mixed-state presentation.
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3.11 Accumulated Transients for Diagonalizable Dy-

namics

In the diagonalizable case, autocorrelation, myopic entropy rate, and myopic state uncer-
tainty reduce to a sum of decaying exponentials. Correspondingly, we could find the power
spectrum, excess entropy, and synchronization information respectively via geometric

progression.

For example, if W is diagonalizable and has no zero eigenvalue, then the myopic entropy

rate reduces to:

ha(L) = 37 (Gl Wi [H (W) A

AEAW
= (G| WA [HWA) + > N (0 Wa [HWH))
AEAY,
IAl<1

where (8,| Wy |[H(W+)) is identifiable as the entropy rate h,,.

It then follows that the excess entropy is:

L=1
=D > AT WA HWA)
L=1 XeAy
IAl<1
= > (G WAlHWA) Y A
AEAW, L=1
A|<1 ——
:ZEO:OAL:ﬁ
1
=y m<5ﬂ|WA\H(WA)> : (3.51)
AEAY,
IAl<1

Note that larger eigenvalues (closer to unity magnitude) make the denominator 1 — A
closer to zero and, thus, make ﬁ larger. Hence, larger eigenvalues—modes of the mixed-
state transition matrix that are slow to decay—have the potential to make the largest
contributions to excess entropy. Small eigenvalues—modes of the mixed-state transition
matrix that are quick to decay—cannot make much of a contribution to excess entropy.

Stepping away from the language of eigenvalues, one can paraphrase the implicit lesson as:
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slowly decaying transient behavior (of the distribution over distributions over the state of
a process) has the most potential to make a process appear complex.

Moreover, the transient information is:

T= i L [hu(L) - hu]

=3 3T LA (o W [H (W)

L=1 XeAy
IA]<1
= Y (G WA [HWA) Y LAM!
AEA W, L=1
[Al<1 N——

=Yi A= (S50 W)= (25) =y

= 3 o W)

<1
We now see that the transient information is very closely related to the excess entropy,
differing only via the square in the denominators. This comparison between E and T
closed-form expressions suggests an entire hierarchy of informational quantities based on
eigenvalue weighting.

Performing a similar procedure for S’ shows that:

o0

S'=> [H(L)-H]

L=0

D ICALALIPS

L=0 AeAy
[A<1

= > G WalH[) > A

AEAY,
IA|<1

= > Gl W)

AEAW
AI<1
The expressions reveal a rather remarkable close relationship between S’ and E. Define
(1 = 22720 (0x] WL, Then:
1
1= —— (0| W .
< ’ Z 1 — )\ < ’ A

AEAY,
IA<1
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The relationship is now made plain:

E = (-|H(W4)) and
S' = (-|H[n]) .

Although a bit more cumbersome, perhaps better intuition emerges if we rewrite (:| as
(f Pr(n, L)dL].

Again, large eigenvalues—slowly decaying modes of the mixed-state transition matrix—
can make the largest contribution to synchronization information; small eigenvalues
correspond to quickly decaying modes that do not have the opportunity to contribute. In
fact, the potential of large eigenvalues to make large contributions is a recurring theme
for many questions one has about a process. Simply stated, long-term behavior—what
we often interpret as “complex” behavior—is dominated by a process’s largest-eigenvalue
modes.

However, a word of warning must be attached. Although large-eigenvalue modes have
the most potential to make contributions to a process’s complexity, the actual set of largest
contributors also depends strongly on the amplitudes {(d| W |...)}, where |...) is some
measure-vector of interest; e.g., |...) = [H[n]), |[H(W#)),|1), or the like.

Hence, there is startling similarity between E and T and another startling similarity
between E and S’—at least this is hinted at under the assumption of diagonalizability. We
would like to know the relationships among these quantities in general. However, deriving
the general closed-form expressions for accumulated transients is hardly tractable by this
approach. Rather, to derive the general results, we perform the meromorphic functional

calculus directly at an elevated level, as we demonstrate next.

3.12 Exact Complexities and Complexity Spectra for
Nondiagonalizable Dynamics

We now derive the most general closed-form solutions for several complexity measures,

from which the others should become obvious. Before carrying this out, we define several
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useful objects. Let p(A) to be the spectral radius of the matrix A:

p(A) = max |A| .

AEA 4
For stochastic W, we define A,y to be the set of eigenvalues with unity magnitude (since

p(W) = 1):

We also define

Q=W -W, (3.52)
and
Q=W - > IW). (3.53)
AN, (w)

Eigenvalues with unity magnitude that are not themselves unity correspond to perfectly
periodic cycles of the state-transition dynamic. By their very nature, such cycles are
restricted to the recurrent states. Moreover, we expect the projection operators associated

with these cycles to have no net overlap with the start-state of the MSP. So, we expect:
(6, Wy =0 for all A € A,y \ {1} . (3.54)
Hence:
(0] QY = (5] Q" . (3.55)
We will also use the fact that, since p(Q) < 1,
iQL:(I—Q)‘l ;
L=0
and furthermore:
(0 (1 = Q)" = (0| (1 = Q)"

as a consequence of Eq. (3.54]) and our spectral decomposition.
We have seen that the complexity measures associated with prediction all take on a
similar form in terms of the 8-MSP state-transition matrix, and so we expect to encounter

similar forms for generically nondiagonalizable state-transition dynamics.
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3.12.1 Excess Entropy

We are now ready to develop the excess entropy in full generality. Calculating, we find:

E

[hu(L) - h#]

(6| WEH H(W) — (6| Wi [H(WH))]

(6| WE [H(WA)) = (6| Wy |[H(WA))]

M I1Me E02 T

(O] [(W = W) = S oWh] [H(WH))
=Q

T
o

— {6 Wi [H(W™)) f} 0x| QY [H(WH))

L=0

=hy =(0x IQL

_ (5 (i QL) [H(WA)) ~ b,

= (0| (I = Q" [HWH)) = hy,
= (0| (I = Q)" [HW)) = hy .

Note that (I — Q)~' = inv(] — Q) here, since unity is not an eigenvalue of Q. Indeed,
the unity eigenvalue was explicitly pulled out of the former matrix to make an invertible

expression. For an ergodic process, where W, = |1) (my|, this becomes:
= (0| (I =W +[1) (mw| ) [H(WH)) = hy, . (3.56)

Computationally, Eq. is wonderfully useful. However, the h, subtracted off the end
of the expression is at first quite mysterious. Especially so, when compared to the nice
result for the spectral decomposition of the excess entropy in the diagonalizable case in
Eq. (3.51)).

From Eq. (3.32)), we see that the general solution for E takes on its most elegant form
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in terms of the Drazin inverse of I — W:

E = (0:| (I = Q)" [HWH)) — h,
= (0| (I = Q)" \H(WA»—(%IWMH(WA))
= (0 [ = Q)" = W] [HWH))
= {0zl (

6| (I —=W)P|HWA)) . (3.57)

From Eq. (3.57) and Eq. (3.33), we see that the past—future mutual information—
the amount of the future that is predictable from the past—has the general spectral
decomposition:

vy—1

= 2 Z - m+1 (0| Wi [H(WH)) . (3.58)

AeAw\{1} m= 0
3.12.1.1 Persistent excess

In light of Eq. (3.42)), it should be clear that there are two qualitatively distinct contributions

to the excess entropy E = E.. + E_,: One is the persistent leaky contributions from all L:

E.= f: [ho(L) = hy) (3.59)
0| WPW (I — W)P |H(WH)) (3.60)

and the other is a completely ephemeral piece that contributes only up to W's zero-

eigenvalue index vg:

Vo

i hoo(L) =Y h_(L) (3.61)

L=1

= (0| Wo(I — W)P|H(WA)) . (3.62)

3.12.2 The Excess Entropy Spectrum

Equation (3.57) immediately suggests that we generalize our notion of the excess entropy
scalar complexity measure to a complexity function with continuous part defined in terms

of the resolvent—something like (0,| (I — W)=t |[H(W)). | Such a function would not

2 However, there is ambiguity surrounding the appropriate generalization of the excess entropy. There
are many functions that we could invent that approach the excess entropy as we let frequency go to zero. For
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only say how much of the future is predictable, but would go much further to unveil
the timescales of interdependence among the predictable features within the observations.
Directly taking the z-transform of h, (L) comes to mind, but we would like to avoid having
to track both real and imaginary parts (or, alternatively, both the magnitude and complex
phase). To ameliorate this, we consider the transform of a closely related function that
contains the same information.

Let dh be the two-sided myopic entropy convergence function defined by:

(

H(X0|X_‘L|+1:0) for L <0 ,

dh(L) = < log,(A) for L =0 ,and (3.63)

H(X(]’Xl:L) for L >0 .
\

For stationary processes, it is easy to show that H(Xo|X_r11.0) = H(Xo|X1.1), with the

result that dh is a symmetric function. Moreover, dh then simplifies to:
idh(L) = hu([L]) , (3.64)

where h,(0) = log,(.A) and, as before, h, (L) = H(X|X;.1) for L > 1 with h,(1) = H(X;).
The symmetry of the two-sided myopic entropy convergence function dh guarantees
that its Fourier transform is also real and symmetric. Explicitly, the continuous part of

the Fourier transform turns out to be:
dhe(w) = R+ 2Re (6:] (eI — W) L |H(WA)) | (3.65)

a strictly real and symmetric function of the angular frequency w. Here, R is the
redundancy of the alphabet R = log, |A| — h,, as in Ref. [62]. The transform, dh, also

has a discrete impulsive component; for stationary processes this consists solely of the

example, directly calculating from the meromorphic functional calculus, we find: lim, o Re (0| (eI —
W)~V [H(WA)) = E — Lh,, but we are challenged to make sense of the facts that Re (3| (eI —
W)~HH(WA)) + 1h, is not necessarily positive at all frequencies. Another direct calculation shows that
lim,,_,0 Re (0| e (eI — W)~ 1 | H(WA)) = E+ 1h,. Enticingly, Re (0| ™ (eI — W)~ |[HWA))— Lh,
appears to be positive over all frequencies for all examples checked. Which, if either, hints at the appropriate
generalization? As we will see, the Fourier transform of the two-sided myopic entropy convergence function
will make our definition of £(w) interpretable and of interest in its own right.
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Dirac delta function at zero frequency:

E}/ld(w) = 27h,, Z O(w + 27k) ; (3.66)

kEZ

recall that the Fourier transform of a discrete-domain function is 27-periodic in the angular
frequency w. This delta function is associated with the non-zero offset of the entropy
convergence curve of entropic processes. The full transform is ﬂ(w) = dh, (w) + dhy (w).

Direct calculation using the meromorphic functional calculus of Ref. [I98] shows that:
, 1
lim Re (0] (™1 — W) ' HWA) =E — S - (3.67)
w—

This motivates the introduction of the excess entropy spectrum E(w):

E(w) = L(dh(w) — R+ h,) (3.68)

Re (0] (€1 — W) |[H(WA)) + $h,, . (3.69)

The excess entropy spectrum immediately displays important frequencies of apparent
entropy reduction. For example, leaky period-5 processes, should have a period-5 signature
in the excess entropy spectrum.

As its predecessors, the excess entropy spectrum also has the natural decomposition

into it’s two qualitatively distinct parts:
E(w)=EL(w) +E(w) . (3.70)

The excess entropy spectrum can serve as an intuitive and concise summary of the
complexities associated with the predictability of a process. For example, given a graph of
the excess entropy spectrum, the past—future mutual information can be read off as the

height of the continuous part of the function as it approaches zero frequency:

E :})ii%g(w)
=& w=0).

Indeed, the limit of zero frequency is necessary because of the delta function in the Fourier

transform at exactly zero frequency:

RV o
hu—ll_{%ﬂ_ _eg(w)dw.
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In some sense, the delta function represents one of the reasons why the excess entropy had
been difficult to compute in the past. This can also shed light on the role of the Drazin
inverse: to remove the infinite asymptotic accumulation to yield the contribution of the
interesting transient structure of entropy reduction.

Notice the spectral decomposition of the excess entropy spectrum:

vy—1 A
S(W):)\ZA: ZOR < O ’?ﬁfggﬁ )>> (3.71)

_ OZ cos((m + 1) w) (6| WoW™ [H(WH))

m=0

vy—1 A
g o (L)

)\EAw\O m=0

where, in the last equality, we assume that W is real. This shows that, in addition to
the contribution of typical leaky modes of decay in entropy reduction, the zero-eigenvalue
modes contribute uniquely to the excess entropy spectrum. In addition to Lorentzian-like
curves from leaky periodicities in the MSP, the excess entropy spectrum also contains sums
of cosines up to a frequencies of 1 that corresponds to the depth of nondiagonalizability

for the MSP—the duration of ephemeral synchronization in the time domain.

3.12.3 Synchronization Information

Once expressed in terms of the 8-MSP transition dynamic, the derivation of the excess

synchronization information S’ closely parallels that of the excess entropy, only with a
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different |-) appended to the end of each line. To wit:

$'=3 (L) -7
_ Li) [(0:| WH |Hn)) — (6| Wi |H n))]
e (5] [(M)L—(SL,OWJ | H [n])

L=0 =Q
M%H_;L%%%IH[ n))

= el (30 0°) ) -

= (0| (I = Q) [H[) —H
= (0| (I=Q) [H) —H .
For an ergodic process where Wy = |1) (my|, this becomes:
S = (6| (I =W + (1) (mw| )" |H[l) —H . (3.73)

From Eq. (3.32), we see that the general solution for S’ takes on its most elegant form

in terms of the Drazin inverse of I — W:

Ol (I = Q) [Hnl) —H

0x| (I = Q)" [H[n]) — (6= W1 |H[n])

Oc| [(I = Q)" — Wi | H[n])

0| (I =W)P [H[n)) - (3.74)

From Eq. (3.74) and Eq. (3.33)), we see that the excess synchronization information

has the general spectral decomposition:

vy—1

= > Z oy (0| Wam [H[n]) - (3.75)

AeAw \{1} m= 0
Again the form of Eq. (3.74) suggests generalizing synchronization information from a
complexity measure to a complexity function §(w), which, in this case, would be simply

related to the Fourier-transform of the two-sided myopic state-uncertainty H(L).
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3.12.4 Power Spectra

The extended complexity functions that we have introduced, £(w) and 8(w), can give the
same intuitive understanding for entropy reduction and synchronization respectively as
the power spectrum P(w) gives for pairwise correlation. Recall that the power spectrum

can be written as:
Po(w) = (Jz*) + 2Re (1 A| (*T — T) ™" |A1) .

We see that (e“] —T) " is the resolvent of T evaluated along the unit circle z = e for
w € [0,27). Hence by the decomposition of the resolvent, Eq. (3.24)), the general spectral
decomposition of the continuous part of the power spectrum will be:

vy—1
()23 Y e TA DAL

ezw _ m+l
AeAr m=0 )

As with £(w) and 8(w), all continuous frequency dependence of the power spectrum again
lies simply and entirely in the denominator of the above expression. Analogous to the
discovery in Ref. [204], the delta functions of the power spectrum arise from the eigenvalues

of T that lie on the unit circle:

oo

Py(w)= > > 2m6(w—wx+ 2rk)Re(A™" (r A T\ |A1)) |

k=—o00 A€AD
[A=1

where wy is related to A by A = ¢“*. An extension of the Perron-Frobenius theorem
guarantees that the eigenvalues of T on the unit circle have index v, = 1.
Together, these equations yield structural constraints via constrained functional forms

that can be useful for the ‘inverse problem’ of inferring the process from measured data.

3.12.5 Almost Diagonalizable Dynamics

The nondiagonalizable structures that will appear most commonly in the meta-dynamics
induced by analysis will be of a special form we call ‘almost diagonalizable’: when all
besides possibly one of the eigenspaces (usually the eigenspace associated with A = 0) are

diagonalizable subspaces.
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In the current setting, we will say that a matrix is almost diagonalizable if all of its
eigenvalues with magnitude greater than zero have geometric multiplicity equal to their

algebraic multiplicity:
Definition 5. W is almost diagonalizable if and only if gx = ay for all X € AY = Aw\{0}.

Fortunately, we can treat this type of non-diagonalizability relatively easily using the
results of the spectral decomposition of W for singular matrices. First off, Eq. (3.27)
simplifies to:

vo—1

WE= " NWa+ > W™ (3.76)
m=1

AEAW

To obtain the projection operators associated with each eigenvalue in A}S for an almost

diagonalizable matrix W, we use Eq. (3.15) with vy =1 for all X € A‘\,g. Finding;:

W\ W — (I
ceny)
C#X

for each A\ € A};. Or, when more convenient in a calculation, we let vy — a9 — go + 1 or
even vy — ag in Eq. , since multiplying W) by W/ has no effect.

With the set of projection operators for all A € A‘\;}, we can use the fact that the
projection operators sum to the identity (Eq. ) to determine the projection operator

associated with the zero eigenvalue:

Wo=1- ) Wy,
AEAL)

Note that often this is sometimes simpler and easier to automate than evaluating W, via
the methods of symbolic inversion and residues, or finding all left and right eigenvectors
and generalized eigenvectors.

Almost diagonalizable metadynamics will play a prominent role for prediction of both
processes of finite Markov order and the much more general class of processes with broken
partial symmetries that can be detected within a finite epoch of observation—the precesses

of finite symmetry-collapse discussed next.
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3.12.6 Processes of Finite Markov Order vs.

Processes of Finite Symmetry Collapse

What if zero is the only eigenvalue in the transient structure of the MSP for a process?
That is, what if there are no loops in the 8-MSP transient structure? These turn out to
be finite Markov order processes.

For processes with finite Markov order R—such as, those whose support is a subshift

of finite type [146]—the entropy-rate approximates converge for £ > R + 1 [62]:
h,(€) —h, =0 for{ > R+1, (3.78)
or, equivalently, for L > R:
(6| WE|HWAY)) — (m |[HWA)) =0 for L >R .

For a finite-order Markov process, all MSP transient states must have identically zero
probability after R time-steps. The only way to achieve this is if the 8-MSP’s transient
structure is an acyclic directed graph with all probability density flowing away from
the unique start-state down to the recurrent structure. This means that all eigenvalues
associated with the transients are zero. Moreover, the index of the zero-eigenvalue of the

e-machine’s 8-MSP is equal to the Markov order for finite Markov-order processes:

In contrast, for stochastic processes whose support is a strictly sofic subshift [146],
the Markov order diverges, but vy can vanish or be finite or infinite. Yet in either the
finite-type or sofic case vy still tracks the duration of exact state-space collapse within the
transient dynamics of synchronization. This suggests that v, captures the index of broken
symmetries for strictly sofic processes, in analogy to the Markov order for subshifts of
finite type; indeed the name “symmetry-collapse” captures the essence of v4’s role in both.

In the first vy time-steps, symmetries are broken that synchronize an observer to
the process. For the simple period-two process ...010101010... the “symmetry” is the
degeneracy of possible phases. After a single observation, the observer learns the phase

and is completely synchronized to the process. Hence vy = 1 for this order-1 Markov
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process. Simple periodic processes with larger periods have a longer time before the phase
information is necessarily fully known; hence their larger Markov order.

For more sophisticated strictly sofic processes, there may also be some symmetries, such
as phase information, that are completely broken within a finite amount of time, but this is
only part of the larger transient metadynamics of synchronization. Hence the symmetries
completely broken within the symmetry-collapse epoch can be in addition to lingering
state uncertainties about a strictly sofic process. As a practical matter, the predictability
of a process is often drastically enhanced through the finite epoch of symmetry-collapse.

This should become apparent in the examples to follow.

3.13 Coronal Spectrograms

Coronoal spectrograms, recently introduced in Ref. [204] (in that case, to visualize how
diffraction patterns of chaotic crystals emanate from the spectrum of the hidden dynamic
of the stacking process), are a broadly useful tool in visualizing complexity spectra, from
power spectra to excess entropy spectra.

Coronal spectrograms display any frequency-dependent measure f(w) of a process
wrapped around the unit circle while showing the eigenvalues A4 of the relevant linear
dynamic within the unit circle of the complex plane. An example is given in Fig. [3.4a
This setup works for discrete-domain (e.g., discrete-time or discrete-space) dynamics. For
continuous-time dynamics, the coronal spectrogram unwraps—via the typical discrete-to-
continuous conformal mapping of the inside of the unit circle of the complex plane to the
left half of the complex plane [I40]—into what we call the coronated horizon. We show a
discrete-time version of the coronated horizon in Fig. [3.4b] Ultimately, either the coronal
spectrogram or coronated horizon yields the same information and same important lesson:
the eigenvalues of the hidden linear dynamic control the allowed behavior of the system.

Coronal spectrograms show undeniably that complex behavior under study behave
according to the spectrum of the hidden linear dynamic. In each area of application,
the relevant frequency-dependent measure f(w) emanates from the non-zero eigenvalues

of the hidden linear dynamic—the closer to the unit circle, the sharper the possible
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peaks in the observation; yielding Bragg-like reflections (delta-function contributions)
when the eigenvalues are actually on the unit circle. The collection of diffuse peaks
is a sum of Lorentzian-like and what we might call ‘super-Lorentzian’-like line profiles.
Indeed, the Lorentzian-like line profiles are the discrete-time version of a Lorentzian curve:
whereas the continuous-domain Lorentzian is given by Re(w—fA), the continuous-to-discrete

conformal mapping w — €™ directly yields our discrete-domain analogs: Re(ﬁ). The

‘super-Lorentzian’-like line profiles have the form: Re[(emc_ /\)”}

Zero eigenvalues can also contribute to frequency dependence of f(w), but only con-
tribute sinusoidal contributions of discrete increments from cos(w) up to cos(vyw). Since
such contributions are qualitatively distinct from the super-Lorentzian contributions and do
not emanate radially from the eigenvalues the same way that non-zero eigenvalues emanate,
we find that the coronal spectrograms are most useful for understanding the contributions
of non-zero eigenvalues to the observation. Nevertheless, the two contributions can be
usefully disentangled, as shown later.

We will use both coronal spectrograms and coronated horizons to visualize various

results in the following examples.

3.14 Examples
3.14.1 (R-k)-Golden Mean Process Family

We will use the (R—k)-Golden Mean family of processes to demonstrate the features of
finite Markov order in relation to measures of complexity E] This process family describes
a unique transition-parametrized process for each Markov-order R € {1/ el :v> 1} and
each cryptic-order k € {/{ €Z:1<k< R}. The e-machine for the (4-3)-Golden Mean
Process is shown in Fig. [3.54] from which the construction of all other (R-k)-Golden Mean

processes should be clear. In summary: the alphabet for any (R—k)-Golden Mean process

3As a historical aside: the name ‘Golden Mean’ comes from a well-known source of the (1-1)-Golden
Mean language which forbids two consecutive 1s: the symbolic dynamics of the chaotic one-dimensional
shift map over the unit interval with generating partition, when the slope of the map is the golden mean
=1+ % = % + @ [277]. Moreover, consistency with the stationary stochastic process so generated
would imply 1 — p = 1/¢. Generalizing to arbitrary p, and especially to arbitrary R and k takes us afar
from this historical setting, into a sufficiently general setting to study the generic behavior of order-R

Markov processes and the complexities of predicting them.
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(a) A coronal spectrogram combines the eigenvalues A4 of the hidden linear dynamic together
with a frequency-dependent function f(w) of the process by wrapping f(w) around the unit circle.
It then becomes evident that f(w) emanates from the eigenvalues.

6}
5,
P(w) at
7 — 3|
2,
—_ 1F
@ - OLM
1.0 ‘ ‘ .

08b S e e 00 e e ® ]

‘ = oaf ]

moxofmoImog § § & o 0.2 R
0.0

! ! ! i ! ! !
51 31 Tn 0 ™ ™ 31
ks 27 27 iy 5 == ™
1 2 1 4 2 1
w

(b) A coronated horizon combines the frequency-dependent function f(w) of the process together
with the eigenvalues A 4 of the hidden linear dynamic by unwrapping the unit circle. Again, it is
evident that f(w) emanates from the eigenvalues.

Figure 3.4: Pictorial introduction to the (a) coronal spectrogram and (b) coronated horizon.
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(a) The (4-3)-GM Process of
the (R-k)-Golden Mean family
with 0 < k = 1n(() < R =
vo(W) < oo. Members of this
family have finite but tunable
Markov-order R and cryptic-
order k.
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(b) The (4-3)-GP-(3) Pro-
cess of the (v9(W)-k)-Golden
Parity-(P) family, with 0 <
E =19 < W) <R =
oo whenever P > 1. Mem-
bers of this family have infinite
Markov-order R, tunable finite
cryptic-order k, and tunable fi-
nite symmetry-collapse index

V(](W).
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(c) The (4-3)-GPZ-(3-3) Pro-
cess of the (ry(W)-10(())-
Golden Parity-(P-Z) family
with 0 < I/()(C) < I/[)(W) <
k = R = oo whenever Z > 1.
Markov-order is infinite when-
ever either P or Z is larger
than one. Cryptic-order is infi-
nite when Z > 1. Members of
this family have finite but tun-
able symmetry-collapse index
vo(W) and cryptic index vo(().

Figure 3.5: Process families useful for understanding the roles and interplay among Markov-
order R, cryptic-order k, the ‘symmetry-collapse index’ vo(W) of the zero eigenvalue of
the synchronizing dynamic over mixed states, and the ‘cryptic index’ 14(() of the zero
eigenvalue of the cryptic operator presentation. We always have k& < R and v5(¢) < vo(W).

Whenever Ay, = ArU{0}, R is finite, R = 1p(W) and k = 14(¢). Whenever A,

= ArU{0},

k is finite whether or not R is, and k = 14({). When k or R is infinite, the cryptic index
and symmetry-collapse index pick up more nuanced features of the cryptic dynamics and

synchronization dynamics.
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is A = {0, 1}; if the most recent history consists of at least k consecutive Os (and no 1s
since then) then there is a probability p of next observing a 1—which will necessarily
entail R consecutive 1s followed by at least k£ consecutive Os—and a probability 1 — p of
simply seeing another 0.

The eigenvalues of the net state-to-state transition matrix of the recurrent component

of the e-machine are:
Ar={AeC: (A= (1-p)A*1=pl.

In the limit of p — 1, each (R—k)-Golden Mean becomes a perfectly periodic pro-
cess. In this limit, the eigenvalues become evenly distributed on the unit circle: Ay —

{emm/ (R+’“)}R+k_1 as p — 1. At the other extreme, all eigenvalues, besides the stationary

n=0

eigenvalue at z = 1, evolve towards zero as p — 0. At any setting of the transition
parameter p, the non-unity eigenvalues lie approximately on a circle within the complex
plane whose radius decreases nonlinearly from 1 to 0 as p is swept from 1 to 0; meanwhile,
the center of this circle moves from the origin to some positive real value and back to
the origin as p is swept from 1 to 0. In Fig. 3.6, we show how the eigenvalues of the
(5-3)-Golden Mean Process evolve over the full range of p as it is swept from 1 to 0.

In contrast to the p-dependent spectrum of the recurrent structure just discussed, the
only eigenvalue corresponding to the transient structure of the 8-MSP is equal to zero,
regardless of the transition parameter p. Recall that this is necessarily true for any process
with finite Markov order. Hence, Ay, = Ar U {0}, with v5(W) = R. The cryptic structure
is similar: Ay = Ar U {0}, with 14(¢) = k, where ( is the state-to-state transition matrix
of the cryptic operator presentation.

In Table [3.3] the e-machines, autocorrelation, power spectra, MSPs, myopic entropy
rates, and myopic state uncertainties are compared for three p-parametrized examples of
(R—k)-GM processes.

The autocorrelation of each process reflects the ‘leaky periodic’ behavior, whose
leakiness originates from the self-transition at state A which adds a phase-slip noise to the
otherwise (R + k)—periodic behavior.

For each process, the phase of the process—and hence the latent state of the e-machine—
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0, Re(}))

Figure 3.6: The evolution of the eigenvalues A of the recurrent part of the e-machine for
the (5-3)-GM Process is shown within the unit circle of the complex plane; the trajectory
of each eigenvalue changes from thick blue to thin red as the transition parameter p evolves
from 1 to 0. In addition to the seven eigenvalues that move from the nontrivial eighth
roots of unity towards zero along nonlinear trajectories, notice the eigenvalue at z = 1
that does not evolve with p.

is fully resolved after R time-steps of observation. This corresponds to the depth of the
8-MSP tree-like structure v9(WW) = R, the complete reduction of the myopic entropy rate
h,(L) to the true entropy rate h, when conditioning on observations of finite block-length
L — 1 = R, and the complete extinction of causal state uncertainty H (L) after L = R

observations.
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Table 3.3: Select complexity analysis for processes of finite Markov order. Quantitative
data corresponds to p = 1/2.

As a paradigmatic example of finite Markov order, the (5-3)-Golden Mean Process has
strictly tree-like structure in the transient part of its MSP, with maximum depth equal to
both v(W) and the Markov order, 5.

We have now seen the typical behavior of complexity measures for processes of finite

Markov-order. We next investigate a simple process of infinite Markov-order to draw
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Table 3.4: Select complexity analysis for processes of infinite Markov order. Quantitative
data corresponds to p =1/2 and ¢ = 1/3.
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attention to the characteristic difference of non-zero eigenvalues in the transient structure

of the MSP of infinite Markov-order processes.

3.14.2 Even Process

The Even Process, shown in the first column of Table [3.4] is a well known example of a
stochastic process that cannot be fully described by any finite Markov-order approximation,
yet it accommodates an apparently simple two-state hidden-Markov model description.

Infinite Markov order, in this case, stems from the fact that only even numbers of
consecutive 1s are ever produced by the process. The resources necessary to track this parity
induce the infinite Markov order. Moreover, the surplus entropy rate h,(L)— h,, that would
be incurred upon using a finite order-(L — 1) Markov approximation is seen in Table
to decay to zero only asymptotically, as the sum of decaying exponentials. This is in clear
contrast to the behavior of the myopic entropy rate for the finite Markov order processes
of Table , for which h,(L) drops to h, exactly at L = R+ 1. Similarly, the average
state uncertainty H(L) for infinite Markov processes converges only asymptotically—and
with the same set of decay rates as h,(L)—to its asymptotic value of 0, although this
curve is not shown in Table for lack of space. Such everlasting decay is due to non-zero
eigenvalues in the transient structure of the S-MSP.

We have just considered a simple example of an infinite Markov-order process. As one
generically expects for processes of infinite Markov order, the transient structure of the
MSP had non-zero eigenvalues corresponding to it. In general, though, we should expect
both types of contributions within the architecture of synchronization (as encapsulated by
the transient structure of the MSP): a finite-horizon contribution to the past—future mutual
information corresponding to completely ephemeral zero eigenvalue contributions to the
transient structure of the MSP, and an infinite-horizon contribution to the past—future

mutual information arising from non-zero eigen-contributions.

3.14.3 The (»(W)—k)-Golden—Parity-(P) Process Family

To further explore the nature of infinite Markov order processes, we introduce the family

of (vo—k)-Golden—Parity-(P) processes, which subsumes and extends all of the example
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processes discussed so far. The role of each parameter is explained by Fig. [3.5b which
shows an automata representation of the e-machine for the (4-3)-GP-(3) process.

In the case where P = 1, the family reduces to the (vy—k)-Golden Mean process
family, with tunable Markov R = vo(W) and cryptic k orders. Le., (y(W)-k)-GP-(1) =
(vo(W)—k)-GM. However, the Markov order becomes infinite whenever P > 1, in which
case the index of the zero-eigenvalue of the 8-MSP v4(W) (which controls the finite
duration necessary to resolve all broken symmetries) and the cryptic order & can still be
tuned independently. The Even Process considered earlier is the (0-0)-Golden—Parity-(2)
Process.

Three examples of (vo(W)—k)-Golden—Parity-(P) processes are explored in Table
The transient structure of the 8-MSP for the second two examples should clarify the
difference between (1) the symmetry collapse associated with completely ephemeral
transient states that are fully depleted of probability density after v5(WV) time-steps and
(2) the everlasting leaky transients whose probability density only decays asymptotically
to zero as more refined ambiguity is resolved. Looking at the myopic entropy convergence
h,(L), the affect of these distinct routes to synchronization on the predictability is clear.
The process is much more predictable, on average, after vo(WV) time-steps. However,
the average predictability of an infinite-Markov-order process continues to increase with
increasing observation duration, albeit with exponentially diminishing returns. In general,
we have shown that this asymptotic convergence occurs as a sum of decaying exponentials
from diagonalizable subspaces, and polynomials-times-exponentials in the case of non-
diagonalizable structures associated with non-zero eigenvalues. The apparent oscillations
under the exponential decays are completely described by the leaky periodicities of the
eigenvalues in the transient belief states.

Finally, we note that the excess entropy spectrum shows the frequency domain picture
of observation-induced predictability. lim, o &(w) = E is the total past—future mutual
information, which is also the excess entropy observed before full synchronization. The
1o(W) symmetry collapse contributes significantly and quickly to the total excess entropy

of the last two examples, whereas the asymptotic tails of synchronization associated with
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leaky periodicity of certain transient states of uncertainty accumulate their contribution
to excess entropy rather slowly.

The general and broadly applicable theoretical results derived in this chapter—which
yield new aid to the intuition and new answers to real-world challenges—allow novel
numerical investigations and unprecedented analytical calculations for infinite-Markov-
order processes. As an example of the latter, let us quote several of the exact results that
can be derived—as shown in §for the (p, q)-parametrized (2-1)-GP-(2) process that
was explored in the second column of Table [3.4]

In § [3.16] we find that qualitatively distinct behavior dominates the (2-1)-GP-(2)
process depending on whether the transition parameter p is larger or smaller than 2,/q —gq.
As an instantiation of a general emerging principle, we find that the behaviorally distinct
regions are separated by a critical line in the (p,q)-parameter space along which the
transition dynamic 7" becomes nondiagonalizable. For p < 2,/q — ¢, the autocorrelation

for the (2-1)-GP-(2) process for |L| > 2 has the exact solution:

L) = % + B¢"2Re(¢ ™M) | (3.79)
2 .
where g = 230 ¢ = G20 0 = _L(p 4 g) +id\/Ag— (p+¢)% and we =
5+ arctan(ﬁ). The corresponding power spectrum is:

Plw)=—-24_4 2% [1—cos(w)}

1+p+2q 1+p+2q
$3 ¢ -
+ BRe(ew e 5) +om Y S(w+ 2rk) - (3.80)

k=—o00

For any parameter setting, the metadynamic of observation-induced synchronization
to the (2-1)-GP-(2) process is nondiagonalizable due to the index-2 eigenvalue of 0, which
leads to a completely ephemeral contribution to h,(L) up to L = 2. For L > 3, we find
the myopic entropy rate to asymptotically relax to the true entropy rate according to:

—plog p+(1+p) log(1+p)—2p pL/2 for odd L

ho(L) — h, = vR(ltptio) (3.81)
plogp—(1+p)log(1+p)+2 /2
(T+p+2q) p

for even L
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where the true entropy rate of the process is:

h, = ququfplogpll(;;;;q)log(kp*Q) ' (3.82)

Interestingly, while the autocorrelation at separation L scales as ~ ¢*/2, the predictability
of transitions between shifting histories of length L converges as ~ p“/>—two rather
independent length scales. The amount of the future that can be predicted from the past

is the total mutual information between the observable past and observable future:

1—p—q) log(1—p—q)—plog p—qlog g—(1—p) log(1—
E — (1=p—q)log(l1-p—q) 11>+pg+p2qq g g—(1—p) log(1—p) +log(1+p+2q) . (3.83)

However, to actually do this prediction requires more memory than this amount of shared
information. More such quantities and many more details can be found in § [3.16]

For further exploration, we note that if one’s interest lies in the investigation of
structure within processes of infinite-cryptic order, a more generalized family of processes,
the (vo(W)-10(())-GP-(P-Z) Process Family should be studied, where 14(¢) is the index
of the zero-eigenvalue of the cryptic operator presentation and the process has infinite
cryptic order whenever Z > 1. In the preceding, we always had Z = 1, and (vy(W)-15(())-
GP-(P-1) = (vo(W)-1(C))-GP-(P).

3.15 The Importance of Predicting Beyond-Pairwise
Structure: The RRX Process as a Paradigm for
Processes that Compute

The Random-Random-XOR Process (RRX Process) is a simple but non-trivial example of
information processing that hints at the general features of stochastic dynamic information
processing systems. The process can be interpreted as a repetitive implementation that
folds out over three time-steps: a 0 or 1 is output with equal probability, another 0 or 1 is
output with equal probability, and then the eXclusive-OR, operation (XOR) of the last
two outputs is output. The e-machine for the RRX Process is shown in Fig. [3.7
Surprisingly, there is no pairwise correlations in this process—all correlations are

higher than second order. One consequence is that the power spectrum for the process is
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Figure 3.7: e-machine of RRX process.

completely flat—yielding the apparent signature of white noise. This is shown in Fig. [3.8]
and would mislead the casual observer to conclude that the observed time series has no
structure when, in fact, it is only an indication that any structure must be hidden in
higher-order correlations.

Nevertheless, there is clearly information being processed in a consequential way.
Fortunately, the complexity measures we have discussed in this chapter will be able to
resolve this higher-order structure. The structure of hidden dependencies is detected by
the excess entropy spectrum, as shown in Fig. 3.12]

Let us briefly consider why the excess entropy spectrum was successful at detecting the
nuanced structure of the RRX process. It is sometimes stated that information measures
are superior to standard measures of correlation because they are able to capture nonlinear
dependencies. This has been suggested as a reason to consider the information correlation
[(Xo; X,) rather than autocorrelation [224]. It is natural to also consider the corresponding
generalization of the power spectrum; let us define the power-of-pairwise information

spectrum (POP information spectrum):
N
T(w) = —H(Xo) + lim Y e ™ I(Xy; X,) . (3.84)

N—o0
T=—N

However: again, the information correlation and POP information spectrum only capture
pairwise correlation. It is easy to compute that Z(w) = 0 for the RRX process. Hence, as

shown in Fig. [3.§ these measures are not sufficient to detect even simple computational
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Figure 3.8: The RRX process produces a flat power spectrum, and even a null POP
information spectrum, which could lead one to wrongly assume that the process is
structureless white noise if only pairwise correlations are considered.

structure.

The above detour through the information correlation and POP information spectrum
brings us to a deeper understanding of why the the excess entropy spectrum is successful
at detecting nuanced computational structure in a time series: Because the excess entropy
partitions all observable random variables throughout time, the excess entropy picks up any
systematic way that the past can influence the future; moreover the excess entropy spectrum
elucidates the frequency decomposition of any such linear or nonlinear correlations. All
multivariate interdependencies contribute to the excess entropy spectrum.

Let us now consider the hidden structure of the RRX process in more detail. With
reference to Fig. we observe that the expected probability density over causal states
cascades through the e-machine in a period-3 way, but the particular symbols drawn after
each phase resetting (to ¢ = 0) in a realization break the symmetries regarding which wings
of the structure are traversed. Correspondingly, the eigenvalues of 1" are the three roots of
unity {e™?%/3}2_ and two zero eigenvalues (with ao(T) = go(T) = 2 — vo(T) = 1).

The period-three-like structure implies a phase ambiguity in synchronizing to the
process that must be resolved in the transient structure of the MSP. The 8-MSP of the
RRX Process is shown in Fig. [3.9] There are 31 transient states of uncertainty, in addition
to the five recurrent states—36 states in total. Since we have derived the 8-MSP of the

e-machine in particular, W = W. Hence, the layout of the MSP intuitively shows the
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space allows simplified calculation of the spectrum. The graph structure is inherently
non-planar: the large blue recurrent state should be visualized as being behind the transient

states; it does not contain them.

Figure 3.9: MSP of e-machine of RRX process. Grayed out (and dashed) edges permanently

leave the states they came from;
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Figure 3.10: Ephemeral and persistent contributions to the myopic entropy rate. The
ephemeral contribution lasts only up to L = vo(W) = 2.

information processing involved with synchronizing to the process—the burden of an
optimal predictor who will asymptotically only need to learn an average of h, bits per
observation to fill in their knowledge of every particular about a realization.

The MSP introduces new zero eigenvalues in the transients. In particular, the first-
encountered tree-like transients (starting with mixed-state ) introduce new Jordan blocks
up to dimension 2. Overall, the 0-eigenspace of W has index 2, so that vo(W) = 2.

Two different sets of leaky-period-3 structures appear in the MSP transients. There
are four leaky three-state cycles, each with the same leaky-period-3 contributions to
the spectrum: {(1)"/3e™2"/ 3}i:0. There are also four leaky four-state cycles, each with
a leaky-period-3 contribution and symmetry-breaking 0-eigenvalue contribution to the
spectrum: {(1)!/3¢in2r/ 3}Z:0 U {0}. The difference in eigenvalue magnitude ((1)/3 vs.
(%)1/ 3) implies different timescales of synchronization associated with distinct learning
tasks. An immediate lesson is that it takes longer (on average) to escape the 4-state
leaky-period-3 components (from the time of arrival) than to escape the preceding 3-state
leaky-period-3 components of the synchronizing metadynamic.

Figs. and reveal the sophisticated predictable structure that could not have
been surmised from the bleakness of Fig. [3.8] Fig. [3.11] emphasizes the dominance of

the slowest-decaying eigen-modes for large L. Such oscillations under the exponential
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Figure 3.11: The tails of the myopic entropy convergence shown in Fig. decay according
to two different leaky period-three envelopes, corresponding to the two qualitatively different
types of transient synchronization cycles in the MSP of Fig. [3.9] One of the transient
cycles has a relatively fast decay rate of r, = (1/4)'/3, while the slower decay rate of
r1 = (1/2)'/% dominates h,(L)’s deviation from h,, at large L.

convergence to synchronization are typical among processes. However, as seen in com-
parison with Fig. [3.10] much of the uncertainty may be reduced before this asymptotic
mode becomes dominant. Ultimately, synchronization to prediction may involve important
contributions from all modes of the mixed-state-to-state metadynamic.

As information processing becomes more complex, we anticipate that a vanishing
amount of the structure in the output will be observable at low-orders of correlation.
Indeed, logical computation, as implemented by universal logic gates, primarily operates
above pairwise correlation. Hence, there is great motivation to move beyond measures of
pairwise correlation to recognize hidden structure and to utilize higher-order structural
investigations to better understand the information processing critical to the functionality

of biological and engineered processes.

3.16 Example analytical calculation

Here we explicitly demonstrate the analytic calculations necessary to obtain the closed

form complexity measures for the (p, g)-parametrized (2-1)-GP-(2) process, which we have
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Figure 3.12: Excess entropy spectrum for RRX, together with the eigenvalues of the 8-MSP
transition matrix WW. Among the power spectrum, POP information spectrum, and excess
entropy spectrum, only the excess entropy spectrum is able to detect structure in the RRX
process since the structure is beyond pairwise. The eigen-spectrum of the MSP of the
RRX e-machine and the excess entropy spectrum both indicate that the RRX process is
indeed structured, with both ephemeral symmetry breaking and leaky periodicities in the
convergence to optimal predictability.

already explored visually in the second column of Table This appendix is primarily
pedagogical, to promote insight and to better render particular calculational steps, and so

will explicitly demonstrate a wide variety of techniques in the spirit of a tutorial.

®
A
O—0O

The (p, ¢)-parametrized (2-1)-GP-(2) process is fully described by its e-machine, whose

automaton was shown in the first row and second column of Table [3.4] and is reproduced
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above. More explicitly, the (2-1)-GP-(2) stationary stochastic process is generated by
the HMM: Mo = (8, A AT} ca,mo = 7r), where & = {A, B, C, D} is the hidden set of
causal states, A = {0, 1,2} is the observable alphabet, {T(m) : TS(? =Pr(X; =2,841 =
1S, =s)}

is the set of symbol-labeled transition matrices consisting of:

zeA
1-p—¢ 0 0 O 0 p 0O 0 0 g O
po_ | 0 000l Jrooo] e 0000
0 0 00 0000 0 0 01
1 0 00 00 0O 0 00O

Together, the symbol-labeled transition matrices sum to the row-stochastic net state-to-

state transition matrix:

1-p—¢ p q O

T ZT(@ _ 1 0 0 0 |
zeA 0 0 0 1
1 0 0 O

from which we find the stationary distribution over states (r| = (7| T to be:

1
14 p+2g

(7]

[1pqq}~

The first task of the analysis is to find the eigenvalues and associated projection
operators for the net state-to-state transition matrix 7". From det(T'— AI) = A(A—1) (A2 +

(p+ g+ q) = 0, we find the four eigenvalues to be:

Ar={1,0, —3(p+q) £ 5/ (p+q)* —4q } .

All eigenvalues are real for p > 2,/q — ¢; two of the eigenvalues are complex with
non-zero imaginary part when p < 2,/q — ¢. Putting this together with the transition-
probability consistency constraint that p + g < 1 yields the following mapping of the

transition-parameter space:

152



1.0 I

—_— p=2/4—9q
[ real A
1 complex A
0.8 F 4
0.6 |- i
SH
0.4F i
0.2 B
0.0 I I I I
0.0 0.2 0.4 0.6 0.8 1.0

For generic choice of the parameter setting (p, ¢), all eigenvalues of T" are unique, and so T’
is diagonalizable. However, two of the eigenvalues become degenerate along the parametric
subspace p = 2,/q — ¢, in which case the eigenvalues become Ap = {1,0, —/q}. We find
that the algebraic multiplicity a_ 5 = 2 is larger than the geometric multiplicity g 5 = 1,
yielding nondiagonalizability (v_ 5 = 2) along this (p = 2,/q — g)-submanifold. Indeed, we
have found generically that eigenvalues become nondiagonalizable when they collide and
scatter in the complex plane; e.g., when a pair of eigenvalues first ‘entangle’ to become
complex conjugate pairs.

For any parameter setting (p, ¢), we find the right eigenvectors of T' from (T'—\I) |A) = 0
to be:

0) = [0 1 —p/q O}T

and

.
])\>:[)\2 A1 )\] for all A € Ap\ {0} .

We find the left eigenvectors of T from (A (T'— AI) = 0 to be:

=010 -
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and

<)\|: 22 p)\ q)\ q fOl"&H)\EAT\{O}.

Clearly, the left eigenvectors are not simply the complex-conjugate transpose of the right
eigenvectors.
Since T' is generically diagonalizable, all of the projection operators are simply the

normalized ket—bra outer products:

7~ WO

(A[A)
so long as p # 2,/q — q. E.g., Ty = |1) (1] / (1]1) = |1) (7|.

Along the nondiagonalizable (p = 2,/q — q)-subspace of parameter settings:
("v/4l”v/a) = 0, which corresponds to the fact that the right and left eigenvectors are now
dual to the left and right generalized eigenvectors, rather than being dual to each other.
We find the projection operator for the nondiagonalizable eigenspace to be:

_ |f\/a(1)> <f\/a(2)| . |f\/a(2)> <f\/a(1)|

Cva?imva®) o vatEva®)

—Va

where:
V@ =[¢ ~va 1 -va]
~va® =[-va 0 17 0] |
Cva'l=lg¢ avai-2) —ava q}aand
VA= |-va 0 0 v

Equivalently, T 5 = I — Ty — Ty. The projection operators for the remaining (A = 0, 1)

eigenspaces retains the same form as before: T = |A) (A| / (A|A).

3.16.1 Observed Correlation

We now have everything we need to calculate the observable correlation and power spectrum.

Recall that we have derived the general spectral decomposition of the autocorrelation
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function v(L) = <YtXt+L>t to be:

1/)\—1
- Z Z (mA| T m |AL) (’L’ - 1) \El-1-m
m

AeAr m=0

A#O0
vo—1

+[0 € Ar] > (mA| ToT™ | AL) 6 —1.m
m=0

for nonzero integer L, where:
(rA| = (n] Z:L‘T(w = ! [p p 2q 2q]
1+p+2g ’

z€A

and:

.
AL =3 2T 1) = [pr2g 12 0]
xeA

For generic parameter settings, this reduces to:

7([/) — <7T.A|O O‘Al 6| |1+ Z 7T.A|)\ )\‘.A]. A|L| 1

(0]0)
AEA
)\;éoT
_ pt+2q \2 p+2g (A+1)2(pA+2q) | L|—-1
- 4(1+p+2q) + 1+p+2q5|L\ 1T 1+p+2¢ E : A3 +pA+2qg A :
AeAT

0,1
Notably, the autocorrelation splits into an ephemeral part (via the Kronecker delta) due to
the zero eigenvalue, an exponentially decaying oscillatory part due to the two eigenvalues
with magnitude between 0 and 1, and an asymptotic part that survives even as L — oo
due to the eigenvalue of unity. Moreover, for p < 2,/q — ¢, the two non-trivial eigenvalues
become complex conjugate pairs, which allows us to rewrite the autocorrelation for the

(2-1)-GP-(2) process for |L| > 2 concisely as the exact solution:

V(L) = % + B¢"2Re(¢ ™M)

where § = 2t ¢ = W) ¢ = _1(p 4 g) +il\/Ig— (p+ )% and w =
7+ arctan(ﬁ). This latter form clarifies that the magnitude of the largest
a—(p+q

non-unity eigenvalue |{| = /g controls the slowest rate of decay of observed correlation
1¥(L)| ~ \/g", and that the complex phase of the eigenvalues determine the oscillations

within this exponentially decaying envelope.
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We have found the general spectral decomposition of the continuous part of the power

spectrum to be:

vy—1
— () +2 3 Y Re (A Ty [ AL)

— +1
vl ezw )m
Also, recall from earlier that the delta functions of the power spectrum arise from the

eigenvalues of T' that lie on the unit circle:

Z Z 21 §(w — wy + 27k) Re(A ™" (1 A| T |A1)) |

k=—o00 AeAp
A=1
where w) is related to A by A = ¢“*. Aslong as p+ ¢ < 1, A = 1 is the only eigenvalue
that lies on the unit circle, so that Py(w) = > po 27 6(w + 27k)Re (7 A| T} | A1), with

k=—0o0
Re (mA| T) |A1) = 2 = 4({222)".

Putting this all together we find the full power spectrum for the (2-1)-GP-(2) process:

P(w) = %+ 221 — cos(w)]

1+p+2¢ 1+p+2q
1
(A+1D)2(pA+2q) 2
+ﬁ;\T ( e eiw_/\>—|—27r/6’ _Zooé w + 27k) ,
A#£0,1

which exhibits delta functions from the eigenvalue on the unit circle, continuous Lorentzian-
like line profiles emanating from finite eigenvalues inside the unit circle and expressive
of the chaotic nature of the time-series, and the unique sinuisoidal contribution that can
only come from zero eigenvalues.

Whenever p < 2,/q — ¢, the two non-trivial eigenvalues become complex conjugate
pairs, which allows us to rewrite the power spectrum for the (2-1)-GP-(2) process in a

more transparent manner:

8
Pw) =i + 1+p+2q [1 — cos(w)]

¢§ ¢ =
+BRe( g ) 208 3 St 2k

k=—o0
which is clearly symmetric about w = 0.
The level of completeness we have achieved is gratifying: we have calculated these

properties exactly in closed form for this infinite-Markov order stochastic process over
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the full range of possible parameter settings. Moreover, we will produce the same level of
completeness in our analysis of the predictability of this process in the next section after

constructing its S-MSP.

3.16.2 Predictability

To analyze the predictability of the process, we need the 8-MSP of any generator of the
process. Since we started already with the e-machine, we will directly generate the S-MSP
of the e-machine, and will have the mixed-state transition matrix W = WV which will suffice
for calculations of both predictability in this section and the synchronization necessary for
prediction in the next.

We construct the 8-MSP by constructing all mixed states that can be induced by
observation from the start distribution 7, and calculating the transition probabilities
among them. There are eight such mixed-state distributions over &, although four of them
(0a, OB, dc, and 0p) correspond to completely synchronized peaked distributions. The
other four states are new (when compared to the recurrent e-machine) transient states,

corresponding to transient states of uncertainty during synchronization. Calculating, we

(n*|T™)

find the eight unique mixed-state distributions iteratively from (n**| = COCINg

. z |7 @) )
with (n*| = (7§|7|“(—Z_)|1)’ to be:

starting

(Tl =155 |1 P 4 q]a

= 111 0 o],
M= w51 p 0 0f,
(| = %_0011_’
(6a] = 100 o
(6] = 010 o
(6c| = 0 0 1 0=,and
(6p| = 00 0 1',

where the transient mixed states are labeled according to the first word that induces
them. These distributions constitute the set of mixed-states R, of the S-MSP. Moreover,
each transition probability from mixed state (n*| to mixed state (n"**| is calculated as:

(n®| T@ |1). Altogether, these calculations yield the 8-MSP of the (2-1)-GP—(2) process,
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reproduced here from Table [3.4] for convenience:

As a HMM, the §-MSP of the e-machine is fully described by the 4-tuple: Mg ysp =
(R, A, (WD}, 110=065), where R is the set of mixed states just quoted, A is the
same observable alphabet as before, {W(f"’)}we 4 s the set of symbol-labeled transition ma-
trices among the mixed states and (4, | = [1 000000 ()] is the start distribution
over the mixed states.

With this new linear meta-dynamic in hand, our next step is to calculate the eigen-
values and projection operators of the net mixed-state-to-state transition dynamic W =

er A W) Explicitly, W can be represented in the block-matrix form:

2 2 1— i
0 1+pﬁ»2q 0 1+pi2q 1+pf2q 00 0
A B o o0 Y2 9 g o 2
W= where A = ) 2 , B = 12 2 ,and T is
74 —pP—q q
0 7 0 & 0 0 o 0w O
0 0 0 0 10 0 13

the same as the state-to-state net transition matrix of the e-machine from earlier. The eigen-
values of W are thus relatively to calculate since det(W — M) = det(A — A\ )det(T — \I),
implies that:

Aw = A4 UAp .

The new eigenvalues introduced by the feedback matrix A are: Ay = {0,£,/p} with
Vo = 2 while the other eigenvalues (£,/p), which are found most easily from Eq. (3.38)), are

associated with diagonalizable subspaces. It is important to note that, while T" was only
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nondiagonalizable along a very special submanifold of parameter space, the mixed-state-
to-state metadynamic is generically nondiagonalizable over all parameter settings. This
nondiagonalizablility corresponds to a special kind of symmetry breaking of uncertainty
during synchronization.

The eigenvectors of VW are most easily found through a two-step process. E.g., |i\/]_7 A)
and (¥,/p | (the solutions of A[*\/p,) = +£/p|=\/p,) and (*\/p,| A= £/p (*/p,|) are
found first, and the result is used to reduce the number of unknowns when solving the
full eigen-equations (e.g., W [*/p,,,) = £v/p15/py,)) for [Fy/p,,) and (*\/p,,|. Similarly,
we can recycle the restricted eigenvectors |[Ar) and (Ar| found earlier for the e-machine to
reduce the number of unknowns when solving the more general eigenvector problems for
|Aw) and (A\y| in cases where A € Ap. Performing such a calculation, we find:

>

+ _ +

Vi) = |t B2 i 00 0 0 0]

<i\/z‘9w|:[0 P B B2 PR 0],

()\W]:[o 00 0 A p\ g\ q] for all A € Ar \ {0},
T

|1w>:[1 111111 1] , and

-
|)\W>:[0 AQ+A) - AL+ 144 42y g /\} for A € Ap\ {0,1}.

2 1+p 2

Moreover, the eigenvectors and generalized eigenvector for VW corresponding to the

eigenvalue of 0 are:

.
|0§”>=<67T|T=[1 000000 0} :

h
0P =10 0 0 220 o g o 0f ,

L 2q
|0§1)>:-0 L p £ g 1 =2 O}T

1© 2 1+p 2 q ’
(0§”|=_0 00100 3 *ﬂ
(0| = |zt g =0 g o o 2 %},and
o =10 000010 —1],

where we have used the notation |O,(€m)> for indexing generalized eigenvectors introduced in

§3.7.2}
ESIRY

All non-degenerate eigenvalues have projection operators of the form: W, = R

However, the degenerate and nondiagonalizable subspace associated with the zero eigenvalue
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has the composite projection operator:

_ o] | o)) 0§y
Py T Y0y T (0810

The fact that (6] Aw) =0 for all A € Az \ ({1} UA4) is an instantiation of a general
result that greatly simplifies the calculations relating to predictability and prediction.

The final puzzle piece for analyzing predictability is the vector of transition-entropies
|[H(W#)). A simple calculation, utilizing the fact that — ), % log(%) = log(d) —
25", nilog(n;) when Y, n; = d, yields:

[log(1 + p+2q) — =5 [2410g(2q) + 2plog(2p) + (1 — p) log(1 — p)]
1 - §[qlog(q) + (1 +p)log(1 +p) + (1 —p —q)log(1 = p — q)]
log(1 +p) — 145 [alog(q) + 2plog(2p) + (1 — p — ) log(1 — p — q)]

1
—[qlog(q) + plog(p) + (1 — p — q)log(1 — p — q)]

0
0
0

[H(WA)) =

where log is understood to be the base-2 logarithm log,.

Putting this all together, we can now calculate in full detail the myopic entropy rate
h,(L) that would result from modeling the infinite-order (2-1)-GP-(2) process as an
order-(L — 1) Markov process.

hu(L) = Z i (62| W |HWA)) (L - 1) \L-1-m

AeAy m=0 m
A#0
vo—1
+10 € Aw] D Oprm (0| WoW™ [H(WH))
m=0

=011 (0| Wo [H(W)) + 01,2 (6| WWo [H(W))

+ (O WA H(WA)) 4> (6| Wi [HIVA)AN

NeAw\ Ar

which oscillates under an exponentially decaying envelope as it approaches its asymptotic
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value of:

Ty = (0| Wi H(WA)) = (0] 1) (mw [H(W))
= (mw [H(WH)) = (mr| H(TH))

_ —qlogg—plogp—(1—p—q)log(1—p—q)
I+p+2¢q )

Simplifying the terms in the myopic entropy rate yields:
(0| Wo [H(WA)) = (6, |[HWH)) — 5 (G [HWH))

14+p+2q

and

(0| WWo [H(WH)) = 1772

14+p+2q

for the two ephemeral contributions.

For L > 3, we find:

—plog p+(1+p)log(1+p)—2p 1./2
P for odd L
vlosy- (D602 L2 for even L

which highlights the period-2 nature of the asymptotic decay.
The total mutual information between the observable past and observable future is the
so-called excess entropy:

l/)\—l

Be 3 Y e O W [HOV)

AEAW\{1} m=0

_ (1—p—q) log(1—p—q)—plog p—qlog g—(1—p) log(1—p)
=log(1 +p+2¢) + s

This is the total amount of the future that could possibly be predicted using past obser-

vations. The structure of how this information is unraveled over time is revealed in the
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excess entropy spectrum:

vo—1
E(w) = mh,d(w) + Y _ cos((m + 1) w) (0| WoW™ [H(WH))

m=0

U)y— 1
(0| Wi | H(WA
£ Y Some( e T
)\EAw\Om 0
= 71h,6(w) + (E+ plogp— (1;;12?2%(1(1%) 2q) cos(w) + —prq cos(2w)

—plogp+(1+p)log(1+p) —p 2p 1—e®
+ 1+p+2q Re (ei2w _ p) + 1+p+2qRe (eiQw —p ’

from which we can observe that E = lim,,_,o £(w).

3.16.3 Synchronization to Optimal Prediction
To analyze the burden of optimally synchronizing to the process, we need the S-MSP of the
e-machine, which we already constructed in the last section. Hence, we can immediately
evaluate the resources necessary for synchronization to and prediction of the (2-1)-GP-(2)
process.

The only new puzzle piece needed for analyzing the synchronization associated with

optimal prediction is the vector of mixed-state entropies |H[n]). A simple calculation

yields:

[ log p+2qlo i

log(1 + p + 2q) — B R8L
1

lo
log(1+ p) — 53EF
1
|Hli]) = :

0
0
0
0

where log is again understood to be the base-2 logarithm log,.
An observer, bent on predicting the future as well as possible, must synchronize to the
causal state of the dynamic. During the meta-dynamic of synchronization, the observer

will on average pick up synchronization information over time according to the remaining
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causal-state uncertainty H* (L) after an observation duration of L:

AL = 5 X W it ()3

A€AYy m=0

A#0
vo—1
+[0€ Aw] Y Srm (S| WoW™ | H i)
m=0
= 6p0[log(1 + p + 2q) — 2esetp) oallip)]
2 (PIHM)+(D 5 CCVPIHD | L/2
+0r, 1+p3-2q - 1+p+2q P
More explicitly, for L > 2, this becomes:
2V L/2
P for odd L
(14p) lolgﬁigz]—plogp pL/Q for even L

The net synchronization information accumulated is:

I//\—l

s— 3 Zﬁwmmwm

AeAw\{1} m=0

_ 2¢(1—log q) p[2flogp+(1+p) 10g(1+p)}
= log(1+p+2q) + 14+p+2g T (1-p)(1+p+2q)

Even after synchronization, an observer must update an average of b, of its bits of
information per observation and must keep track of a net C), bits of information to stay

synchronized, where:

Cy, = Hlr] = (0 | H [n])
= log(1 +p + 2q) — Plespt2gloss

An interesting feature of prediction is the crypticity of the process,

_ __ 3qlogg+(1—p)log(1—p)—(1—p—g)log(1—p—q)
x=0C,—E= 1+p+2q ’

which shows, as a function of p and ¢, the minimal overhead of additional (classical)
memory about the past—beyond the information that the future can possibly share with

it—that must be stored for optimal prediction.
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In summary, we can appreciate that we have come to a rather complete analysis of
the fundamental limits on predictability of our example stochastic process. This example
showed many of the qualitative features, both in terms of the calculation and the system’s
behavior, that should be expected generically in the analysis of prediction, based on
the more general results of this chapter. The demonstrated procedure can be co-opted
to work with any inference algorithm that yields a model that produces the observed
dynamic, whether this is classical machine learning or Bayesian Structural Inference [243],
or any other favorite tool. With a generative model in hand, synchronizing to the real
world data—necessary to make good predictions about the real world’s future—follows the
metadynamics of the §-MSP, with the consequences for prediction that there will typically
be a finite epoch of symmetry collapse followed by a slower asymptotic synchronization
that allows ever-better prediction as longer observations induce a refined knowledge of

what lies hidden beneath.

3.17 Conclusion

Many questions that we care to ask about a structured stochastic nonlinear process
surprisingly imply a linear dynamic over a preferred hidden state space. Using the
appropriate dynamic for common questions of complexity, we have revealed closed-form
expressions for complexity measures as simple functions of the corresponding transition
dynamic of the implied HMM. We have focused on predictability and prediction.

To make predictions about the real world, it is not sufficient to have a model of the
world. Additionally, the predictor must synchronize their model to the real-world data that
has been observed up to the present time. This meta-dynamic of synchronization—the
transition structure among belief states—is intrinsically linear, but is typically nondiago-
nalizable. Despite this challenge, we were able to derive closed-form formulae that reveal
general features of how the world becomes more predictable as we synchronize to it.

Recall the organizational tables from the beginning of this chapter. After working
through more details, it may be a good time to consider a more nuanced formulation. We

have seen that once we frame our questions in terms of the hidden linear transition dynamic,
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Derivatives of cascading 1 | Discrete time | Continuous time

. Cascading (-|AL]) (-|e'“])
Integrals of cascading L 7 - rnulated transients | (] (2, (A— A0E) 1) | (1 (J(€€ — Go) df) )
modulated accumulation (AR ) ¢ (f(ze9)dt)|-)

Table 3.5: Once we identify the hidden linear dynamic behind our questions, most questions
we tend to ask are either of the cascading or accumulating type. If a complexity measure
accumulates transients, the Drazin inverse is likely to appear. Interspersed accumulation
can be a nice theoretical tool, since all derivatives and integrals of cascading can be
calculated if we know the modified accumulation with z € C. With z € C, modulated
accumulation involves an operator-valued z-transform. With z = ¢ and w € R, modulated
accumulation involves an operator-valued Fourier-transform.

Genre Implied linear Example Questions
transition dynamic Cascading Accumulated transients Modulated accumulation

OVERT Transition matrix T° Correlations, v(L): Green-Kubo Power spectra, P(w):
OBSERVATIONAL of any HMM (mA| TFI=1 | A1) transport coefficients | 20 (r A (™1 — T)71 | A1)

) Transition matrix W Myopic entropy rate, h,(L): Excess entropy, E: E(z):
PREDICTABILITY | 4y 16p of any HMM (6| WE=L | H(WAY) Gal (1= W)P|HWAY | (82| (2 — W)~ |H(WA))
OPTIMAL Transition matrix W | Causal state uncertainty, #*(L): | Synchronization info, S: S(z):
PREDICTION of MSP of e-machine (6=| WE |H]n)) (6= (I —W)P |H[n]) (6x] (21 — W)™ |H[n)

Table 3.6: Several genres of questions about the complexity of a process are given in
the left column of the table in order of increasing sophistication. Each genre implies a
different linear transition dynamic. Closed-form formulae are given for example complexity
measures, showing the deep similarity among formulae of the same column, while formulae
in the same row have matching bra-ket pairs. The similarity within the column corresponds
to similarity in the type of time-evolution implied by the question type. The similarity
within the row corresponds to similarity in the genre of the question.

complexity measures are usually either of the cascading or accumulation type. Scalar
complexity measures often accumulate only the interesting transient structure that rides
on top of the asymptotics. Skimming off the asymptotics led to a Drazin inverse. Modified
accumulation turns complexity scalars into complexity functions. This is summarized in
Table [3.5/ and Table [3.6] It is notable that Table gives closed-form formulae for many
complexity measures that previously were only expressed as infinite sums over functions of
probabilities.

Let us remind ourselves: Why, in this analysis, were nondiagonalizable dynamics

noteworthy? They are noteworthy because the meta-dynamics of diagonalizable dynamics
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are generically nondiagonalizable—typically due to the zero-eigenvalue subspace that is
responsible for the ephemeral epoch of symmetry collapse. We saw this explicitly with the
metadynamics of transitioning among belief states. However, other metadynamics in fields
beyond prediction are also generically nondiagonalizable. For example, in the analysis of
quantum compression, crypticity, and other aspects of hidden structure, the relevant linear
dynamic is not the MSP but is nevertheless a nondiagonalizable structure that is fruitfully

analyzed with the recently generalized spectral theory of non-normal operators [19§].
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Chapter 4

Quantum Simplicity of Classical
Complexity:
Reduced State-Complexity of

Quantum-Encoded Cryptic Processes

This chapter has appeared in print as:

P. M. Riechers, J. R. Mahoney, C. Aghamohammadi, & J. P. Crutchfield, (2016).
“Minimized state complexity of quantum-encoded cryptic processes”. Physical Review A,
93(5), 052317.

At the time of writing this dissertation, the status of minimal memory requirements for a
quantum system to generate an observable classical process is still under investigation, but it
is conjectured that the construction discussed here yields the minimal memory requirements
given the constraint that observations are made using projective measurements. If non-
projective measurements (POVMs) are allowed, it appears that less memory may be

required in at least some circumstances—however much less is currently known about this.

4.1 Chapter Overview

The predictive information required for proper trajectory sampling of a stochastic process
can be more efficiently transmitted via a quantum channel than a classical one. This

recent discovery allows quantum information processing to drastically reduce the memory
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necessary to simulate complex classical stochastic processes. It also points to a new
perspective on the intrinsic complexity that nature must employ in generating the processes
we observe. The quantum advantage increases with codeword length—the length of process
sequences used in constructing the quantum communication scheme. In analogy with the
classical complexity measure, statistical complexity, we use this reduced communication
cost as an entropic measure of state-complexity in the quantum representation. Previously
difficult to compute, the quantum advantage is expressed here in closed form using spectral
decomposition. This allows for efficient numerical computation of the quantum-reduced
state-complexity at all encoding lengths, including infinite. Additionally, it makes clear
)

how finite-codeword reduction in state-complexity is controlled by the classical process

cryptic order. And, it allows asymptotic analysis of infinite-cryptic-order processes.

4.2 Introduction

To efficiently synchronize predictions of a given process over a classical communication
channel two observers, call them Alice and Bob, must know the process’ internal structure
and communicate the relevant history. In particular, leveraging common knowledge of the
process’ dynamic, what is the minimal amount of information that Alice must communicate
to Bob so that he can make the same probabilistic prediction as Alice? The answer is
given by the process’ internal state information or statistical complezity C,, [55].

A closely related question immediately suggests itself: is it more efficient to synchronize
via a quantum communication channel that transmits qubits instead of bits? Extending
early answers [102], [99], a sequence of constructions (g-machines) was recently introduced
that offers substantial message-size reduction below C,, [I57]. In these constructions, each
codeword length L yields a quantum communication cost Cy(L) < C, that decreases
with increasing L. Moreover, the maximum-compression complexity, C,(c0) = C,(k), is
achieved at a codeword length called the cryptic order k [158, [160]—a recently discovered
classical, topological property that is a cousin to the Markov order familiar from stochastic
process theory.

Reference [I57] pointed out that the new efficiency in synchronization comes with a
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tradeoff. Bob can only make predictions that are more specialized than Alice’s: those
consistent with Alice’s but also consistent with a probabilistically generated extension of
the codewords Alice uses to construct the qubits she sends. These constraints lead to a
seemingly odd way for Alice and Bob to synchronize, but there is no way around this. The
merits of this tradeoff are more apparent if we consider the related scenario of Alice Past
synchronizing to Alice Future (‘Bob’) as she generates a realization of the process and
updates her state. To generate a process the future possibilities must be synchronized with
the past in just such a way that information shared between past and future is channeled
through the present without violating the process’ time order. One consequence is that
the communication cost C,(L) demands a more refined interpretation: it is the average
state information that must be remembered to generate the process. Another is that
C,(L) decreases with increasing L since codewords merge, yielding increasingly coincident
predictions. The conclusion is that a process’ correlational structure controls the degree of
quantum compression.

There are both theoretical and practical implications. On the one hand, the theory
of minimized quantum-state complexity greatly broadens our notions of the structural
complexity inherent in processes; for example, allowing us to quantitatively compare
classical- and quantum-state memories [I]. In an applied setting, on the other, it identifies
significantly reduced memory requirements for simulating complex classical stochastic
processes via quantum processing.

Reduced memory requirements for stochastic simulation were recognized previously
for Markov order-1 processes, whose quantum advantage saturates at C,(1) [102]. For
example, it was shown that the classical nearest-neighbor one-dimensional Ising model has
a less complex quantum representation [245]. Recently, the quantum advantage of reduced
state-complexity was experimentally demonstrated for a simple Markovian dynamic [185].

The increasing quantum advantage discovered in Ref. [I57], as encapsulated by C,(L),
was challenging to calculate, analytically and numerically. This was unfortunate since
for most complex processes, the optimal state-complexity reduction is only achieved

asymptotically as codeword length L — co. Moreover, without a comprehensive theory,
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few conclusions could be rigorously drawn about C,(L)’s convergence and limits. The
following removes the roadblocks. It delivers closed-form expressions, yielding both
numerical efficiency and analytic insight.

Our first contribution is the introduction of the quantum pairwise-merger machine
(QPMM). The QPMM contains, in a compact form, all of the information required
for efficient calculation of the signal-state overlaps used in the g-machine encoding. In
particular, we derive closed-form expressions for overlaps in terms of the QPMM’s spectrum
and projection operators.

This leads to our second contribution: a decomposition of the quantum state-complexity
C,(L) into two qualitatively distinct parts. The first part is present for codeword lengths
only up to a finite-horizon equal to the index of the QPMM dynamic which, for the case of
finite cryptic order, is equal to the process’ cryptic order. This provides a nearly complete
understanding of Cy(L) for finite-cryptic-order processes. The second part asymptotically
decays with an infinite-horizon and is present only in infinite-cryptic order processes.
Moreover, we show that C,(L) oscillates under an exponentially decaying envelope and
explain the relevant rates and frequencies in terms of the QPMM’s spectral decomposition.

Our third contribution comes in analyzing how computing C,(L) requires efficiently
manipulating quantum-state overlaps. The technique for this presented in Ref. [157]
required constructing a new density matrix that respects overlaps. However, it is known
that overlaps may be monitored much more directly via a Gram matrix. Here, we adapt
this to improve calculational efficiency and theoretical simplicity. And, we improve matters
further by introducing a new form of the Gram matrix.

Our final contribution follows from casting C,,(L)’s calculation in its spectral form. This
has the distinct advantage that the limit of the overlaps, and thus C,(c0), can be calculated

analytically. Illustrative examples are placed throughout to ground the development.

4.3 Two Representations of a Process

The objects of interest are discrete-valued, stationary, stochastic processes. A process

consists of a bi-infinite sequence X_o.co = ... X 2 X_ 1 X0 X1 X5 ... of random variables X,
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that take on one or another value in a discrete alphabet: z; € A. For each time ¢ and
subsequent contiguous block-length L, a process assigns a particular probability Pr(w) to
each length-L word w = z;... 2, 1. For stationary processes, these probabilities are
independent of t. A stationary process’ language is that set of words w = z¢...x 1 of
any length L generated with positive probability.

In particular, we consider processes that can be generated by finite hidden Markov
models (HMMs). For edge-output HMMs (i.e., Mealy HMMs), introduced more formally
in App. the observed symbol is generated on transitions between states.

We next consider two representations of a given process, first a canonical classical
representation and then a newer quantum representation. Each utilizes the concept of
a process’ causal states, which are equivalence classes of histories that yield the same
conditional probability distributions over future trajectories. Specifically, causal states
are the equivalence classes induced by the predictive equivalence relation, ~, applied to

observable histories x_...o:
T ~ve T = Pr(Xo.p|X-oco0 = T) = Pr(Xo.L|X—oc0 = F') forall Le{1,2,...} .

Said another way, causal states are the minimal sufficient statistic of the past X .o
for predicting the future Xo..o. (We use indexing X, that is left inclusive, but right

exclusive.)

4.3.1 e-Machine: Optimal, Minimal Predictor

While a given process generally has many alternative HMM representations, there exists a
unique, canonical form—the process’ e-machine [55], which is a process” minimal optimal
predictor. Causal states, which are by definition predictive equivalence classes of histories,

are the latent states of the e-machine.

Definition 6. A process’ e-machine is the J-tuple {S, A, AT®} e u, 71'}, where 8 is the
set {og,01,...} of the process’ causal states, A is the set of output symbols x, the set of
matrices {T@ : Tl(f) = Pr(aj,x\oi)}xeA are the labeled transition matrices, and 7 is the

stationary distribution over states.
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The probability that a word w = xg, 1, ..., x_1 is generated by an e-machine is given

in terms of the labeled transition matrices and the initial state distribution:

Pr(w) = wﬁT(“)l )
=0
where 1 = [1,...,1]". These probabilities are constructed to agree with those of the words
in a given process language.
The ensemble temporal evolution of internal state probability pu = (uo, . ,,u|3|,1),

with u; = Pr(oy), is given by:

pt+1) = pT,

where the transition matrix 7" is the sum over all output symbols:

T=>T1".

€A
Transition probabilities are normalized. That is, the transition matrix 7" is row-stochastic:

S| S|

ZTW = ZZPr(Uj,x]ai) =1.
j=1

j=1 z€A

Its component matrices E(f) are said to be substochastic. Under suitable conditions on the
transition matrix, lim;_,o, p(t) = 7.

Unifilarity, a property derived from the e-machine equivalence relation [55], means that
for each state o;, each symbol x may lead to at most one successor state o; [4]. In terms
of the labeled transition matrices, for each row i and each symbol x the row ﬂ(f) has at
most one nonzero entry. We also will have occasion to speak of a counifilar HMM, which
is the analogous requirement of unique labeling on transitions coming into each state.

One of the most important informational properties of a process, directly calculable
from its e-machine, is its statistical complexity C), [55]. Used in a variety of contexts, it

quantifies the size of a process’ minimal description.

Definition 7. A process’ statistical complexity C,, is the Shannon entropy of the stationary
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distribution over its causal states:

C, = H[~]
S|

= — Z m; logm; .
i=1

The statistical complexity has several operational meanings. For example, it is the
average amount of information one gains upon learning a process’ current causal state. It
is also the minimal amount of information about the past that must be stored to predict
the future as well as could be predicted if the entire past were stored. Most pertinent
to our purposes, though, it also quantifies the communication cost of synchronizing two

predicting agents through a classical channel [I57].

4.3.2 g-Machine

The g-machine is a quantum representation of a classical stochastic process. Introduced in
Ref. [I57], it offers the largest reduction in state-complexity known so far among quantum
models capable of generating classical processes.

A process’ g-machine is constructed by first selecting a codeword length L. The q-
machine (at L) consists of a set {|771(L))}‘Zi|1 of pure quantum signal states that are in
one-to-one correspondence with the classical causal states o; € 8. Each signal state |n;(L))
encodes the set of length-L words {w : Pr(w|o;) > 0} that may follow causal state o;, as

well as the corresponding conditional probability:

(L) =Y > \/Pr(w,a5lo)) w) o) (4.1)

weAL 0']‘68

where { |w) } denotes an orthonormal basis in the “word” Hilbert space with one

weAL

dimension for each possible word w of length L. Similarly, { loj) }"il denotes an orthonor-
7j=1

mal basis in the “state” Hilbert space with one dimension for each classical causal state.

The ensemble of length-L quantum signal states is then described by the density matrix:

S|

p(L) = ZW [n:(L)) (mi(L)] - (4.2)
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The ensemble’s von Neumann entropy is defined in terms of its density matrix: S(p) =
—tr[plog(p)], where tr[-] is the trace of its argument. Paralleling the classical statistical

complexity, the quantity:

= —tr[p(L)log(p(L))] , (43)

has the analogous operational meaning of the communication cost to send signal states over
a quantum channel. Von Neumann entropy decreases with increasing signal-state overlap.
It is generically smaller than the classical cost [I57]: Cy(L) < C,. In fact, C, = Cy if
and only if the process’ e-machine is counifilar—there are no states with (at least) two
similarly labeled incoming edges [102]. Notably, as we increase state number, processes
with counifilar e-machines represent a vanishing proportion of all possible processes [120)].
The consequence is that almost all classical processes can be more compactly represented
using quantum mechanics. This presents an opportunity to use quantum encoding to more
efficiently represent processes.

Quantifying a process’ quantum-reduced state-complexity via the von Neumann entropy
of Eq. is rooted in the existence of optimal quantum compression algorithms, such as
Schumacher compression [213]. The advantage of smaller state-complexity with larger L,
though, is not a consequence of the well developed theory of quantum compression. Rather
it derives from carefully harnessing a model’s coincident predictions by constructing a
process’ nonorthogonal quantum signal states. This is a new kind of quantum information
processing. Notably, this quantum reduction—of requisite state-memory in the simulation
of a classical stochastic process—was recently experimentally verified using non-orthogonal
photon polarization signal states [I85], though only for codeword-length L = 1. Upon
both technological and theoretical advancements, the significant reduction in memory
requirements quantified by C,(L) should enable efficient simulation of important complex
systems whose dynamics were previously prohibitively memory intensive.

Calculating a process’ quantum cost function C,(L) is challenging, however. The
following shows how to circumvent the difficulties. Beyond practical calculational concerns,

the theory leads to a deeper appreciation of quantum structural complexity.
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Figure 4.1: e-Machine for the (4-3)-Golden Mean Process: The cycle’s red segment
indicates the “Markov” portion and the green, the “cryptic” portion. The length scales R
and k are tuned by changing the lengths of these two components, respectively. Edges
labeled z : p denote taking the state-to-state transition with probability p while emitting
symbol = € A.

4.4 Quantum Overlaps

Reference [157] showed that the reduction C), — Cy(L) in state-complexity is determined
by quantum overlaps between signal states in the g-machine. Accordingly, calculation of
these overlaps is a primary task. Intuitively, nonorthogonal signal states correspond to
causal states that yield “similar” predictions, in a sense to be explained. More rigorously,
the overlap between nonorthogonal signal states is determined by words whose causal-state
paths merge.

To illustrate, we compute several overlaps for the (R—k)-Golden Mean Process, showing
how they depend on L. (See Fig. for its e-machine state-transition diagram.) This
process was designed to have a tuneable Markov order R and cryptic order k; here, we
choose R = 4 and k = 3. (Refer to Ref. [120] for more on this process and a detailed
discussion of Markov and cryptic orders.)

At length L = 0, each signal state is simply the basis state corresponding to its causal
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state: |1;(0)) = |o;). Since the e-machine is minimal, there are no overlaps in the state
vectors.
At length L = 1 codewords, we find the first nontrivial overlap. This corresponds to

paths A L Aand G5 A merging at state A and we have:

na(l)) = /p|1A) + /1 —p|0B) and
Ine(1)) = |LA) .

This yields the overlap:

(na(Dna(1)) = vp -

Going on to length L = 2 codewords, more overlaps arise from mergings of more state

paths. The three quantum signal states:

14(2)) = p[114) + /p(1 = p) [10B) + /(1 — p) |00C)

InF(2)) = |114) | and
na(2)) = VB |114) + /T —p|10B)

interact to yield the overlaps:

(na(2)nr(2)) =p,
(nr(2)Ine(2)) = v/p , and
Ma2)ne(2)) =pyp+ (1 —p)V/p= 1D

The overlaps between (A, F') and (F, G) are new. The (A, G) overlap has the same value
as that for (F,G), however its calculation at L = 2 involved two terms instead of one.
This is because no new merger has occurred; the L = 1 merger, affected by symbol 1,
was simply propagated forward along two different state paths having prefix 1. There are
two redundant paths: A RNy overlaps GG Y Band A% A overlaps GG L A. A naive

calculation of overlaps must contend with this type of redundancy.
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4.5 Quantum Pairwise-Merger Machine

To calculate signal-state overlaps, we introduce the quantum pairwise-merger machine, a
transient graph structure that efficiently encapsulates the organization of state paths. As
we saw in the example, calculation of overlaps amounts to tracking state-path mergers.
It is important that we do this in a systematic manner to avoid redundancies. The new
machine does just this.

We begin by first constructing the pairwise-merger machine (PMM), previously in-
troduced to compute overlaps [I57]. There, probabilities were computed for each word
found by scanning through the PMM. This method significantly reduced the number
of words from the typically exponentially large number in a process’ language and also
gave a stopping criterion for PMMs with cycles. This was a vast improvement over naive
constructions of the signal-state ensemble (just illustrated) and over von Neumann entropy
calculation via diagonalization of an ever-growing Hilbert space.

Appropriately weighting PMM transitions yields the quantum PMM (QPMM), which
then not only captures which states merge given which words, but also the contribution
each merger makes to a quantum overlap. The QPMM has one obvious advantage over
the PMM. The particular word that produces an overlap is ultimately unimportant; only
the amount of overlap generated is important. Therefore, summing over symbols in the
QPMM to obtain its internal state transitions removes this combinatorial factor. There
are additional significant advantages to this matrix-based approach. Appreciating this
requires more development.

To build the QPMM from a given process’ e-machine:

1. Construct the set of (unordered) pairs of (distinct) e-machine states: (0;,0;). We
call these “pair-states”. To this set, add a special state called SINK (short for “sink

of synchronization”) which is the terminal state.

2. For each pair-state (0, 0;) and each symbol x € A, there are three cases to address:

(a) If at least one of the two e-machine states o; or o; has no outgoing transition

on symbol x, then do nothing.
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(b) If both e-machine states o; and ¢; have a transition on symbol z to the same
state o,,, then connect pair-state (0;,0;) to SINK with an edge labeled x. This
represents a merger.

(c) If both e-machine states o; and o, have a transition on symbol z to two distinct
e-machine states o, and 0, where m # n, then connect pair-state (o;,0;) to
pair-state (o,,,0,) with an edge labeled x. (There are no further restrictions

on m and n.)

3. Remove all edges that are not part of a path that leads to SINK.

4. Remove all pair-states that do not have a path to SINK.

This is the PMM. Now, add information about transition probabilities to this topological
structure to obtain the QPMM:

5. For each pair-state (0;,0;) in the PMM, add to each outgoing edge the weight

\/Pr(z|o;) Pr(z|o;), where z is the symbol associated with that edge. Note that two

states in QPMM may be connected with multiple edges (for different symbols).

Returning to our example, Fig. gives the QPMM for the (4-3)-Golden Mean Process.
Using it, we can easily determine the length at which a contribution is made to a given
overlap. We consider codeword lengths L = 1,2, ... by walking up the QPMM from SINK.
For example, pair (A, G) receives a contribution of \/p at L = 1. Furthermore, (A, G)
receives no additional contributions at larger L. Pairs (A, F') and (F, G), though, receive
contributions p = /p X /p and /p = /p X 1 at L = 2, respectively.

The QPMM is not a HMM, since the edge weights do not yield a stochastic matrix.
However, like a HMM, we can consider its labeled “transition” matrices {¢(®}, » € A.
Just as for their classical e-machine counterparts, we index these matrices such that QS”ZZ
indicates the edge going from pair-state u to pair-state v. Since the overlap contribution,
and not the inducing word, is of interest, the important object is simply the resulting
state-to-state substochastic matrix ( = > _, ¢ The matrix ¢ is the heart of our

closed-form expressions for quantum coding costs, which follow shortly. As we noted above,
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Figure 4.2: QPMM for the (4-3)-Golden Mean Process. Its depth is related to the cryptic
order k.

it is this step that greatly reduces the combinatorial growth of paths that would otherwise
make the calculations unwieldy.

To be explicit, our (4-3)-Golden Mean Process has:

AE EG FEF AF FG AG SINK

AE o 0 0 v 0 0 0

EG | 0 0 0 1 0 0 0

EF o 0 0 0 1 0 0
(= AF o 0 o0 0 0 v O

FG o o0 0 0 o0 1

AG 0o 0 0 0 0 0 p

SINK'\ 0 0 0 0 0 0 0

4.6 Overlaps from the QPMM

As we saw in the example, overlaps accumulate contributions as “probability amplitude”

is pushed through the QPMM down to the SINK. Each successive overlap augmentation
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can thus be expressed in terms of the next iterate of (:

(ni(L)|n; (L)) = (ni(L — 1)[n;(L — 1))
= ((04,0;)|¢"|SINK) .

The general expression for quantum overlaps follows immediately:

(m(L)ny(L)) = ((05,05)| Y ¢"ISINK) (4.4)

which is true for all processes by design of the QPMM. This form makes clear the cumulative
nature of quantum overlaps and the fact that overlap contributions are not labeled.

Note that there are two trivial overlap types. Self-overlaps are always 1; this follows
from Eq. since ((oy,0;)| = (SINK|. Overlaps with no corresponding pair-state in the
QPMM are defined to be zero for all L.

Now, we show that there are two behaviors that contribute to overlaps: a finite-horizon
component and an infinite-horizon component. Some processes have only one type or
the other, while many have both. We start with the familiar (R-k)-GM, which has only

finite-horizon contributions.

4.6.1 Finite Horizon: (R—k)-Golden Mean Process

Overlap matrices are Hermitian, positive-semidefinite matrices and can therefore be
represented as the product ALATL. Let’s use the general expression Eq. to compute
the matrix elements (A, AL);; = (n;(L)|n,; (L)) for lengths L = 1,2,3,4 for the (R-k)-
Golden Mean Process. We highlight in blue (and bold) the matrix elements that have
changed from the previous length. All overlaps begin with the identity matrix, here I
as we have seven states in the e-machine (Fig. [4.1)). Then, at L = 1 we have one overlap.
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The overlap matrix, with elements (n;(1)|n;(1)), is:

A Al =

o 0 o0 0 0 1 0

JP 0 0 0 0 0 1

Q 9 &m g Q T o=
o
o
o
o
=
o

Next, for L = 2 we find two new overlaps. The overlap matrix, with elements (1;(2)[n;(2)),

1s:

Af1 0 0 0 0 p P
Bl o 1 00 0 0 o0
clo o1 0 0 0o o0
AA=pl o 0o 0 1 0 0 o0
Elo o0 0 1 0o o0
Flp 0000 1 Up
G\yvp 00 0 0 p 1
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For L = 3, there are three new overlaps. The overlap matrix, with elements (n;(3)[7;(3)),

1s:

A B C D E F G

Al 1 0 0 0 B » Vb

Bl 0o 1.0 0 0 0 0

¢l o 0o 1 0 0 0 0
A4 =pl o 001 0 0 o0
Efywp> 0 0 0 1 p p

Fl p 0 0 0 p 1 b

G\vp 0 0 O p p 1
Finally, for L = 4, we find the same matrix as L = 3: (n;(4)|n;(4)) = (1:(3)|n;(3)) for all i
and 7. And, in fact, this is true for all L > 3. Therefore, all overlap information has been
uncovered at codeword length L = 3.

Looking at the QPMM in Fig. [4.2] we recognize that the saturation of the overlap
matrix corresponds to the finite depth d of the directed graph—the longest state-path
through the QPMM that ends in the SINK state. Equivalently, the depth corresponds to
the nilpotency of (:

d=min{n e N: (" =0} . (4.5)

Note that the (4 — 3)-Golden Mean Process QPMM is a tree of depth 4.
Whenever the QPMM is a tree or, more generally, a directed-acyclic graph (DAG), the
overlaps will similarly have a finite-length horizon equal to the depth d. The nilpotency

of ¢ for finite-depth DAGs allows for a truncated form of the general overlap expression

Eq. :

min(L,d—1)

(n(L)Iny(L)) = ((05,05)] > (" [SINK) . (4.6)

This form is clearly advantageous for any process whose QPMM is a finite DAG. Naturally
then, we are led to ask: What property of a process leads to a finite DAG? To answer this

question, we reconsider how overlap is accumulated via the merging of state-paths.
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Paths through the QPMM represent causal-state-path mergers. To make this more
precise, we introduce the concept of an L-merge, which is most intuitively understood

through Fig. [4.3}

Definition 8. An L-merge consists of a length-L word w and two state paths each of
length L + 1 that each allow the word w ending in the same state F'. We denote the word
w = (zg,...,xr—1) and state paths (ag,...,ar—1,F) and (by,...,bp_1, F') where states
a; # by, for alli € {0,...,L — 1} and, trivially, F' = F, the final state in which the paths

end.

Immediately, we see that every labeled path of length-L through the QPMM that ends
in SINK is precisely an L-merge.

Such causal-state-path merging not only contributes to quantum overlap, but also
contributes to a process’ crypticity. Let Sy, denote the random variable for the particular
causal state 0 € S at time L. Then the crypticity of a process—the average uncertainty
about the present causal state Sy given perfect observation of the entire infinite future
Z0:00, DUt not knowing the history of observations prior to the present moment—can be

written as H(Sy| Xo.00), which is accumulated at all lengths up to the cryptic order [59].

Definition 9. A process’ cryptic order k is the minimum length L for which H(S1| Xo.00) =
0.

That is, given knowledge of the entire infinite future of observations, the cryptic order
quantifies how far back into the past one must remember to always know the present
causal state.

By way of comparison, a process’ Markov order is:
R = min{L : H(S.|Xo..) =0} .

That is, given knowledge (e.g., the e-machine) of which process is being observed but
without knowing future observations, the Markov order quantifies how far back into the
past one must remember to always know the present causal state. A more familiar length-

scale characterizing historical dependence, R depends on both path merging and path
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Figure 4.3: L-merge: Two causal-state paths—(aq, ..., ar_1, F') and (b, ..., br_1, F') where
states a; # b;, for all i € {0,..., L — 1}—generate the same word w = zox; ... 2,1 and
merge only on the last output symbol z;_; into a common final state F'.

termination due to disallowed transitions. The cryptic order, in contrast, effectively ignores
the termination events and is therefore upper-bounded by the Markov order: £ < R. This
bound is also easy to see given the extra conditional variable X} .., in the definition of
crypticity (Xo.oo = Xo.0X1:00) [158), 160].

The following lemma states a helpful relation between cryptic order and L-merges.

Lemma 1. Given an e-machine with cryptic order k: for L < k, there exists an L-merge;

for L > k, there exists no L-merge.

Proof. See App.[{.10.2

Each L-merge corresponds with a real, positive contribution to some quantum overlap.
By Lemmal [I], for a cryptic-order k process there is at least one L-merge at each length
L e {1,...,k} and none beyond k. Therefore, at least one overlap receives a real, positive
contribution at each length up until k£, where there are no further contributions. This

leads to our result for overlap accumulation and saturation in terms of the cryptic order.

Theorem 2. Given a process with cryptic order k, for each L € {0,...,k}, each quantum

overlap is a nondecreasing function of L:

(mi(L + 1)[n; (L + 1)) = (mi(L)|n; (L))

Furthermore, for each L € {1,...,k}, there exists at least one overlap that is increased
as a result of a corresponding L-merge. For all remaining L > k, each overlap takes the

constant value (n;(k)|n;(k)).

Proof. See App.[{.10.2
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Evidently, the cryptic order is an important length scale not only for classical processes,
but also when building efficient quantum encoders.
As an important corollary, this theorem also establishes the relation between a process’

cryptic order and the depth of its QPMM:
d=k+1. (4.7)

Thus, we have discovered that the process property corresponding to a finite DAG QPMM
is finite cryptic order. Moreover, the cryptic order corresponds to a topological feature of
the QPMM, the depth d, responsible for saturation of the overlaps.

This leads to rephrasing the truncated form of the overlaps sum in Eq. :

min(L,k)

(:(L)Iny(L)) = (03, 05)] Y ¢"ISINK). (4.8)

This form is advantageous for any process that is finite cryptic order. This, of course,
includes all finite Markov-order processes—processes used quite commonly in a variety of
disciplines.

Since the quantum-reduced state-complexity C,(L) is a function of only 7 and quantum

overlaps, the preceding development also gives a direct lesson about the C,(L) saturation.
Corollary 1. C,(L) has constant value C,(k) for L > k.

Proof. The entropy of an ensemble of pure signal states {p;, |1;)} is a function of only
probabilities p; and overlaps {(V;|1;)}. The result then follows directly from Thm. [9

Having established connections among depth, cryptic order, and saturation, we seem
to be done analyzing quantum overlap—at least for the finite-cryptic case. To prepare
for going beyond finite horizons, however, we should reflect on the spectral origin of (’s
nilpotency.

A nilpotent matrix, such as { in the finite-cryptic case, has only the eigenvalue zero.
This can perhaps be most easily seen if the pair-states are ordered according to their
distance from SINK, so that ( is triangular with only zeros along the diagonal.

Notably, for finite DAGs with depth d > 1, the standard eigenvalue—eigenvector

decomposition is insufficient to form a complete basis—the corresponding ( is necessarily
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nondiagonalizable due to the geometric multiplicity of the zero eigenvalue being less than
its algebraic multiplicity. Generalized eigenvectors must be invoked to form a complete
basis [90]. Intuitively, this type of nondiagonalizability can be understood as the intrinsic
interdependence among pair-states in propagating probability amplitude through a branch
of the DAG. When ( is rendered into Jordan block form via a similarity transformation,
the size of the largest Jordan block associated with the zero eigenvalue is called the index
Vg of the zero eigenvalue. It turns out to be equal to the depth for finite DAGs.
Summarizing, the finite-horizon case is characterized by several related features: (i)
the QPMM is a DAG (of finite depth), (ii) the depth of the QPMM is one greater than the
cryptic order, (iii) the matrix ¢ has only the eigenvalue zero, and (iv) the depth is equal
to the index of this zero-eigenvalue, meaning that ¢ has at least k generalized eigenvectors.
More generally, ¢ can have nonzero eigenvalues and this corresponds to richer structure

that we explore next.

4.6.2 Infinite Horizon: Lollipop Process

Now we ask, what happens when the QPMM is not a directed acyclic graph? That is,
what happens when it contains cycles?

It is clear that the depth d diverges, implying that the cryptic order is infinite. Therefore,
the sum in Eq. may no longer be truncated. We also know that infinite-cryptic
processes become ubiquitous as e-machine state size increases [120]. Have we lost our
calculational efficiencies? No, in fact, there are greater advantages yet to be gained.

We first observe that a QPMM’s ( breaks into two pieces. One has a finite horizon
reminiscent of the finite cryptic order just analyzed, and the other has an infinite horizon,
but is, as we now show, analytically quite tractable.

In general, a linear operator A may be decomposed using the Dunford decomposition [T0]

(also known as the Jordan—Chevalley decomposition) into:
A=D+ N, (4.9)

where D is diagonalizable, N is nilpotent, and D and N commute. In the current setting,

N makes the familiar finite-horizon contribution, whereas the new D term has an infinite
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horizon: D" # 0, for all n < oco. In the context of infinite cryptic processes, the finite
horizon associated with A is no longer simply related to QPMM depth nor, therefore, the
cryptic order which is infinite.

The systematic way to address the new diagonalizable part is via a spectral decomposi-
tion [60], where the persistent leaky features of the QPMM state probability evolution
are understood as independently acting modes. It is clear that ¢ always has a nilpotent
component associated with a zero eigenvalue, due to the SINK state. Assuming that the

remaining eigenspaces are diagonalizable, the form of the overlaps becomes:

1_£L+1
(m(L)n; (L)) = e ((04,05)| G [SINK)
§eAN\{0}
min{L,vp—1}
+ Y (04,09 [SINK) | (4.10)
m=0

where A¢ is the set of (’s eigenvalues, (¢ are the projection operators corresponding to each
eigenvalue, and 1 is the index of the zero eigenvalue, which is the size of its largest Jordan
block. We refer to this as the almost-diagonalizable case since all eigenspaces—besides
possibly the zero-eigenvalue space—are diagonalizable. This case covers all processes
with generic parameters. Here, 1 is still responsible for the length of the finite-horizon
component, but is no longer directly related to QPMM depth or process cryptic order.

Note that in the finite-cryptic order case, the only projector (j is necessarily the identity.
Therefore, Eq. reduces to the previous form in Eq. .

The spectral decomposition yields a new level of tractability for the infinite-cryptic
case. The infinite-horizon piece makes contributions at all lengths, but in a regular way.
This allows for direct calculation of its total contribution at any particular L, including
L — oo.

To highlight this behavior, consider the (7—4)-Lollipop Process, whose e-machine is
shown in Fig. [£.4] Tt is named for the shape of its QPMM; see Fig. [£.5] This process is a
simple example of one where the cryptic order is infinite and the finite-horizon length of
the nilpotent contribution is tunable. Roughly speaking, the diagonalizable component
comes from the “head” of the lollipop (the cycle), and the nilpotent part comes from the

“stick”.
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Figure 4.4: e-Machine for the (7—4)-Lollipop Process. The cycle of 0Os on the right leads to
infinite Markov and cryptic orders.
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Figure 4.5: QPMM for the (7-4)-Lollipop Process.

It is straightforward to construct the general QPMM and thereby derive { for the
(N—M)-Lollipop Process. Its QPMM has N pair-states in a cyclic head. The M remaining

pair-states constitute a finite-horizon ‘stick’. We find:

det(¢ — &) = (OM[(-ON - (1—-p)(1—q)] .

yielding:

Ac= {07 [(1-p)(1— Q)}l/Nei”%/N}N , (4.11)

n=0

with vy = M.

For concreteness, consider the (7-4)-Lollipop Process with transition parameters
p=gq=1/2and r € (0,1). It has eigenvalues A; = {0,ae™’} and vy = 4, where
a=(1/HY7, 0 =2r/7, and n € {0,1,2,3,4,5,6}.
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Each ¢ = ae™ eigenvalue has algebraic multiplicity 1 and associated left eigenvector:

(€] = [2v2¢°,v2¢%, ¢4, 6%, €%, ¢4, ¢,
\/5557 \/5547 \/5537 V 2<1 - T)£2] 5

and right eigenvector:
1
€) = 3¢+ 1 V26, V2, V26, V26, V27, 0,0,0,0]T

The general relationship among left and right eigenvectors, left and right generalized
eigenvectors, and projection operators, and their reduction in special cases is discussed
in Ref. [198]. In the present case, notice that, since ¢ is not a normal operator, the right
eigenvectors are not simply the conjugate transpose of their left counterparts. (Normal
operators by definition commute with their conjugate transpose; e.g., Hermitian operators.)
The left and right eigenvectors are fundamentally different, with the differences expressing
the QPMM’s directed causal architecture.

Since each of these eigenvalues has algebraic multiplicity 1, the corresponding projection

operators are defined in terms of right and left eigenvectors:

_ 16l
=g

The zero eigenvalue has algebraic multiplicity 1y = 4 and geometric multiplicity 1,
meaning that while there is only one eigenvector there are three generalized eigenvectors.

The left and right eigenvectors are:

[0,0,0,0,0,0,0,0,0,0,1] and

0,1,0,0,0,0,0,-1,0,0,0] " .
The three generalized left eigenvectors are:

[0,0,0,0,0,0,0,1,0,0,0] ,
[0,0,0,0,0,0,0,0,1,0,0] , and

[0,0,0,0,0,0,0,0,0,1,0] ;
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and the three generalized right eigenvectors are:

0,0,v/2,0,0,0,0,0,—1,0,0] "
0,0,0,+/2,0,0,0,0,0,—1,0]" , and

[0,0,0,0,+/2(1 —7),0,0,0,0,0, —1]"

Since the index of the zero eigenvalue is larger than 1 (v = 4), the projection operator
(o for the zero eigenvalue includes the contributions from both its standard and generalized

eigenvectors:

’ 03 n‘
g 4.12
03 n|0 ’ ( )

where |0g) and (0g| are the standard right and left eigenvector respectively and |0,,) and
(0,,| are the n'® generalized right and left eigenvector for n > 1. More generally, when
the geometric multiplicity is greater than one, this sum goes over all standard and all
generalized eigenvectors of the zero eigenvalue, matching pairs according to the orthonormal
relations discussed in the previous chapters.

Since all projection operators must sum to the identity, the projection operator for the
zero eigenvalue can be obtained alternatively from:

Go=I- Y . (4.13)
€EALNO

which is often useful during calculations.

This very efficient procedure allows us to easily probe the form of quantum advantage
for any process described by a finite e-machine.

Finally, we jump directly to the asymptotic overlap using the following expression:
(ni(00)[n;(00)) = {(03, 05) (Zc ) ISINK)
— ((03,07)| (I = )" [SINK) . (1.14)

Note that I — ( is invertible, since ( is substochastic. Hence, its spectral radius is less
than unity, 1 ¢ A, and so det(11 — ¢) # 0. Moreover, (I — ()~ ! is equal to the convergent
Neumann series Y>> (" by Thm. 3 of Ref. [281, Ch. VIII § 2].
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Yielding an important calculational efficiency, the form of Eq. (4.14]) does not require
spectral decomposition of ¢ and so immediately provides the asymptotic quantum-reduction
of state complexity. Finally, this form does not depend on the previous assumption of ¢

being almost-diagonalizable.

4.7 Quantum-Reduced State-Complexity

The preceding development focused on computing overlaps between quantum signal states
for g-machine representations of a given process. Let’s not forget that the original goal
was to compute the von Neumann entropy of this ensemble—the quantum-reduced state-
complexity C,(L), which is the memory that must be transferred about the state of the
process to synchronize compatible predictions.

The naive approach to calculating C,(L) constructs the signal states directly and so
does not make use of overlap computation. This involves working with a Hilbert space of
increasing dimension, exponential in codeword length L. This quickly becomes intractable,
for all but the simplest processes.

The second approach, introduced in Ref. [I57], made use of the PMM to compute
overlaps. These overlaps were then used to construct a density operator with those same
overlaps, but in a Hilbert space of fixed size |S|, essentially obviating the high-dimensional
embedding of the naive approach. And, we just showed how to calculate overlaps in closed
form. The elements of the resulting density matrix, however, are nonlinear functions of
the overlaps. Besides the computational burden this entails, it makes it difficult to use the
overlap matrix to theoretically infer much about the general behavior of C,(L).

Here, we present two markedly improved approaches that circumvent these barriers.
We are ultimately interested in the von Neumann entropy which depends only on the
spectrum of the density operator. It has been pointed out that the Gram matrix of an

ensemble shares the same spectrum [122]. The Gram matriz for our ensemble of pure
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quantum signal states is:

Vo mlm) - /mms) (mlns)
G = : : : (4.15)

Vs (msm) - mms) (silnis)

If we define D, = diag(m), then G = DY2AAtDY2.

Given that it is only a small step from the overlap matrix AA' to the Gram matrix G,
we see the usefulness of the thoroughgoing overlap analysis above. The spectrum of G is
then computed using standard methods, either symbolically or numerically.

There is another surrogate matrix that shares the spectrum but is simpler, yet again,

for some calculations. We call this matrix G the left-consolidated Gram matrix:

T {mlm) - 7T1<Th|77\s\>
G = : : ) (4.16)

ms| (Msilm) -+ ms) (s)|ms)
Note that G = D,AA'—i.e., D, has been consolidated on the left. A right-consolidated
Gram matrix would work just as well for the calculation of C,(L).

Since the spectra are identical, we can calculate C,(L) directly from the density matrix

p(L), Gram matrix G, or consolidated Gram matrix G(2):

Cy(L)=— > AlogA

For further discussion, see App. [4.10.3]

Using the Gram matrix as described, we illustrate the behavior of C,(L) for the (R-k)-
Golden Mean (Fig. and (N—-M)-Lollipop (Fig. [£.7). For each of the two process classes,
we compute several instances by varying R and k£ and by varying N and M while holding

fixed their transition parameters. Comparing the two figures, we qualitatively confirm
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Figure 4.6: Quantum costs C,(L) for the (R-k)-Golden Mean Process with R € {1,...,6}
and k € {1,...,R}. R and k are indicated with line width and color, respectively. The
probability of the self-loop is p = 0.7. C,(L) roughly linearly decreases until L = k where
it is then constant. Note that (R—k)-GM agrees exactly with ((R+ 1)-(k — 1))-GM for
L <k, as explained in App. 4.10.4]

the difference between a process with only a finite-horizon contribution and one with an
infinite-horizon contribution. The (R-k)-Golden Mean reaches its encoding saturation at
L = k the cryptic order. The (N—M)-Lollipop only approaches this limit asymptotically.

In contrast to the customary approach in quantum compression [213], in which an
entire message is to be compressed with perfect fidelity, the compression advantage here is
obtained by throwing away information that is not relevant for simulating a process—with
the goal of correctly sampling from a conditional future distribution.

Recall that the quantum-reduced state-complexity C,(L) quantifies a communication
cost. Specifically, it is the amount of memory about a process’ state that must be queried
to move the system forward in time. However, to avoid misinterpretation, we note that
this cost does not have a simple relationship to the “quantum communication cost” as

the phrase is sometimes used in the distributed computing setting of communication
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Figure 4.7: Quantum costs C,(L) for the Lollipop process for N € {3,4,5,6}, M €
{2,3,4,5,6}, p=q=0.5, and r = 0.1. N and M are indicated with line width and color,
respectively. After a fast initial decrease, these curves approach their asymptotic values
more slowly.

complexity theory [33].
To supplement the details already given, annotated analytic derivations of several
example processes are given in App.[4.10.4l These examples serve as a pedagogical resource,

with comparison and discussion of various analytical techniques.

4.8 Costs using Long Codewords

The preceding discussed quantum-state overlaps extensively. We found that the behavior
of the overlaps with L is completely described through (’s spectral decomposition. And, we
showed that, for any L, the von Neumann entropy C,(L) can be found from the eigenvalues
of the Gram matrix—a direct transformation of the overlap matrix. This is all well and
good, and key progress. But, can we use this machinery to directly analyze the behavior
of Cy(L) as a function of L? For infinite-cryptic processes, the answer is an especially

pleasing affirmative.
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This section derives C,(L)’s asymptotic behavior for large L; viz., vy < L < k = 0.
We show that a periodic pattern, exponentially decaying at the rate of the largest (-
eigenvalue magnitude, dominates C,(L)’s deviation from C,(00) for large L. In particular,
we show two things: First, the asymptotic behavior of C,(L) — C,(00) is, to first order,
exponentially decreasing as ri, where 7, is (’s spectral radius. Second, this exponential
defines an envelope for a W-periodic asymptotic structure, where ¥ is the least common
multiple of slowest-decaying QPMM cycle lengths.

Recall that the minimal known upper bound on state complexity is given by the
asymptotic von Neumann entropy:

Cy(o0) = — Z A log()\(oo)) :
A(®)eA a(o0)

We will show that when L is large, (§G)) = GF) — G(>) can be treated as a perturbation
to G(*). From the corresponding small variations {((5)\)(L)} N direct calculation of the
first differential yields the approximate change in the von Neumann entropy:

(68) " = =3 " [log (A)) +1] (6™, (4.17)

XeAg

so long as no zero eigenvalues of G(*) prematurely vanish at finite L. Our task, therefore,
is to find (6A)) from (6G)") in terms of (’s spectral properties.

For easy reference, we first highlight our notation:

e G is a Gram matrix at length L corresponding to p(L).
o M5 € AL is any one of its eigenvalues.

e [A)) and (AP are the right and left eigenvectors of G¥) corresponding to A,
respectively.
e (0G)F) =GW — G is the perturbation to G investigated here.

e £ € A is an eigenvalue of the QPMM transition dynamic (.

If using G’s symmetric version, the right and left eigenvectors are simply trans-

poses of each other: (\F)| = (|)\(L)))T. For simplicity of the proofs, we assume nonde-

generacy of G")’s eigenvalues, so that the projection operator associated with A% is
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XN (A /(ANENAE)Y where the denominator assures normalization. Nevertheless, the
eigenbasis of G¥) is always complete and the final result, Thm. , retains general validity.
Here, we show that the matrix elements of (§G)") are arbitrarily small for large enough

L, such that first-order perturbation is appropriate for large L, and give the exact form of

(6G)™) for use in the calculation of (6A)5).

Proposition 1. For L > vy, the exact change in Gram matriz is:

€L+1
(G == 3 ¢ Ce

£EAND

where C¢ is independent of L and has matriz elements:

(Ce)ij = /mimj (04, 0)[Ce[SINK) .

Proof. We calculate:

(5G)l(§) _ G(L) . G(OO)

i,j 1,J
L), (L 00) |, (00
= /T <<?7§ Sy = 0> I )>)

= —y/mm; {(01,0)|¢" (1 = )7'[SINK) .

If we assume that all nonzero eigenvalues of ¢ correspond to diagonalizable subspaces, then

for L > vy, the elements of (§G)) have the spectral decomposition:

L+1
(5G)1(5) = - Z f—_gwﬂ'iﬂ'j <(0’Z,O'])|C§|SINK> .

EEANO

Since this decomposition is common to all matrixz elements, we can factor out the {55:2} ,
3

leaving the L-independent set of matrices:

{Ce: €0y = vam; (o0 IGISINK)

¢

such that:
§L+l

(6G) ) =~ 3~ —

ﬁEA(\O

Ce .
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Proposition 2. At large L, the first-order correction to A is:

w €L+1 <)\(oo)‘ Cg ‘)\(oo))
CVSEEEY R T T (4.18)

Proof. Perturbing G to G + (6G) 1), the first-order change in its eigenvalues is

given by:
1wy _ AIOG)H[N)
B (A X () ’

which is standard first-order nondegenerate perturbation theory familiar in quantum me-

(0X) (4.19)

chanics, with the allowance for unnormalized bras and kets. Proposition [q then follows

directly from Eq. (4.19) and Prop. .
Theorem 3. At large L, such that vy < L < k = oo, the first-order correction to Cy(c0)

18:

Cy(L) = Cy(00) = (85)"
§L+1

=) - > (Ce) [log(A) +1] (4.20)
EEALND A(°°>€AG(OO)
where:
_ (A G |]A)
(Ce) = (A A

Proof. This follows directly from Exq. and Prop. .

The large-L behavior of C,(L) — C,(c0) is a sum of decaying complex exponentials.
And, to first order, we can even calculate the coefficient of each of these contributions.

Notice that the only L-dependence in Prop. [2] and Thm. [3] comes in the form of
exponentiating eigenvalues of the QPMM transition dynamic (. For very large L, the
dominant structure implied by Prop. [2l and Thm. [3| can be teased out by looking at the
relative contributions from (’s first- and second-largest magnitude sets of eigenvalues.

Let 1 be the spectral radius of ¢, shared by the largest eigenvalues A(ry): r; = max{ €|
¢ e Ag}. And, let A(ry) = argmax{\f] €€ AC}- Then, let r, be the second-largest
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magnitude of all of (’s eigenvalues that differs from ry: 75 = max{|¢] : £ € A\ A(r1) }.
And, let A(ry) = argmax{|¢| : £ € A¢ \ A(r1)}. Multiple eigenvalues can belong to A(ry).
Similarly, multiple eigenvalues can belong to A(rs)

Then, 0 < (ry/r1) < 1, if ¢ has at least one nonzero eigenvalue. This is the case of
interest here since we are addressing those infinite-horizon processes with k£ = co > 1.
Hence, as L becomes large, (1o/ T’l)L vanishes exponentially if it is not already zero. This

leads to a corollary of Prop. [2|

Corollary 2. For L > vy, the leading deviation from A is:

L+1

(ENW = 1 3 £/|£! >[1+0(( )Lﬂ '

€eA(r1)

Notice that /|| lies on the unit circle in the complex plane. Due to their origin in
cyclic graph structure, we expect each £ € A(ry) to have a phase in the complex plane
that is a rational fraction of 27. Hence, there is some n for which (£/[¢])" = 1, for all

¢ € A(r1). The minimal such n, call it ¥, will be of special importance:
U=min{n € N: (£/[¢])" =1forall £ € A(r1)} . (4.21)

Since all £ € A(r;) originate from cycles in (’s graph, we have the result that W is equal to
the least common multiple of the cycle lengths implicated in A(ry).

For example, if all £ € A(ry) come from the same cycle in the graph of ¢, then
U = |A(ry)] and:

ri) = {ﬁm _ zm27r/|A r1)|}|A 1)

‘A(“ are the |A(r1)|™ roots of unity, uniformly distributed along the

That is, {€/]¢nl}"
unit circle. If, however, A(ry) comes from multiple cycles in (’s graph, then the least
common multiple of the cycle lengths should be used in place of |A(r)].

Recognizing the W-periodic structure of (£/]£|)" yields a more informative corollary of

Prop. [2}
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Figure 4.8: (8,8)-Lollipop with transition parameters p € [0.1,0.9], ¢ = 0.5, and r = 0.1.
Cy(L)—C,(00) on semilog plot illustrates asymptotically exponential behavior. Red dashed
lines, rf where r; (no relation to r) is the spectral radius of ¢, quantify the exponential
rate of decay. The height of each red dashed line is set equal to C;(49); we can see that
the decay is very close to exponential even as early as L ~ 15. Vertical dashed line at
L = M = 8 shows change in behavior after the length of the “stick”.

Corollary 3. For L > v, the leading deviation from A\ is:

mod (L+1, ¥)

geA(r) 1-¢
X [1 + O((TQ/Tl)L)]
Hence:
(SN EFY) = ¥ (5N (4.22)

We conclude that asymptotically a pattern—of changes in the density-matrix eigenvalues
(with period W)—decays exponentially with decay rate of r’ per period. There are

immediate implications for the pattern of asymptotic changes in C,(L) at large L.
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Figure 4.9: Lollipop with N € {3,4,5,6,7,8} and M = 8, and transition parameters
p=g=05and r =0.1. (Cy(L) — Cy(00))/r{ demonstrates the periodicity of asymptotic
behavior. Removing the exponential envelope makes periodicity of the remaining deviation
more apparent. For Lollipop, the periodicity ¥ = |A(r1)| = N

Corollary 4. For L > vy, the leading deviation from Cy(o0) is

Cy(L) — Cylo0) = (65)™)
s Z £/|£|>‘“°d(“1 )

€eA(r1) —¢

X Z (Ce) log(A) [1 = O((rg/rl)L>] .

)\(OO)GAG(OO)

The most profound implication of this detailed analysis can be summarized succinctly.

Theorem 4. For sufficiently large L:

Co(L + ) — Cy(o0) ~ ¥
Cy(L) — Cy(o0) B

(4.23)
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Figure 4.10: C,(L)—C,(o0) on a semilog plot for Lollipop with N = 6 and M € {2,...,20}
and transition parameters p = ¢ = 0.5 and » = 0.1. M determines the finite-horizon
length, where the nilpotent part of ( vanishes. Vertical (dashed) lines indicate L = 2 and
L = 20, the shortest and longest such length in this group.

That is, asymptotically a pattern—of changes in C,(L) — C,(c0) (with period ¥)—
decays exponentially with decay rate of r{ per period El

While the first-order perturbation allowed us to identify both the roles and values of r;
and U for any process and Coro. [ would imply Thm. [4] Thm. [ actually transcends the

limitations of the first-order approximation.

Proof. Expanding log G in powers of (G — I), then multiplying by —G"), shows that
Cy(L) = —tr[GP log GP] can be written as:

C, (L) = — i a, tr[(GP)"] | (4.24)

n principle, we need to consider two cases: the pattern decays to Cy(00) from above or from below.
In either case, the decay of the Cy(L) — C,(00) pattern is exponential. However, it is known that Cy(L) is
strictly less than C,, = Cy(0) for any L for any noncounifilar process (and equal otherwise). Hence, we
expect that Cy(L) always decays from above, as corroborated by extensive numerical exploration.
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for proper a,, € R. Using:

min{L,vp—1}

o 1— §L+1
GH=> ——Cc+ >, Com, (4.25)
SGAc\O 1 N 5

with appropriate constant matrices Co m, together with Eqs. (4.21) and (4.24)), yields Thm.

with general validity.

m=0

In the simplest case, when ¢ has only one largest eigenvalue, then ¥ = [A(r1)| = 1 and
so Cy(L) — Cy(00) is dominated by a simple exponential decay at large L.

For the case of multiple largest eigenvalues originating from the same cycle in (’s graph,
then U = |A(r1)| > 1. And so, the asymptotic behavior of C,(L) — C,(o0) is dominated
by a decaying pattern of length |A(ry)].

For example, the Lollipop processes have an exponentially decaying pattern of length- N

that dominates C,(L) — C,(o0) for L > vy = M:
U =|[A(r)|=N. (4.26)

This periodic behavior is apparent in the semi-log plots of Figs. and [£.10)and is especially
emphasized in Fig. [£.9 which shows that ¥ = N for various N. The figures demonstrate
excellent agreement with our qualitative expectations from the above approximations.

Showing the effect of different vy, Fig. [4.10] emphasizes that the initial rolloff of
Cy(L) — Cy(00) is due to L < vy = M. The dominant asymptotic behavior is reached soon
after L = 14 in this case since the remaining (i.e., nonzero) eigenvalues of the QPMM
transition dynamic ¢ are all in the largest-magnitude set A(r1). In other words, Thm. ’s
Eq. is not only approximated by but, in this case, also equal to the simpler expression
in Coro. [4] since ry = 0.

The slope r; indicated in Figs. and corresponds to the asymptotic decay rate
of the envelope for C,(L) — C,(00). This asymptotic decay rate is a function of both N
and p, since for Lollipop:

rn=[1-p)1-q]"". (4.27)

Figure 4.8 shows that we have indeed identified the correct slope for different p.
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The central asymptotic features of the quantum advantage C,(L) — C,(c0) of reduced
state-complexity are all captured succinctly by Thm. [} First, the asymptotic behavior of
Cy(L) — C,(00) is exponentially decreasing at rate ry, which is the spectral radius of (.
Second, this exponential envelope is modulated by an asymptotic W-periodic structure,
where W is the least common multiple of slowest-decaying QPMM cycle-lengths.

These results summarize the expected behavior of the L-dependent quantum reduction
of state-complexity for all classical processes that can be described by a finite-state
e-machine. Using codeword-length of at least the finite-horizon length 14 of the process’
QPMM seems advisable for significant reduction of memory costs in simulations that
utilize the advantage of quantum signal states discussed here. The cost-benefit analysis of
further increasing encoding length for infinite-cryptic processes will be application-specific,

but now has theoretical grounding in the above results.

4.9 Conclusion

We developed a detailed analytical theory of how to maximally reduce the state-complexity
of a classical, stationary finite-memory stochastic process using a quantum channel. This
required using the new quantum state-machine representation (q-machines) [157], carefully
constructing its codewords and quantitatively monitoring their overlaps (via the quantum
pairwise-merger machine), and utilizing a new matrix formulation of the overlap density
matrix (consolidated Gram matrix). Applying spectral decomposition then lead directly
to closed-form expressions for the quantum coding costs at any codeword length, including
infinite length.

The theoretical advances give an efficient way to probe the behavior of quantum-reduced
state complexity with increasing codeword length, both analytically and, when symbolic
calculation become arduous, numerically. The efficient numerical algorithm (linear in
L) improves on previous exponential algorithms; moreover, the infinite-L limit can now
be obtained directly in finite time. Analyzing selected example processes illustrated the
required calculations and also the range of phenomena that occur when compressing

memoryful processes. We expect the results to be relevant for the understanding and
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design of efficient simulations for complex classical stochastic systems of biological and
technological importance newly enabled by the quantum reduction in memory requirements.

Particular phenomena we reported for the first time here included (i) details of how a
process’ cryptic order determines its quantum reduction in state complexity, (ii) transient
and persistent contributions to reduced state-complexity, (iii) exponential convergence to
optimum compression, and (iv) oscillations in the convergence that reveal how a process
gives up its crypticity with increasing codeword length. Our results apply to both finite
and infinite Markov- and cryptic-order processes.

The overall result appears as a rather complete quantitative toolkit for analyzing
quantum state-compressibility of classical processes, including finite and infinite codeword
closed-form expressions. That said, many issues remain, both technical and philosophical.
We believe, however, that the approach’s mathematical grounding and analytical and
numerical efficiency will go some distance to solving them in the near future.

For example, one of the abiding questions is the meaning of process crypticity x =
C}, — E—the difference between a process’ predictable information or excess entropy E and
its stored state information or statistical complexity C,, [58,[76]. Most directly, x measures
how much state information (C),) is hidden from observation (E). Cryptic processes and
even those with infinite cryptic order dominate the space of classical processes [120]. This
means that generically we can compress C,, down to C,(L). However, this begs the question
of what crypticity is in the quantum domain. Now that we can work analytically in the
infinite-length limit, we can explore the quantum crypticity x, = Cy(c0) — E. From our
studies, some not reported here, it appears that one cannot compress the state information
all the way down to the excess entropy. Why? Why do not quantum models exist of “size”
E bits? Does this point to a future, even more parsimonious physical theory? Or, to a
fundamental limitation of communication that even nature must endure, as it channels
the past through the present to the future?

For another, are we really justified in comparing Shannon bits (C),) to qubits (Cy)?
This is certainly not a new or recent puzzle. However, the results on compression bring

it to the fore anew. And, whatever the outcome, the answer will change our view of
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what physical pattern and structure are. Likely, the answer will have a profound effect.
Assuming the comparison is valid, why is there a perceived level of classical reality that is
more structurally complex when, as we demonstrated and now can calculate, processes

might be more compactly represented quantum mechanically?

4.10 Appendices
4.10.1 Appendix A: Mealy HMMs

Edge-emitting HMMs are called Mealy HMMs. This should be contrasted with the
state-emitting HMMs, called Moore HMMs. Mealy and Moore HMMs are different
representations, but all processes that can be generated by finite-state Moore HMMs can
also be generated by Mealy HMMs, and vice versa; i.e., Mealy and Moore HMMs are class
equivalent. The causal equivalence relation, however, implies that the minimal classical

model of a process—the e-machine—is a Mealy HMM.

Definition 10. A Mealy HMM M is the 4-tuple {’R, A, {T®} peu, ,ug}, where R is
the set {po, p1,-..} of latent states, A is the set of output symbols x, the set of matrices
{T(x) : Tz(f) = Pr(pj,x|pi)}m€A are the labeled transition matrices, and o is the initial
distribution over latent states.

Certain non-stationary processes can be generated by Mealy HMMs when the initial
distribution over latent states is not the stationary distribution. In this work, we consider

only stationary processes, so pg = 7. In such cases, time-independent word probabilities

can be calculated as:

L—1
Pr(w) =m H T@1
i=0
where 1 = [1,...,1]". When these probabilities are constructed to agree with those of the

words in a given process language, the HMM is said to be a presentation of the process.

The e-machine is the Mealy HMM presentation of a process, whose latent states are
the causal states of the process: R = 8. The e-machine is provably the minimal classical
unifilar generator of a process—minimal both in the number of states and the entropy

over states [55].
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4.10.2 Appendix B: Quantum Overlaps and Cryptic Order

Lemma [1] Given an e-machine with cryptic order k: for L < k, there exists an L-merge;

for L > k, there exists no L-merge.

Proof. By definition of cryptic order k:
H(Sk| Xo.00) =0 .

This means that for any given T there exists a unique oy. Since k is the minimum such
length, for L = k — 1 there exists some word xo.oo that leaves uncertainty in causal state
Sk—1. Call two of these uncertain Sk states A and B (A # B). Tracing xo..o backwards
from A and B, we produce two state paths. These state paths must be distinct at each step
due to e-machine unifilarity. If they were not distinct at some step, they would remain so
for all states going forward, particularly at Sp_1. The next symbol xy, must take A and B
to the same next state F or violate the assumption of cryptic order k. These two state
paths and the word xoy and the final state F' make up a k-merger, meaning that cryptic
order k implies the existence of a k-merger.

By remouving states from the left side of this k-merger, it is easy to see that a k-merger
implies the existence of all shorter L-mergers.

By unifilarity again, H(Sg| Xo.00) = 0 = H(SL| Xo.0o) = 0, for all L > k. Assume
there exists an L-merger for L > k with word w. By definition of L-merger, there is then
uncertainty in the state Sp_1. This uncertainty exists for any word with w as the prefit—a
set with nonzero probability. This contradicts the definition of cryptic order.

Theorem Given a process with cryptic order k, for each L € {0,...,k}, each
quantum overlap (n;(L)|n;(L)) is a nondecreasing function of L. Furthermore, for each
L € {1,...,k}, there exists at least one overlap that is increased (as a result of a

corresponding L-merge). For all remaining L > k, each overlap takes a constant value

(i () (K)).-
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Proof. We directly calculate:

(L)L) = Y TSN T (wlw') (o, |o,)

wwGAL
]L,ZLG{l =1
_§ /T [ r(w)
a]L TbJL
7]L

So, we have:

(na(L+1)|ms(L + 1))

_ [r(w’) (W)
- Z Tlle+1 TbjL+1

w' e AL+1
JL+1

- > Yern
ajn JnJL+1 blL lLJL+1

we Al se A
Jolr,jr+1

_ w) s) (w ()
- \/TaJL \/TJLJLH \/TbJL TJ'LJ'LH

wE'AI“ seA
JL>JL+1

(w (s
+ Z \/TaJL \/TJLJL+1\/TML \/ lpjrsr 0

weAl sc A
JrL ?élejLJ,-l

The first sum represents the overlaps obtained already at length L. To see this, we split the

sum to two parts, where the first contains:

s) (w (s
Z \/Ta \/TJLJLH\/TI)JL \/T]LJL+1

weAl se A

ijjL+1
_ /T /T s) (s
o Z a]L bJL (Z \/T]LJLH \/TJLJL+1 )

weAL s€A
JL+1

=zmﬁ

wGAL

= (1a(L)|m(L))

We use Lemmalll to analyze the second sum, which represents the change in the overlaps,

207



finding that:

(w) (s) (w) (s)
Z \/TajL \/TijLH \/TblL TlLJ'L+1 >0 ’
weAL sc A

JLAL L+

with equality when L > k. Summarizing:

(Ma(L + D)|mp(L + 1)) > (ma(L)|me(L))

with equality for L > k.

Note that while the set of overlaps continues to be augmented at each length up until
the cryptic order, we do not currently have a corresponding statement about the nontrivial
change in C,(L) or its monotonicity. Although a proof has been elusive, it would be an
important extension of our work. Nevertheless, the asymptotic analysis of Sec. shows
an overall decay of C,(L) for infinite cryptic processes. Moreover, extensive numerical

exploration suggests that C(L) is indeed monotonic at all scales for all orders of crypticity.

4.10.3 Appendix C: Matrices and Their Entropy
4.10.3.1 Density Matrix

The density matrix can now be expressed using a fixed |S|-by-|S| matrix, valid for all L.

Using the Gram-Schmidt procedure one can choose a new orthonormal basis. Let:

m(L)) = [ef™)
L L L L
ma(L)) = a5y [ef)) + a%y) e

L L L L L L
ms(L)) = a$y [ef™) + Sy |eS™)) + ay) eS)
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and so on. Then:

(L)

ay = (m(L)[n2(L))

= ((o1,02)| (O ¢") [SINK) |
a%) = (1= {m(L)na(L)) 1)*
asy) = (m(L)|ns(L))

= ((01,03)|(

™) =

Il
=)

n

¢") [SINK)

and so on. Now, it is useful to rewrite what we can in matrix form:

L
(m(L)| 1 0 (e
L L L
(mo(L))| aly  aly (e
_ L L L L

me(L)] | = [afy ol oSy e
(L) (L) (L)
(s (D) ] | ys)y sisi] [(¢sil]

EXL

which defines the lower-triangular matrix A;. Note that the rightmost matrix of orthonor-
mal basis vectors is simply the identity matrix, since we are working in that basis.

In this new basis, we construct the |S|-by-|S| density matrix as:
S|

p(L) = Zﬂz’ (L)) (n:(L)]

(m(L)]
mo 0] | (D)
=@ - s (L) (ms(L)
0 ms| :
5 |isi(D)]]

— Al DAL .

Since all entries are real, the conjugate transpose is the transpose. This more general
framework may be useful, however, if we want to consider the effect of adding phase to

the quantum states.
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4.10.3.2 Von Neumann Entropy

The quantum coding cost is:

Cy(L) = —tr [p(L) log p(L)]
= —tr [ATLDWAL log(Al D, Ap)

= — Z Alog A .

AEAAED#AL

This is relatively easy to evaluate since the density matrix p(L) is only a |S|-by-|S| function
of L. Thus, we calculate C,(L) analytically from p’s spectrum. This, in a curious way,
was already folded into (’s spectrum.

4.10.3.3 Gram Matrix

The Ay, matrix is burdensome due to nonlinear dependence on the overlap of the quantum
states. We show how to avoid this nonlinearity and instead obtain the von Neumann
entropy from a transformation that yields a linear relationship with overlaps.

The Gram matriz, with elements Gy = VT (M (L) e (L)), can be used instead
of p(L) to evaluate the von Neumann entropy [122]. In particular, G¥) has the same
spectrum as p(L), even with the same multiplicities: Agw) = Ayr), while ay, g, and vy
remain unchanged for all A in the spectrum. (This is a slightly stronger statement than in
Ref. [122], but is justified since p(L) and G'X) are both |S|-by-|S| dimensional.)

Here, we briefly explore the relationship between p(L) and G) and, then, focus on
the closed-form expression for G). The result is more elegant than p(L), allowing us to
calculate and understand C,(L) more directly.

Earlier, we found that the density matrix can be written as:
p(L) = AL D, AL |

which can be rewritten as:
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It is easy to show that:

tr [(D,lr/QAL)TDTlrﬂAL] = [D}r/QAL (D}r/zAL)q

— tr [D}PALATLD}/ 2] .

This means that the sum of the eigenvalues is conserved in transforming from ATLDWA L
to D}r/ 2ALATLD}T/ ?_ It is less obvious that the spectrum is also conserved, but this is also
true and even easy to prove. (Observe that ABY = \i = BABY = A\BU — BA(BY) =
A(B7).) Interestingly, the new object turns out to be exactly the Gram matrix, which was
previously introduced, although without this explicit relationship to the density matrix.

We now see that:

DY?A A} DY?
(m(L)]

=D || (D) - Ims(L)] DY?
(msi(L)]

\/7T_1<771(L)|
_ : [\/w_llm(LD \/Wlm‘s\(L))}
VTIs] (ms)(L)]

v ((D)m (L)) - ymms) (m(L)|ns (L))

Vs (s |(L)m (L)) -+ mims (ms)(L)|ns| (L))

=G1 .

Since the spectrum is preserved, we can use the Gram matrix directly to compute the

von Neumann entropy:

Cy(L)=— > Aog

)\EAG(L)

= —tr [GPlog GP] .
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4.10.3.4 Consolidated Gram Matrix

Transforming to the Gram matrix suggests a similar and even more helpful simplification
that can be made while preserving the spectrum. Define the left-consolidated Gram matrix

to be:

G = D, AL Al

(m(L)]|
= D : Im(L)) - [ms(L))
<77|3\(L)’
m (L) |m (L)) -+ m(m(L)|ns(L))
ms| (ms|(L)|m (L)) -+ ms) (ns)(L)|ns)(L))

Clearly, this preserves the same trace as the density matrix and previous Gram matrix. It
also preserves the spectrum. And, it has the advantage of not using square-roots of two
different state probabilities in each element. Rather it has a single probability attached to
each element. The same is true for the right-consolidated Gram matrix A LATLDW.

Since the spectrum is preserved, we can use the consolidated Gram matrix to compute

the von Neumann entropy:

Co(L)= = > Alogh (4.28)
)\GA@(L)
= —tr [é(L) log é(L)] . (4.29)

4.10.4 Appendix D: Examples

Exploring several more examples will help to illustrate the methods and lead to additional
observations.

4.10.4.1 Biased Coins Process

The Biased Coins Process provides a first, simple case that realizes a nontrivial quantum
state entropy [102]. There are two biased coins, named A and B. The first generates 1 with
probability ¢; the second, 0 with probability p. A coin is picked and flipped, generating
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Figure 4.11: e-Machine for the Biased Coins Process.

0: p(1Q)( \1: q(1—p)

Figure 4.12: QPMM for the Biased Coins Process.

outputs 0 or 1. With probability ¢ the other coin is used next similarly with different
probability. Its two causal-state e-machine is shown in Fig.
After constructing the QPMM for the Biased Coins Process, as outlined in Figs. [.1]]

and 4.12 we observe:

C(U) _ 0 p(l - Q)
0 0 ’
C(l) _ 0 Q(l - p)
0 0 ’
and so:
0 B
¢= ,
00

where we defined 3 = /p(1 — q¢) + 1/q(1 — p). Let’s also define the suggestive quantity
y=0-p)7
The only overlap to consider is (na(L)|ng(L)). For this, we note that ((A, B)| = [1 ()] :

Also, [SINK) = [o 1]T.
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Spectrally, ¢ here is a nilpotent matrix with only a zero eigenvalue with index two:
A = {0} and 1y = 2. Since the projection operators must sum to the identity, we have
G=1.

¢% is the null matrix for L > 1, so either by Eq. or by Eq. (4.8), we have:

min{L,1}
(na(L)ns(L)) = Y ((A,B)[(™[SINK) .
m=1
That is:
0 ifL=0,

(na(L)Ins(L)) =
B iL>1.

Entropy from the Density Matrix For the density matrix, we turn to the L-
dependent orthonormal basis {|€§L)> : \eéL))} and use the stationary distribution over
S:m=1p/lp+a) a/lp+a)|

Apparently, for L = 0 we have: |n4(0)) = ]e§0)> and |ng(0)) = |e§0)). Hence, p(0) = D,
and Cy(0) = Ha(p/(p+ q)) = C,, qubits.

For L > 1 we have: |na(L)) = |e§L)) and |na(L)) = a%) |e§L)) + aég) |e§L)>, where
a$ = (na(L)ns(L)) = B and al) = (1 — B%)Y2 = 4~! for L > 1. We find that:

1 0
AL: ,fOI‘LZl.

g oAt

Hence, for L > 1 the density matrix is:

p(L) = Al D, AL
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Since:
det(p(L) — \I) = A2 — N+ ﬁ(l — 52) ,

we find p(L)’s eigenvalues to be:

Apry = {% + M\/@qw +(p— Q)Q} 5

which yields the von Neumann entropy for L > 1:

Cy(L)=— > Alogh.

A€M, (1)

Entropy from the Consolidated Gram Matrix The left-consolidated Gram matrix

for the Biased Coins Process is:

Specifically, we have for L = 0:

Go _ 1 |P ol [1 0
0 ¢] o1
_ . |p 0
=L ,
pQ_O q_

and L > 1:

P L N R

T ptg
_O q 61

., |p pB
= pra
les g

G)’s eigenvalues are simply its diagonal entries. So, C,(0) = Hy(p/(p + q)) qubits.
For L > 1:

det(GH) — M) = X’ = A+ s (1 - 57)
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1:1

Figure 4.13: e-Machine for the (R—k)-Golden Mean Process.

which gives the same values for eigenvalues and entropy as we found earlier using the
density matrix approach.

As the new method illustrates, there is no need to construct the density matrix. Instead,
one uses the consolidated Gram matrix, which can be easily calculated from quantum
overlaps. Clearly, the consolidated-Gram matrix method is more elegant for our purposes.
This is evident even at |S| = 2. This is even more critical for more complex processes
since Ay, grows as |S| grows.

4.10.4.2 (R-k)-Golden Mean Process

The (R-k)-Golden Mean Process is constructed to have Markov-order R and cryptic-
order k. Its e-machine is shown in Fig. . The 0" state oy has probability my =
1/(R+k—p(R+ k — 1)) while all other states o; have probability m; = (1 — p)my.

Its QPMM is strictly tree-like with depth d = k + 1 and maximal width k. All edges
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have a unit weight except for those edges leaving A-paired states. The latter edges,
numbering k in total, have an associated weight of ,/p.

The eigenvalues of the consolidated Gram matrix can be obtained from:

det(é(L) — ) = (m — /\)R—i—k—min(L,k)—l

TTo — A 7_‘_0\/}—) . 71_‘J\/]—)rnin(L,k)
Wl\/ﬁ 7_‘_1 Y Wl\/z—)min(L,k)—l

7_‘_1\/]—)min(L,k) T — A
=0,
which directly yields the von Neumann entropy. Note that although the C,(L) is not

actually linear in L, it appears approximately linear.

We observe that 7 is invariant under the simultaneous change of:
R'=R+m, while ¥ =k—m, (4.30)

for any m € Z. Although we insist on maintaining R’ > k' > 0 for preservation of their
functional roles. Furthermore, this transformation preserves det(é(L) — M) for L < k and
L < k'. Hence, Cy(L) is invariant to the simultaneous transformation of Eq. for
L <k and L <k'. This explains the agreement noted in Fig. ’s caption—that C,(L)
for (R—k)-GM is the same as C,(L) for ((R+ 1)-(k —1))-GM for L < k.

To give an explicit example, let’s consider the (4-3)-GM Process of Fig. State A
has probability m4 = 1/(7—6p) while all other states have probability m; = (1—p)/(7—6p).

Let’s calculate:
e For L =0:
det(GO — AI) = (75 — N)8(ma — \) |
yielding Az = {7, ma} (with a,, = 6) and

Cy(0) = —6mplogmp —malogmy .
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e For L =1:

det(GM — AT)
= (mp — N)° [N = (w4 + )N + mamp(l — p)] ,
yielding Agzqy = {mp, ¢y, c_} with ey = $(m4 +7p) £ L [(ma + 7p)? — dmamp(1l — )"?
(and with a,, =5), and:

Cy(1) = —bmpglogmp — cylogey —c_loge .

e For L = 2:
det(G® — A1)
Ta—A map? map
= (1 — )‘)4 WBpl/z TR — A 7TBP1/2
mep  mEpY? mp— A
e For L > 3:
det(GH) — AI)
= det(G® — AI)

Ta—A wap?  wap  map®?

(g — A)? mpp'? mp— X wpp'?  wpp
= B —
mep  wppY? mp— A wpp'/?

mpp¥?  wep  wepY? mp— A
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Chapter 5

Pairwise Correlations in Layered

Close-Packed Structures

This chapter has appeared in print as:

P. M. Riechers, D. P. Varn, & J. P. Crutchfield, (2015). “Pairwise correlations in
layered close-packed structures”. Acta Crystallographica Section A: Foundations and
Advances, 71(4), 423-443.

The results carry over with minimal modification to address correlation in layered

structures in general.

5.1 Chapter Overview

Given a description of the stacking statistics of layered close-packed structures in the form
of a hidden Markov model, we develop analytical expressions for the pairwise correlation
functions between the layers. These may be calculated analytically as explicit functions of
model parameters or the expressions may be used as a fast, accurate, and efficient way to
obtain numerical values. We present several examples, finding agreement with previous

work as well as deriving new relations.

5.2 Introduction

There has long been an interest in planar defects or stacking faults in crystals [109, 27§].

With the recent realization of the technological import of many materials prone to stacking
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faults—graphene [37, [95] and SiC [282] being but two well known examples—that interest
has only grown. Since stacking faults shift an entire layer of atoms, it is not unexpected that
they can profoundly affect material properties. Many of these materials have more than
one stable stacking configuration and additionally many metastable ones can exist [21§],
as well as many stacking configurations that show varying amounts of disorder. Thus,
understanding stacking faults, perhaps as a prelude to controlling their kind and placement,
presents a significant, but compelling challenge.

Disordered layered materials are often studied via the pairwise correlations between
layers, as these correlations are experimentally accessible from the Fourier analysis of a
diffraction pattern [83] [84] [264] 266] or directly from simulation studies [123] [124], 229] 228,
2311, 230, 267]. Such studies yield important insights into the structural organization of
materials. For example, Kabra & Pandey [123] were able to show that a model of the 2H
— 6H[] transformation in SiC could retain long-range order even as the short-range order
was reduced. Tiwary & Pandey [248] calculated the size of domains in a model of randomly
faulted close-packed structures (CPSs) by calculating the (exponential) decay rate of
pairwise correlation functions between layers. Recently Estevez-Rams et al. [85] derived
analytical expressions for the correlation functions for CPSs that contained both random
growth and deformation faults, and Beyerlein et al. [23] demonstrated that correlation
functions in finite-sized face-centered cubic crystals depend not only on the kind and
amount of faulting, but additionally on their placement.

Beyond the study of layered materials, pairwise correlation information, in the form of
pair distribution functions, has recently attracted significant attention [72]. However, as
useful as the study of pairwise correlation information is, it does not provide a complete
description of the specimen. Indeed, it has long been known that very different atomic
arrangements of atoms can reproduce the same pair distribution function, although there
has been recent progress in reducing this degeneracy [42]. Nor are they in general suitable
for calculating material properties, such as conductivities or compressibilities.

For crystalline materials, a complete description of the specimen comes in the form

'We will use the Ramsdell notation [I83} 218] to describe well known crystalline stacking structures.
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of its crystal structure, i.e., the specification of the placement of all the atoms within
the unit cell, coupled with the description of how the unit cells are spatially related
to each other, commonly referred to as the lattice. The mathematical structure of
the theory, which has been called classical crystallography [154], uses exact symmetries
couched in the language of group theory. Determining these quantities for specimens and
materials is of course the traditional purview of crystallography. For disordered materials,
instead of using exact group symmetries, it has recently been suggested that the partial
symmetries observed in these materials can be represented using semi-groups. This new
formalism, called chaotic crystallography [268], employs information- and computation-
theoretic measures to characterize and classify material structure. Chaotic crystallography
provides a unified platform not only to calculate physical quantities of interest but
also to give insight into their physical structure. For layered materials, where there
is but one axis of interest, namely the organization along the stacking direction, the
appropriate mathematical framework for this formalism has been identified [264], 265, 260]
as computational mechanics [64, 55]. The mathematical entity that gives a compact,
statistical description of the disordered material (along its stacking direction) is its
e-machine, a kind of hidden Markov model (HMM) [197, [74]. Chaotic crystallography also
has the advantage of encompassing traditional crystal structures, so both ordered and
disordered materials can be treated on the same footing in the same formalism.

It is our contention that an e-machine describing a specimen’s stacking includes all of
the structural information necessary to calculate physical quantities that depend on the
stacking statistics [268]. In the following, we demonstrate how pairwise correlation functions
can be calculated either analytically or to a high degree of numerical certainty for an
arbitrary HMM and, thus, for an arbitrary e-machine. Previous researchers often calculated
pairwise correlation functions for particular realizations of stacking configurations [21], [123],
230), 83, 266] or from analytic expressions constructed for particular models [248, [R5l 267].
The techniques developed here, however, are the first generally applicable methods that
do not rely on samples of a stacking sequence. The result delivers both an analytical

solution and an efficient numerical tool. Additionally, by shifting the primary focus of
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Table 5.1: A number of abbreviations are used extensively in this chapter and, as a
convenience for the reader, they are tabulated here.

CF Correlation Function §2.1
CPS Close-Packed Structure §1

GM Golden Mean (Process) §2.2
HMM  Hidden Markov Model §1

11D Independent & Identically Distributed (Process) §5.1
ML Modular Layer §2

RGDF Random Growth & Deformation Fault (Process) §5.2
SFSF  Shockley-Frank Stacking Fault (Process) §5.3
SSC Simple State Cycle §3.2
™ Transition Matrix §2.2

study from the pair correlation functions to the HMM, new insights into the behavior
of correlation functions, particularly their modes of decay to their asymptotic value, are
obtained. While we will specialize to the case of CPSs for concreteness, the methods
developed are extendable to other materials and stacking geometries.

Our development is organized as follows: In we introduce nomenclature. In
we develop an algorithm to change between different representations of stacking sequences.
In §5.5] we derive expressions, our main results, for the pairwise correlation functions
between layers in layered CPSs. In we consider several examples; namely, (i) a simple
stacking process that represents the 3C crystal structure or a random stacking structure
depending on the parameter choice, (ii) a stacking process that models random growth and
deformation faults, and (iii) a stacking process inspired by recent experiments in 6H-SiC.
And, in we give our conclusions and directions for future work.

Additionally, we will find it useful to introduce a number of abbreviations that may not
be familiar to the reader. As an aid, these abbreviations have been compiled in Table

along with the section of the text where they are first defined.
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5.3 Definitions and Notations

We suppose the layered material is built up from identical sheets called modular layers
(MLs) [194, 89]. The MLs are completely ordered in two dimensions and assume only
one of three discrete positions, labeled A, B, or C' [5, 218]. These represent the physical
placement of each ML and are commonly known as the ABC-notation [I83]. We define
the set of possible orientations in the ABC-notation as Ap = {4, B,C'}. We further
assume that the MLs obey the same stacking rules as CPSs, namely that two adjacent
layers may not have the same orientation; i.e., stacking sequences AA, BB and CC are
not allowed. Exploiting this constraint, the stacking structure can be represented more
compactly in the Hagg-notation: one takes the transitions between MLs as being either
cyclic, (A — B, B — C, or C' — A), and denoted as ‘+’; or anticyclic, (A — C,C — B, or
B — A), and denoted as ‘—’. The Hégg-notation then gives the relative orientation of each
ML to its predecessor. It is convenient to identify the usual Hagg-notation ‘+’ as ‘1’ and ‘—’
as ‘0’. Doing so, we define the set of possible relative orientations in the Hagg-notation as
Ap = {0,1}. These two notations—ABC and Hagg—carry an identical message, up to an
overall rotation of the specimen. Alternatively, one can say that there is freedom of choice
in labeling the first ML. However, only the ABC' sequences directly relate to structure
factors for the specimen, making the ABC-representation of the stacking structure the
natural choice for calculating pairwise correlation quantities. Indeed, it will be shown that
the spectral decomposition of the ABC' transition matrix directly corresponds to modes
of the correlation functions relevant to diffraction patterns, whereas the same is not true

for the Hagg representation.

5.3.1 Correlation functions

Let us define three statistical quantities, Q.(n), Q.(n), and Qs(n) [280]: the pairwise
correlation functions (CFs) between MLs, where ¢, a, and s stand for cyclic, anticyclic,
and same, respectively. Q.(n) is the probability that any two MLs at a separation of n

are cyclically related. Q.(n) and Qs(n) are defined in a similar fashionE] Since these are

2As yet, there is no consensus on notation for these quantities. Warren [273] uses P, Pt, and P,,,

m? m

Kabra & Pandey [123] call these P(m), Q(m), and R(m), and Estevez et al. [85] use Py(A), Pr(A), and
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probabilities: 0 < Q¢(n) < 1, where £ € {c,a,s}. Additionally, at each n it is clear that
>_¢ Q¢(n) = 1. Notice that the CFs are defined in terms of the ABC-notation.

5.3.2 Representing layer stacking as a hidden process

We chose to represent a stacking sequence as the output of discrete-step, discrete-state
hidden Markov model (HMM). A HMM T is an ordered tuple I' = (A, S, po, T), where A
is the set of symbols that one observes as the HMM’s output, often called an alphabet, S
is a finite set of M internal states, g is an initial state probability distribution, and T is
a set of matrices that give the probability of making a transition between the states while
outputting one of the symbols in A. These transition probability matrices or more simply

transition matrices (TMs) [190, [126] are usually written:

[ Pr(s,51S1)  Pr(s,Sa/S1) --- Pr(s,SulS:) |
Tl Pr(s,51[S2)  Pr(s,52[S2) --+ Pr(s,Su|S2)
Pr(s,S1|Sy) Pr(s,S2|Sar) -+ Pr(s,Sa|Swm)

where s € A and S1,Ss,...,S) € S.

For a number of purposes it is convenient to work directly with the internal state TM,
denote it 7. This is the matrix of state transition probabilities regardless of symbol, given
by the sum of the symbol-labeled TMs: 7 = 3" __ , T For example, the ensemble internal
state distribution evolves according to (py| = {(po| 7. Or, more generally, (pur| = (po| T*.
(In this notation, state distributions are row vectors.) In another use, one finds the

stationary state probability distribution:

(w| = Pr(S;) Pr(Ss) --- Pr(Sm)|»
as the left eigenvector of 7 normalized in probability:

(z| = (| T . (5.1)

Py (A). Since we prefer to reserve the symbol ‘P’ for other probabilities previously established in the
literature, here and elsewhere we follow the notation of Yi & Canright [280], with a slight modification of
replacing ‘Q,(n)’ with ‘Q.(n)’.
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The probability of any finite-length sequence of symbols can be computed exactly from
these objects using linear algebra. In particular, a length-L ‘word’ w = 5051 ...s,_1 € AF,

where A’ is the set of length-L sequences, has the stationary probability:

Pr(w) = (| T 1)
= (q| Tlolglaal Lo lse—ad 1y

where [1) is the column-vector of all ones.

As a useful convention, we will use bras (:| to denote row vectors and kets |-) to denote
column vectors. On the one hand, any object closed by a bra on the left and ket on the
right is a scalar and commutes as a unit with anything. On the other hand, a ket-bra
|-) (| has the dimensions of a square matrix. More explanation can be found in Appendix
A.

To help familiarize the reader with TMs as they will be employed in the examples of
§6.6, and to make a very useful connection to automata theory [112], we now develop
these ideas using a simple pedagogical example. Let us consider a CPS stacked according
to the Golden Mean (GM) Process [62]. The GM Process has been previously treated
in the context of CPSs in Varn [270]. The GM Process is generically defined as follows:
any sequence is allowed as long as there are no consecutive Os. This is accomplished by
examining the previous observed symbol: if it is 1, then the next symbol in the sequence
is either 0 or 1 with equal probability; if it is 0, then the next symbol is necessarily 1.E|
Thus, when scanning a sequence there are two possible states corresponding to the above

two conditions. Let us call these states U (next symbol is a 0 or 1 with equal probability)

and V (next symbol is a 1). And so, we say S = {U,V}. The two 2-by-2 TMs for this

3The alert reader may object that there isn’t any inherent prohibition against consecutive Os appearing
in the stacking sequence of CPSs. She is quite right. While there is no general prohibition, it may be
that in a particular specimen, whether by accident, by some natural as yet undiscovered mechanism or by
the design of an experimentalist, the 00 sequence never appears. This should be reflected in the HMM.
Additionally, the reader may object that rotating the specimen by 60° about the stacking direction will
exchange all Os and 1s, making such sequence prohibitions spurious. Indeed, for simple CPSs structures,
0 & 1is a good symmetry. (See Varn et al. [263] for a discussion.) While a physical rotation of the
specimen doesn’t alter the physical stacking, it can alter the details of how the stacking sequence is labeled,
and this is reflected in the HMM. In any event, the details of GM Process are not relevant to our overall
theoretical development, and the prohibition of the 00 sequence just serves to create a simple HMM that
is both nontrivial and easy to analyze.
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process—one for each symbol in the alphabet—are given by:

1 1
TN = 02 and T = |2 0
00 10
The GM Process has internal-state TM:
T =T L 70
11
_ |2 2
1 0

The asymptotic state probabilities are found by direct application of Eq. and are
found to be (my| = [% %]

Thus a more formal definition of the GM Process is given as Fg& = (A,S, p, T) =
({0, 1}, {u, v}, [2 &] . {T, Tm}). HMDMs are often conveniently depicted as a finite-state
automaton [112], a kind of labeled directed graph. For example, the labeled directed graph
that represents the HMM for the GM Process is shown in Fig. 5.1l When the finite-state
automaton representing the HMM is given in terms of the Higg-notation (as is done here),
we will call that the Hdgg-machine for that process.

Thus, if the MLs of a specimen were stacked according to the GM Process, that would
mean that sequences like 00 are never observed in that specimen. Alternatively, this can
be restated in the ABC-notation: sequences of the form ACB, CBA and BAC are not
observed in that specimen. In the next section we show how to rewrite any Hagg-machine
as a finite state automaton in the ABC-notation, which we will call the ABC-machine.

This is the necessary mathematical object required to calculate CF's, and will be used

extensively in our theoretical development (§5.5)).

5.4 Expanding the Hagg-machine
to the ABC-machine

While simulation studies [267] and e-machine spectral reconstruction [264], 265] 266, 270]

express stacking structure in terms of the Hagg-machine, our theoretical methods developed

“Here and in the examples of we take the stationary state probability distribution 7r as the initial
probability state distribution pg, as we are interested for now in the the long term behavior.
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11

Figure 5.1: The GM Process written as a Hagg-machine. The circles indicate states, and
the arcs between them are transitions, labeled by s|p, where s is the symbol emitted upon
transition and p is the probability of making such a transition.

in §4 require that it be reexpressed in terms of the ABC-machine. This section is devoted
to detailing techniques to do just that. We give a graphical procedure for expanding the
Hagg-machine into the ABC-machine ( and then provide an algebraically equivalent
algorithm (§5.4.3). We note that this expansion procedure is not unique and can vary up
to an overall rearrangement of the columns and rows of the resulting A BC-machine TM.

This difference, of course, does not alter the results of calculations of physical quantities.

5.4.1 Graphical expansion method

Recall that the Hagg-notation and the ABC-notation are equivalent representations of
the stacking structure, up to an overall rotation of the crystal. Stated alternatively, in
the Hagg-notation, there is an ambiguity concerning the orientation of each ML—it could
be either A, B or C'. To account for this degeneracy, when we transform to the ABC
representation, we triple the size of the Hiagg-machine. As a first step, one writes down
three states for each state found in the Hagg-machine, but not the transitions between
them. To distinguish among these new states of the triplet, label each with a superscript
(A, B or C) indicating the last ML added to arrive at that state. Symbolically, this is
stated:

K3 (2 K3

(S} DestoABY {S.V‘], SiP S[C]} .

Transitions between states on the ABC-machine still respect the same state labeling
scheme as on the Hagg-machine (explained below), but now they store the ML information.
Transitions between states on the Hagg-machine that were labeled with 1 advance the
stacking sequence cyclically (i.e., A — B — C' — A) and the corresponding transitions on

the ABC-machine reflect this by taking the ML label on the initial state and advancing
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Figure 5.2: The steps to graphically expanding the Hégg-machine to the ABC-machine
demonstrated using the The GM Process. (a) The two states of Hédgg-machine shown

1
in Fig. are increased to six, as shown. (b) The self-state transition U 1‘—5> U of the
Higg-machine now becomes three transitions among the U™ of the ABC-machine. (c)
The remaining transitions of the Hagg-machine are expanded in a similar fashion (see
text), resulting in the ABC-machine for the GM Process.

it cyclically. In a completely analogous way, transitions labeled 0 on the Hagg-machine
advance the states on the ABC-machine in an anticyclical fashion (i.e., A - C — B — A).

Continuing our GM Process example, let us write out the six (= 3 x 2) states labeled
with superscripts to distinguish them. This is done in Fig. [5.2(a). (It does not matter
in what order these states are labeled. The scheme chosen in Fig. [5.2(a) turns out to be
convenient given the state-to-state transition structure of the final ABC-machine, but any
arrangement is satisfactory.) The transitions between the states on the ABC-machine
preserve the labeling scheme of the original Hagg-machine. That is, if in the original
Héagg-machine there is transition S; Sﬂ S;, then there must be three similar transitions
on the ABC-machine of the form Si[m] Zle, SJ[.:C,], with z, 2" € {A, B, C'}. Additionally, the
transitions on the ABC-machine corresponding to the transitions on the Hagg-machine
have the same conditional probability.

111
Let us consider the self-state transition on the Hagg-machine shown in Fig. : U £> U.
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Since the corresponding transitions on the ABC-machine still respect the state labeling
scheme, the self-loop on U only induces transitions among the ¢/*!. Since a 1 advances

the stacking sequence cyclically, the appropriate transitions are:

yial B, 81

uB 3, lcr
e A2y gy

This is illustrated in Fig. (b) Applying the same procedure to the other transitions
on the Hagg-machine, i.e., U %) Y and V 1'—1> U, results in the completely expanded
ABC-machine, and this is shown in Fig. [5.2{c).

We are now able to write down the stacking process for the GM Process from its
expanded graph, Fig. [p.2]c). First, we note that the alphabet is ternary: Ap = {A, B, C'}.
Second, there are six states on the ABC-machine, i.e., S = {UA yP (€1 piAl pIBl e,
Ordering the states as above, the TMs may be directly constructed from the expanded
graph, and are given by:

000O0O0O 020000
000300 000000
_ 00000 - 0000730
00000 0| 01000 0|
000000 000000
100000 000000
and

00000 3

0035000

T[C]_oooooo

000000

001000

000000
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As before, the internal-state TM is simply the sum of the symbol-specific TMs, given by
T = 7W 4 7B 4TI For the GM Process this turns out to be:

_ogoooé_
00loo
TZ%ooogo
010000
001000
10000 0

For completeness, the HMM for the GM Process in terms of the physical stacking of MLs
is Tl = (A, S, 110, T) = ({A, B,CY}, {tM,ulB yl€ ylA Bl ylely g 2 2 1 1 1],
{7 T8l TIC] }). It is from such ABC representations that we will make direct connection
to the CFs in

5.4.2 Mixing and Nonmixing State Cycles

Observe Fig. (c)’s directed graph is strongly connected—any state is accessible from any
other state in a finite number of transitions. It should be apparent that this need not have
been the case. In fact, in this example connectivity is due to the presence of the self-state
transition U - U. The latter guarantees a strongly connected expanded graph. Had this
transition been absent on the Hagg-machine, such that there were only transitions of the
foromU > Vand V 5 U , the expansion would have yielded a graph with three distinct,
unconnected components. Only one of these graphs would be physically manifest. It is
sufficient to take just one component, arbitrarily assign a A, B or C' to an arbitrary state
on that component, and then replace all of the {0,1} transitions with the appropriate
{A, B, C} transitions, as done above.

To determine whether the expansion process on a Hagg-machine results in a strongly
connected graph, one can examine the set of simple state cycles (SSCs) and calculate
the winding number for each. A SSC is defined analogous to a causal state cycle [266]
on an e-machine as a “finite, closed, nonself-intersecting, symbol-specific path” along the
graph. The winding number W for a SSC on a Hagg-machine is similar to the parameter

A previously defined by Yi & Canright [280] and the cyclicity (C) [68] for a polytype of a
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CPS. The winding number differs from cyclicity as the former is not divided by the period
of the cycle. We define the winding number for a SSC as:

WSSC =nNn1 —Ng,

where n; and ng are the number of 1s and the number of Os encountered traversing the
SSC, respectively. We call those SSCs mizing if WS¢ (mod 3) # 0, and nonmizing if
WSSC (mod 3) = 0. If there is at least one mixing SSC on the Higg-machine, then the
expanded ABC-machine will be strongly connected. For example, there are two SSCs
on the Higg-machine for the GM Process: [U] and [YV]] The winding number for each
is given by Wl =1 -0 =1and W¥ =1 -1 = 0. Since W £ 0 and [(4] is thus a
mixing SSC, the Hagg-machine for the GM Process will expand into a strongly connected
ABC-machine. Let us refer to those Hagg-machines with at least one mixing SSC as
maxing Hagg-machines and those that do not as nonmizring Hagg-machines and similarly
for the corresponding ABC-machines. We find that mixing Hagg-machines, and thus
mixing ABC-machines, are far more common than nonmixing ones and that the distinction
between the two can have profound effects on the calculated quantities, such as the CFs

and the diffraction pattern [204].

5.4.3 Rote expansion algorithm

To develop an algorithm for expansion, it is more convenient to change notation slightly.
Let us now denote S as the set of hidden recurrent states in the ABC-machine, indexed
by integer subscripts: S ={S;:i=1,..., Mp}, where Mp = |S|. Define the probability
to transition from state S; to state S; on the symbol z € Ap as 72[;0] Let’s gather these
state-to-state transition probabilities into a Mp x Mp matrix, referring to it as the x-
transition matriz (z-TM) T1. Thus, there will be as many z-TMs as there are symbols
in the alphabet of the ABC-machine, which is always |Ap| = 3 for CPSs.

As before, transitioning on symbol 1 has a threefold degeneracy in the ABC' language,
as it could imply any of the three transitions (A — B, B — C, or C' — A), and similarly

®We use the same nomenclature to denote a SSC as previously used to denote a causal state cycle:
The state sequence visited traversing the cycle is given in square brackets [266]. For those cases where
an ambiguity exists because the transition occurs on more than one symbol, we insert a subscript in
parentheses denoting that symbol.
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for 0. Thus, each labeled edge of the Hagg-machine must be split into three distinct labeled
edges of the ABC-machine. Similarly, each state of the Hagg-machine maps onto three
distinct states of the ABC-machine. Although we have some flexibility in indexing states
in the resulting ABC-machine, we establish consistency by committing to the following
construction ]

If My is the number of states in the Hagg-machine, then Mp = 3Mpy for mixing
Héagg-machines. (The case of nonmixing Hégg-machines is treated afterward.) Let the
i state of the Higg-machine split into the (3i —2)™ through the (3i)™ states of the
corresponding ABC-machine. Then, each labeled-edge transition from the i*® to the j*
states of the Hagg-machine maps into a 3-by-3 submatrix for each of the three labeled

TMs of the ABC-machine as:

0]\ Hisgg to ABC A B c
{ngl} Higg to ABG {g&)l,gj_g, TE 7;,&_12,%} (5.2)
and
1]\ Higg to ABQ A B o
{Tz[‘j]} e {75[1',?13'—27 73[2‘—]2,3]'—17 75[1'—]1,3]‘} (5.3)

We can represent the mapping of Eq. (5.2)) and Eq. (5.3]) more visually with the following

equivalent set of statements:

7;,[;1}2,3]‘72 75[;1]2,3%1 7?3[1‘{]2,3]' 0 00
7;,[{3}1,3]'72 75[2‘14}1,33'71 75[1{]1,33' = ng] 0 0], (5.4)
Tugie  Tagict Tody T 00
7;)[@3]2,33‘—2 75[5}2,33‘—1 75[52,3]‘ 0 TE'] 0
75@1,3;‘4 75@1,33'4 7:13[5}1,3]' =10 0 0f, (55)
Tudjiz  Taziot Taidy 0 Ty 0

and:

6 Alternative constructions merely swap the labels of different states, but this choice of indexing affects
the particular form of the TMs and how they are extracted from the Hégg-machine TMs. We choose the
construction here for its intuitive and simple form.
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7;,[5}2,3%2 75@2,3;'71 75%2,3;’ 0 0 TE(;}
75[5]1,33'—2 75[1'0—}1,33‘—1 75[@'0—]1,3]‘ =100 TE‘} g (5.6)
w2 Tasio Ty 00 0
which also yields the 3-by-3 submatrix for the unlabeled ABC' TM in terms of the labeled
Hdagg TMs:

Tsi—23j—2 Tsi—23i—1 Tsi—23; 0 TE‘] Tz['(])']
Tsic13j—2 Tsic13i-1 Tsic13i | = TE(J)J 0 TE] . (5.7)
Tusis  Tum s T, TS0

For non-mixing Hagg-machines, the above algorithm creates three disconnected ABC-
machines, of which only one should be retained.

Furthermore, for mixing Hagg-machines, the probability from the stationary distribution
over their states maps to a triplet of probabilities for the stationary distribution over the

ABC-machine states:

Hiigg to ABC
{r";} === {3psi-s, 3psi-1, 3psi} (5.8)
such that:
(| = [p1 D2 DP3 P4 --- DPMp-—1 pMp]
:%[plf ot Py Py pﬁH} : (5.9)

The reader should check that applying the rote expansion method given here results in

the same HMM for the GM Process as we found in §5.4.1}

5.5 Correlation Functions from HMMs

In this section we derive expressions for the CFs in terms of the ABC-machine. We
present two layers of analysis: one directly in terms of the TMs in §4.1, followed by one
based on spectral analysis of the ABC-machine in §4.2. From the results of this latter
method, we find the conditions under which the CF's decay to asymptotic values in §4.3,

and additionally we discover constraints on the modes of decay of the CF's in §4.4.
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We introduce the family of cyclic-relation functions &(z) € {&(z), a(z),8(z)}, where,

for example:

B if r=A
¢xy=<¢ C ifz=B . (5.10)
A if z=C

Thus, ¢(z) is the cyclic permutation function. Complementarily, a(x) performs anticyclic
permutation among = € {A, B,C}; §(z) performs the identity operation among z €
{A, B,C} and is suggestively denoted with an ‘s’ for sameness. In terms of the absolute
position of the MLs—i.e., Ap = {A, B, C}—the CFs directly relate to the products of
particular sequences of TMs. This perspective suggests a way to uncover the precise
relation between the CFs and the TMs. Using this, we then give a closed-form expression

for Q¢(n) for any given HMM.

5.5.1 CFs from TMs

As a prelude to developing a general method to calculate any arbitrary CF from the
ABC-machine, let us first consider the meaning of (.(3). In words, this is the probability
that two MLs separated by two intervening MLs are cyclically related. Mathematically,
we might start by writing this as:

Q(3) = Pr(A % *B) + Pr(B * xC) + Pr(C * xA), (5.11)

where * is a wildcard symbol denoting an indifference for the symbol observed in its placeﬂ

That is, s denote marginalizing over the intervening MLs such that, for example:

Pr(AxxB)= > Y  Pr(Ana;B). (5.12)

1 E.Ap xTo EAP

"While it is tempting to add the stipulation that no two consecutive symbols can be the same, this will
fall out naturally from Qs(1) = 0 via the transition-constraints built into the ABC-machine construction.
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Making use of the TM-formalism discussed previously, this becomes:

Pr(Ax*B) = Z Z Pr(Azz2B)

r1€EAp r2E€Ap

= Z Z (| TIAI Tl leal 1Bl 1)

1 G.Ap xTo E.AP

- (7r|7'[A]< >y T[xlmxz}> T 1)

1 E.Ap xTo EAP

= (x| T[A]( 3 T[“])( 3 T[m])frw} 1)

z1E€EAp r2EAP
A N

/ J

7 7
= (n| TH(T)(T) T 1)
= (m| TAT2TIP 1)

where [1) is a column vector of 1s of length Mp. Hence, we can rewrite Q.(3) as:

Q(3) = Pr(A % xB) + Pr(B * xC') + Pr(C % xA)
= (m| TWT2TEN 1) + (| T2 T 1)
+ (m| T T 1)
= > (w| THT>TE® 1),

xcAp
For mizing ABC-machines, Pr(A « +«B) = Pr(B % () = Pr(C * xA) = £Q.(3), in which

case the above reduces to:
Qc(3) = 3 (| Tl T2T@] 1) | where 2 € Ap.

The generalization to express any Q¢(n) in terms of TMs may already be obvious by
analogy. Nevertheless, we give a brief derivation for completeness, using similar concepts

to those developed more explicitly above. For all £ € {c,a,s} and for all n € {1,2,3,...},
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we can write the CF's as:

Qe(n) = Pr(As % £ 6(A ) +Pr(By % +&(B))

nl*s nl*s

= Z Z Pr(%wé(mo))

zoEAp weApn—1

— Z Z (v | Tlol Tl (o)l 1)

zo€Ap weApn—!

-y ﬁ,7x0< 3 T[w]) TE@ 1)

zo€Ap weAp" 1

= 5 (| T (H 3 Tm) T 1)

xQE.Ap =1 :L‘ZG.AP
———
=T

= Y (m| Tl gty (5.13)

roEAP
where the stationary distribution (| over states of the ABC-machine is found from
Eq. (5.1). The most general connection between CFs and TMs is given by Eq. and
this represents one of the main results of this paper.

As before, we might assume on physical grounds that:

Pr(Ax---x£(A)) = Pr(B* *5( )) = Pr(C* % £(0)). (5.14)

For example, Eq. (5.14)) is always true of mixing ABC-machines. This special case yields

the more constrained set of equations:
Q¢(n) = 3 (m| 7'[%0]7'71*17'[5(960)] 1), (5.15)
where zy € Ap.

5.5.2 CF's from Spectral Decomposition

Although Eq. ((5.13)) is itself an important result, we can also apply a spectral decomposition

of powers of the TM to provide a closed-form that is even more useful and insightful.
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Ameliorating the computational burden, this result reduces the matrix powers in the above
expressions to expressions involving only powers of scalars. Also, yielding theoretical
insight, the closed-forms reveal what types of behaviors can ever be expected of the CFs
from stacking processes described by finite HMMs.

The most familiar case occurs when the TM is diagonalizable. Then, 7" ! can be
found via diagonalizing the TM, making use of the fact that 7% = CD*C~!, given the
eigen-decomposition T = CDC !, where D is the diagonal matrix of eigenvalues. However,
to understand the CF behavior, it is more appropriate to decompose the matrix in terms
of its projection operators.

Moreover, an analytic expression for 777! can be found in terms of the projection
operators even when the TM is not diagonalizable. Details are given elsewhere [60, 198].
By way of summarizing, though, in the general case the L™ iteration of the TM follows

from:
TL_ 71 {(]I _ 2—17-)—1} 7 (5.16)

where I is the Mp x Mp identity matrix, z € C is a continuous complex variable, and
Z7H.} denotes the inverse z-transform [I82] defined to operate elementwise:

2 (g(2) = — 75 (2 de (5.17)

2w
for the z-dependent matrix element g(z) of (I —2~'7)"". Here, ., indicates a counter-
clockwise contour integration in the complex plane enclosing the entire unit circle.

For nonnegative integers L, and with the allowance that 0% = §r for the case that

0 € Ar, Eq. (5.16]) becomes:

vy—1

TL Z Z \L-m (;)71(7-_ AD™ (5.18)

AeAT m=0
where A7 = {\ € C:det(A\l — T) = 0} is the set of T’s eigenvalues, 7, is the projection
operator associated with the eigenvalue A\ given by the elementwise residue of the resolvent
(=1 — ’T)fl at z — ), the index v, of the eigenvalue X is the size of the largest Jordan block

associated with A\, and (Tﬁ ) = ﬁlm), is the binomial coefﬁcient In terms of elementwise

SRecall, e.g., that (§) =1, (}) =L, (5) = $L(L — 1), and (}) = 1.
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contour integration, we have:

_ 1 !
Ty = i b (zI—-T)" " dz, (5.19)

where C'y is any contour in the complex plane enclosing the point zy = A—which may or
may not be a singularity depending on the particular element of the resolvent matrix—but
encloses no other singularities.

As guaranteed by the Perron—Frobenius theorem, all eigenvalues of the stochastic
TM T lie on or within the unit circle. Moreover, the eigenvalues on the unit circle are
guaranteed to have index one. The indices of all other eigenvalues must be less than
or equal to one more than the difference between their algebraic a, and geometric g,

multiplicities. Specifically:
vm—1<ay—gr<ay—1, anday =g, if [\ =1.

Using Eq. (6.19) together with Eq. ((5.13)), the CFs can now be expressed as:

=3 Z <7’5(A > (" - 1) P (5.20)

AeAT m=0

where <7j\§£;4)> is a complex-valued scalar:ﬂ

<T§ff)>— ST (w TEIT (T — AD™ T 1) (5:21)

zoEAP
Evidently, the CFs’ mathematical form Eq. is strongly constrained for any
stacking process that can be described by a finite HMM. Besides the expression’s elegance,
we note that its constrained form is very useful for the so-called “inverse problem” of
discovering the stacking process from CFs [264] 265] 266, 270].
When T is diagonalizable, v, = 1 for all A so that Eq. simply reduces to:

T =Y NTh, (5.22)

AEAT

9<7j\5(7:l4)> is constant with respect to the relative layer displacement n. However, { <T5(A)> } can be

a function of a process’s parameters.
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where the projection operators can be obtained more simply as:

B T— (I
T\ = || ., . (5.23)
CeAT
C#A

In the diagonalizable case, Eq. (5.20)) reduces to:

Qe(n) = Z Al Z <7T|7'[mo]7j\7‘[€(ro)] 1)

AEAT zoEAp
-y <T§<A)>A”—1 , (5.24)
AEAT

where <7;\§(A)> = <7;§E)A)> is again a constant:

<7;§(A)> _ Z <7r|7‘[900]7‘>\7‘[5(900)]|1> _ (5.25)

r0EApP
5.5.3 Asymptotic behavior of the CFs

From the spectral decomposition, it is apparent that the CFs converge to some constant
value as n — oo, unless 7 has eigenvalues on the unit circle besides unity itself. If unity is
the sole eigenvalue with a magnitude of one, then all other eigenvalues have magnitude
less than unity and their contributions decay to negligibility for large enough n. Explicitly,
if argmax,c,|A| = {1}, then:

vy—1 B
Jim Q) = Jim Y Y- (7Y (7))

AeAT m=0

_ <TE(A)>

— Z (7| ol gy @)l 1)

zoEAp

— Z (| T 1) (qr| TGO 1)

:L‘()G.AP

= Z Pr(zo) Pr(£(x0)) -

zoEApP
Above, we used the fact that 14 = 1 and that—for an ergodic process—7; = |1) (7.
For mixing ABC-machines, Pr(z) = 1/3 for all x € Ap. That this is so should be
evident from the graphical expansion method of Therefore, mixing processes with
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argmax,c, - |A| = {1} have CFs that all converge to 1/3:

lim Q¢(n) = Z Pr (o) Pr(&(x0))

n—oo
roEApP
1,1
=3(3 x 3)
1
=1.
Non-mixing processes with argmax,c, [A\| = {1} can have their CFs converging

to constants other than 1/3, depending on {Pr(z) : x € Ap}, although they are still
constrained by . Q¢(n) = 1.
If other eigenvalues in A7 beside unity exist on the unit circle, then the CFs approach

a periodic sequence as n gets large.

5.5.4 Modes of Decay

Since 7 has no more eigenvalues than its dimension (i.e., |A7| < Mp), Fq. implies
that the number of states in the ABC-machine for a stacking process puts an upper bound
on the number of modes of decay. Indeed, since unity is associated with stationarity, the
number of modes of decay is strictly less than Mp. It is important to note that these
modes do not always decay strictly exponentially: They are in general the product of a
decaying exponential with a polynomial in n, and the CFs are sums of these products.

Even if—due to diagonalizability of T—there were only strictly exponentially decaying
modes, it is simple but important to understand that there is generally more than one
mode of exponential decay present in the CFs. And so, ventures to find the decay constant
of a process are misleading unless it is explicitly acknowledged that one seeks, e.g., the
slowest decay mode. Even then, however, there are cases when the slowest decay mode
only acts on a component of the CFs with negligible magnitude. In an extreme case, the
slowest decay mode may not even be a large contributor to the CFs before the whole
pattern is numerically indistinguishable from the asymptotic value.

In analyzing a broad range of CFs, nevertheless, many authors have been led to consider
correlation lengths, also known as characteristic lengths [248, 270]. The form of Eq.

suggests that this perspective will often be a clumsy oversimplification for understanding
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CFs. Regardless, if one wishes to assign a correlation length associated with an index-one
mode of CF decay, we observe that the reciprocal of the correlation length is essentially
the negative logarithm of the magnitude of the eigenvalue for that mode. We find that
the typically reported correlation length /¢ derives from the second-largest contributing
magnitude among the eigenvalues:

(' = —log|cl, for ¢ € arinax Al (5.26)
p

where p = {)\ e Ar\{1}: <7;5(A)> # 0}.

Guided by Eq. , we suggest that a true understanding of CF behavior involves
finding Ay with the corresponding eigenvalue indices and the amplitude of each mode’s
contribution { <7'f£f)> }

This now completes our theoretical development, and in the next section we apply

these techniques to three examples.

5.6 Examples
5.6.1 3C Polytypes and Random ML Stacking: IID Processes

Although real materials often display much more complex behaviors, as a pedagogical
exercise the random stacking of MLs in CPSs has often been treated [103] to study stacking
faults. This stacking process is the simplest stacking arrangement that can be imagined ||
and there are previous analytical results that can be compared to the techniques developed
here. In statistics parlance, this process is an Independent and Identically Distributed
(IID) Process [46].

Let us assume that the placement of MLs is independent of the previous MLs scanned,
except that it of course must obey the stacking constraints. The H#gg-machine that
describes this process is shown in Fig. [5.3] We allow for the possibility that there might be

a bias in the stacking order, and we assign a probability ¢ that the next layer is cyclically

10This is not mere hyperbole. It is possible to quantify a process’s structural organization in the form
of its statistical complexity C,,, which measures the internal information processing required to produce
the pattern [64] [55], 266]. In the present case C,, = 0 bits, the minimum value.
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llg C@Q Olg

Figure 5.3: Hagg-machine for the IID Process. When ¢ = 1, the IID Process generates a
string of 1s, which is physically the 3C* stacking structure. Conversely, when g = 0, the
structure corresponds to the 3C~ structure. For ¢ = 1/2, the MLs are stacked as randomly
as possible. Here and elsewhere we adopt the convention that a bar over a variable means
one minus that variable, i.e. § = 1 — ¢, with ¢ € [0, 1].

related to its predecessor. Thus, the 1-by-1 symbol-labeled TMs for the Higg-machine are:
I — M and T — M ,

where § = 1 — ¢, with ¢ € [0, 1].

The physical interpretation of the IID Process is straightforward. In the case where
q = 1, the process generates a stacking sequence of all 1s, giving a physical stacking
structure of ... ABCABCABC'.... We recognize this as the 3C* crystal structure.
Similarly, for ¢ = 0, the process generates stacking sequence of all Os, which is the 3C~
crystal structure. For those cases where ¢ is near but not quite at its extreme values, the
stacking structure is 3C with randomly distributed deformation faults. When ¢ = %, the
MLs are stacked in a completely random fashion.

Now, we must determine whether this is a mixing or nonmixing Hagg-machine. We
note that there are two SSCs, namely [S(p)] and [Sq1)]. The winding numbers for each
are W™ =1 and WBo®! = 2, respectively. Since at least one of these is not equal to
zero, the Hagg-machine is mixing, and we need to expand the Hagg-machine into the
ABC-machine. This is shown in Fig.

The ABC-machine TMs can either be directly written down from inspecting Fig.

or by using the rote expansion algorithm of §5.4.3| using Eqgs. (5.2]) and (5.3]). By either
method we find the 3-by-3 TMs to be:

000 0 ¢ 0 007
TW=17 0 of, T" =10 0 0| and 7= 10 0 ¢
g 00 07 0 00 0
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B|q C’|q A|q

O

Figure 5.4: ABC-machine for the IID Process. The single state of the Hagg-machine has
expanded into three.

Blg

The internal state TM then is their sum:

0 ¢ q
T=1q 0 ¢
q q 0
The eigenvalues of the ABC TM are
Ar={1,Q Q},

where:
1
=—3 + i§(4q2 — 4q +1)1/2

and Q* is its complex conjugate. Already, via Eq. (5.26), we can identify what the
characteristic length of the CFs will be. In particular, (' = —log || = —1 log(1—3¢+3¢?)
yields:

2

lo = — :
¢ log(1 — 3¢ + 3¢?)

If we identify ¢ with the deformation faulting parameter « in the model introduced by
Estevez et al. [85] (see the next example in §6.6.2) the RGDF Process), this is identical to

the result obtained there in Eq. (35). There is much more structural information in the
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CFs, however, than a single characteristic length would suggest. This fact will become

especially apparent as our examples become more sophisticated.

According to Eq. (5.13), we can obtain the CFs via:

Qe(n) = Z <7T’7-[ro}7-n—17-[€(xo)] 1)

zoEAp

The stationary distribution over the ABC-machine states is found from Eq. (5.1)):

]

Furthermore, an analytic expression for 7"~! follows from the z-transform as given in

Eq. (5.16). As a start, we find:

Wl
W=

(ml =

1 —q/z —q/=z

I-2T= =g/ 1 —qfz

—q/z —q/z 1
and its inverse:
_ 1
-2 '7) " =
(I=277) 1— 21— Q)1 - Q)
1—qqz%2 qz ' +¢22 gzt +q¢%272

X gz 4+ 222 1—qgz? gzl 422

G 4 gl 1 — g2
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Upon partial fraction expansion, we obtain:

(I- 2_17’)71

1 11
1 11
1 11

1
3(1—2z71)

P —qq Q+T QU+
1 1 _ _ _
T @y aoa I+ VP —qq Q-+ 7

U+7 Q+¢ P —qq

O —qq U +7 U+

+t o e g ey |+ ¢ QP —q @ +F | (5.27)
@ +7 g +q¢ QP —qg
for ¢ # 1/2. (The special case of ¢ = 1/2 is discussed in the next subsection.) Finally, we
take the inverse z-transform of Eq. to obtain an expression for the L' iterate of
the TM:

TL = 2 {(]1 _ z—lT)‘l}

111
! 111
3
111
o P —q7 (Q+7 QU+
— 2 02 = —2
I OENCED R KA A e
U+7 Q+¢ P —qq
+ v+ QP —qq ¢+

Q- D - Q)
@47 Q4¢P —qg

These pieces are all we need to calculate the CFs. Let’s start with Qg(n). First, we

find:

<7r|TV”:[ 0 0}

1
3
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and:

0
T A 1) = 7lAl 1) = |3
q
Then:
(m|TWT 1 =1 [1 1 1]
+y Do [92 —q7 ¢Q+7T g+ q2]
+3 o [9*2 —q7 ¢ +7 T+ qQ] (5.28)
and:
(| TAT" TN = § + 3 (2000 + Q)
+ e (20727 + Q7). (5.29)

One can verify that Eq. (5.15)) can be applied in lieu of Eq. (5.13)), which saves some effort
in finding the final result, which is:

Qu(n) = 1/3 + 2Re { o 1)?; o (207 + Q*)} | (5.30)

The cyclic and anticyclic CFs can also be calculated from Eq. (5.15) using the result
we have already obtained in Eq. (5.28)) and a quick calculation yields:

()

TEWD 1) = TB1) = |9

and

T[é(A)} |1> — 7—[0} |1> —

o b
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Then, we have:

Qc(n) = 3 (z| TAT1T1E] 1)

=1/3+ 2Re { - 15(2; O (@ + qQ)} (5.31)

and:

Qa(n) = 3 (w| THIT 171 1)

— 1/3+2Re{(9_1)§(2;_9*) (q2+qQ)}. (5.32)

All of this subsection’s results hold for the whole range of ¢ € [0, 3) U (1, 1], where all
T’s eigenvalues are distinct. However, for ¢ = 1/2, the two complex conjugate eigenvalues,
Q and QF, lose their imaginary components, becoming repeated eigenvalues. This requires
special treatment.ﬂ We address the case of ¢ = 1/2 in the next subsection, which is of

interest in its own right as being the most random possible stacking sequence allowed.

5.6.1.1 A Fair Coin?

For a completely random stacking of MLs, such that ¢ = 1/2, the relative orientations
of the MLs are effectively assigned by a fair coin. The resulting TM is symmetric with
repeated eigenvalues, implying that superficially at least, the CFs take on a special formH

To obtain the CFs for the Fair Coin IID Process, we follow the procedure of the
previous subsection, with all of the same results through Eq. , which with ¢ = 1/2

and Q| _, = Q%[,_, 5 = —1/2 can now be written as:
1
I—27'T
( ) (1 — 2z (14 5271)2
1—3272 227t 42272 2274172
X |1zt + 172 1 iz*Q T2l 4 172
1,14 1 1, 1.2 1,2
5% + ZZ 5% —|— 17 1-— 1%

UTndeed, the straightforward z-transform approach yielding the CF equations given in this section
appears to need special treatment for ¢ = 1/2. However, a more direct spectral perspective as developed
in shows that since T is diagonalizable for all ¢, all eigenvalues have index of one and so yield CF's
of the simple form of Eq. .

12But since the TM remains diagonalizable, the CFs retain the simple form of Eq. .
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EO, Re(})

Figure 5.5: TM’s eigenvalues in the complex plane for the IID Process as ¢ is varied. Note
that there is always an eigenvalue at 1.

However, the repeated factor in the denominator yields a new partial fraction expansion.

Applying the inverse z-transform gives the L' iterate of the TME as:

Th=z{(1-27) ']

111 2 -1
—1111+11 1 2 -1
3 3\ 2 - N

111 1 -1 2

Then, we find:

(| THIT ! = é [1 1 1} 41 (—1>n_1 [2 —1 —1] .

With the final result that:
Qs(n) = 3 (z| THIT 171 1)
1 2 1\"
4+ (== 5.33
3+3( 2) , (5.33)

13By inspection, we can verify that this decomposition still yields 7 as the identity matrix and 7% = T,
as must be the case. More interestingly, the decaying deviation from the asymptotic matrix is oscillatory.
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Qc(n) = 3 (m| T T 1T 1)
1 1 1\"
S, <_§) | (5.34)

and

Qa(n) = 3 (w| THIT 1T 1)
1 1 1\"
R 539

For ¢ = 1/2, we see that Q.(n) and @Q,(n) are identical, but this is not generally the case
as one can check for other values of ¢ in Egs. and .

Figure [5.5 shows a graph of the TM’s eigenvalues in the complex plane as ¢ is varied.
Notice that there is an eigenvalue at 1 for all values of ¢. This is generic feature, and we
always find such an eigenvalue. The other two eigenvalues start at the other two cube
roots of unity for ¢ € {0,1} and, as ¢ — 1/2, they migrate to the point —1/2 and become
degenerate at ¢ = 1/2. It is this degeneracy that requires the special treatment given in
this section.

It is interesting that even the Fair Coin Hégg-machine produces structured CFs. This
is because—even though the allowed transitions of the underlying ABC-machine are
randomized—mnot all transitions are allowed. For example, if we start with an A ML, the
next ML has a zero probability of being an A, a 1/2 probability of being a B, and a 1/2
probability of being a C'. Then, the next ML has a rebounding 1/2 probability of being
an A while the probability of being either a B or C is each only 1/4. So, we see that
the underlying process has structure, and there is nothing we can do—given the physical
constraints—to make the CFs completely random.

When we can compare our expressions for CFs at ¢ = 1/2 to those derived previously
by elementary means [103, 262], we find agreement. Note however that unlike in these
earlier treatments, here there was no need to assume a recursion relationship.

Figures and show Qs(n) versus n for the IID Process with ¢ = 0.1 and ¢ = 0.3,
respectively, as computed from Eq. . In each case the CF's decay to an asymptotic

value of 1/3, although this decay is faster for ¢ = 0.3. This is not surprising, as one
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Figure 5.6: Qs(n) vs. n for ¢ = 0.1 the IID Process.
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Figure 5.7: Qs(n) vs. n for ¢ = 0.3 the IID Process.
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Figure 5.8: RGDF Process, first proposed by Estevez et al. [85] and adapted here from
Panel (c) of their Fig. (2). There is a slight change in notation. We relabeled the states
given as ‘f” and ‘b’ by Estevez et al. [85] as ‘U’ and )V’ and, instead of drawing an arc
for each of the possible eight transitions, we took advantage of the multiple transitions
between the same states and labeled each arc with two transitions. There is, of course, no
change in meaning; this instead provides for slightly tidier illustration. Additionally, we

correct a typographical error in Estevez et al. [85] when we relabel the transition b M) b

with ¥ 2%y,

interpretation for the IID Process with ¢ = 0.1 is that of a 3C* crystal interspersed with

10% random deformation faults.

5.6.2 Random Growth and Deformation Faults in Layered 3C
and 2H CPSs: The RGDF Process

Estevez et al. [85] recently showed that simultaneous random growth and deformation
SFs in 2H and 3C CPSs can be modeled for all values of the fault parameters by a simple
HMM, and this is shown in Fig. [6.3] We refer to this process as the Random Growth and
Deformation Faults (RGDF) Process[F] As has become convention [273, 85], « refers to
deformation faulting and S refers to growth faults.

The HMM describing the RGDF Process is unlike any of the others considered here in
that on emission of a symbol from a state, the successor state is not uniquely specified.
For example, U S Uandu > V; i.e., being in state U and emitting a 0 does not uniquely
determine the next state. Such a representations were previously called nondeterminis-
tic [112], but to avoid a conflict in terminology we prefer the term nonunifilar [78, [76].
Since e-machines are unifilar [64], 223], the HMM representing the RGDF Process is not

an e-machine. Nonetheless, the techniques we have developed are applicable: CFs do not

14 Estevez et al. [85] give a thorough and detailed discussion of the RGDF Process, and readers interested
in a comprehensive motivation and derivation of the RGDF Process are urged to consult that reference.
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require unifilar HMMs for their calculations, as do other properties such as the entropy
density.

Inspecting Fig. [6.3] the RGDF Hégg-machine’s TMs are seen to be (Egs. (1) and (2)
of [85]):
R I

af ap af af

where a € [0,1] and @ = 1 — a, such that o +a@ =1, and 8 € [0,1] and § =1 — 3, such
that 84+ B = 1. There are eight SSCs and, if at least one of them has W955¢ £ 0, the

TOI =

Higg-machine is mixing. The self-state transitions each generate a nonvanishing W955¢  so
for the Hagg-machine to be nonmixing, these transitions must be absent. Indeed, there are
only two SSCs that have vanishing winding numbers, and these are [U)V(1)] and [Uq) V(o).
These, and only these, SSCs can exist if 3 = 0 and a € {0,1}. Thus, the Higg-machine is
nonmixing only for the parameter settings f = 1 and «a € {0, 1}, which corresponds to the
2H crystal structure.

From the Hagg-machine, we obtain the corresponding TMs of the ABC-machine for
a, € (0,1) by the rote expansion method (§5.4.3)):

000 0 00 0as 00 aB 0
af 00 @ 0 0 0 0 00 0 O
T[A]_EBOO@BOO?T[B]:Oaﬁooaﬁ(),
000 0 00 0ad 00 af 0
aB 0 0 @ 0 0 00 00 0 O
@ 00 af 0 0 0 af 0 0 @B 0]
and
0 0 aB 0 0 ap]
00 @ 0 0 aB
T[C]_oooooo
00 a8 00 ap
00 as 00 af
00 0 00 0]
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and the orientation-agnostic state-to-state TM:
T =T7W+ 78+ 7

Explicitly, we have:

aB aof 0 aBf @B 0
0 af af 0 af ap

af 0 @ af 0 of

al aof 0 aBf @B 0 |

T’s eigenvalues satisfy det(7 — M) = 0. Here, with a = af, b = aff, ¢ = @B, and

d = ap, we have:

det(7 — Al
=[(A=(+d)" — (a+c)?]
x [A2 4 A(b+d) +ac — bd — a® — & + 0 + %]

=0,

from which we obtain the eigenvalues: X\ = b+ d £ (a+¢) and X = 1(b+d) £
s [4(a+¢)? = 3(b+d)* + 12(bd — ac)]%. To get back to as and s, we note that a+c¢ = f3,
b+d = B, ac = [%aa, and bd = Bzo@. It also follows that b+d +a + ¢ = 1,
b+d—(a+c)=B—pB=1-23, and bd—ac:aa(BQ—ﬁz) = aa(l —28) = aa(f — B).

Hence, after simplification, the set of 7’s eigenvalues can be written as:

with
o =482 — 35" + 120a(B — B) (5.37)
= —3 4 120+ 68 — 12a° + 5% — 24af + 240°6. (5.38)
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Except for measure-zero submanifolds along which the eigenvalues become extra
degenerate, throughout the parameter range the eigenvalues’ algebraic multiplicities are:
ap =1, a9 = 1, af%(kmﬁ) = 2, and a%(pﬁfﬁ) = 2. Moreover, the indezx of all
eigenvalues is 1 except along o = 0.

Immediately from the eigenvalues and their corresponding indices, we know all possible
characteristic modes of CF decay. All that remains is to find the contributing amplitude
of each characteristic mode. For comparison, note that our o turns out to be equivalent to
the all-important —s? term defined in Eq. (28) of Estevez et al. [85].

Eqgs. and reveal an obvious symmetry between « and @ that is not present
between  and (. In particular, 7’s eigenvalues are invariant under exchange of o and
a—the CF's will decay in the same manner for a-values symmetric about 1/2. There is no
such symmetry between 3 and (. Parameter space organization is seen nicely in Panel
(c) of Fig. 6 from Estevez et al. [85]. Importantly, in that figure 0 = 0 should be seen
as the critical line organizing a phase transition in parameter space. Here, we will show
that the o = 0 line actually corresponds to nondiagonalizability of the TM and, thus, to
the qualitatively different polynomial behavior in the decay of the CF's predicted by our
Eq. .

Note that since T is doubly-stochastic (i.e., all rows sum to one and all columns sum
to one), the all-ones vector is not only the right eigenvector associated with the eigenvalue
of unity, but also the left eigenvector associated with unity. Moreover, since the stationary
distribution (7| is the left eigenvector associated with unity (recall that (mw|7T = (mx|),
the stationary distribution is the uniform distribution: (w|=¢$11 1 1 1 1 1}, i.e.,
(m| = %(1|, for a, 8 € (0,1). Hence, throughout this range, the projection operator
associated with unity is 77 = £ [1) (1].

It is interesting to note that the eigenvalue of 1 — 2/ is associated with the decay of
out-of-equilibrium probability density between the Hagg states of 4 and V—or at least
between the ABC-state clusters into which each of the Hagg states have split. Indeed,
from the Hégg machine: At = {1, 1 —24}. So, questions about the relative occupations of

the Hagg states themselves are questions invoking the 1 — 23 projection operator. However,
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due to the antisymmetry of output orientations emitted from each of these Hagg states,
the 1 — 20 eigenvalue will not make any direct contribution towards answering questions
about the process’s output statistics. Specifically, <Tf£;2> =0 for all £ € {c,a,s}. Since
a;_9p = 1, the projection operator is simply the matrix product of the right and left

eigenvectors associated with 1 — 25. With proper normalization, we have:
Tias =311 —28) (1 - 28]

with |1 —28) = [1 11 -1 —1 —1]T and (1 —20| = [1 11 -1 -1 _1]
where T denotes matrix transposition. Then, one can easily check via Eq. that
indeed <'T£(“24ﬁ)> =0 for all £ € {c,a,s}.

To obtain an explicit expression for the CFs, we must obtain the remaining projection
operators. We can always use Eq. . However, to draw attention to useful techniques,
we will break the remaining analysis into two parts: one for ¢ = 0 and the other for o # 0.
In particular, for the case of ¢ = 0, we show that nondiagonalizablity need not make the
problem harder than the diagonalizable case.

5.6.2.1 o=0:

As mentioned earlier, the o = 0 line is the critical line that organizes a phase transition
in the ML ordering. We also find that 7 is nondiagonalizable only along the o = 0
submanifold. For o = 0, the %(1 —p)+ %\/E eigenvalues of Eq. collapse to a single
eigenvalue so that the set of eigenvalues reduces to: Ar| _, = {1, 1—2p, —%(1 — B)}
with corresponding indices: v; =1, v1_93 = 1, and V_Bjo = 2.

In this case, the projection operators are simple to obtain. As in the general case, we
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have:

T =5 1) (1
111111
111111
i

TSl
111111
11111 1

and

D=

-1 -1 -1 1 1 1
-1 -1 -1 1 1 1
-1 -1 -1 1 1 1

Recall that the projection operators sum to the identity: I = ZAE[XT Th="Ti+Ti-2s +7:E/2-

And so, it is easy to obtain the remaining projection operator:

7,_3/2 :H_ﬂ _7—1—26

(2 1 -1 0 0 o]
1 2 -1 0 0 0
et 2 0 0 o
o 0 0 2 -1 -1
0 0 0 -1 2 —1
0 0 0 —1 -1 2
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Note that 3<7T|T[A]:%<1|T[A]:% 1 0 0 1 0 0] and that:

0 ] -ozﬁ + 63-
af +ap 0
oty = | ey = |00
0 af +af
af +apB 0
af +ap] |+
-aB—i-aﬁ-
af +ap
and T19|1) = 0
af +ap
af +ap
0

Then, according to Eq. (5.20]), with <7-1§(A)> =1, <7-1§_(«24/6))> —0, <7—s(A)> .
(T5) = & <Tsé§21> = Ho+ B -5 = 1B, and (T ) = (T2 ) = _L(o +
B—p5%)=-% 5 the CF's are:

=3 S () (7 e
() 3 ) (1)

= b [ - 2T o]

Specifically:

Qs(n) =1 {1 +2 (1 + = n> (—3/2)"} : (5.39)

and

Qc(n) = Qaln) = 5 [1 — (1 + :n) (—B/z)”} : (5.40)
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5.6.2.2 o #0:

For any value of o, we can obtain the projection operators via Eq. (6.20)). In addition to
those quoted above and, in terms of the former 7 3 /2, the remaining projection operators

turn out to be:

1

Since the 1 — 2 eigen-contribution is null and since:
(Ti) =173,

AR

)

the CFs for o # 0 are:

Qen) = 3" N 37 (m| TR TG 1)

AEAT roEAp
A n—
—1 ¥ <Tf( )>)\ 1 (5.41)
Ae{ V7Y

Specifically, for £ = s:

) (Vo +7) (Z22)" (5.42)

=3[ () (F59) (10 ) (F29)

and we recover Eq. (29) of Estevez et al. [85].
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Figure 5.9: Qs(n) vs. n with o = 0.01 and S = 0 for the RGDF Process. This should be
compared to Panel (b) of Fig. 8 in Estevez et al. [85]. Although different means were used
to make the calculations, they appear to be identical.

Estevez et al. [85] recount the embarrassingly long list of recent failures of previous
attempts to analyze organization in RGDF-like processes. These failures resulted from
not obtaining all of the terms in the CFs, which in turn stem primarily from not using a
sufficiently clever ansatz in their methods, together with not knowing how many terms
there should be. In contrast, even when casually observing the number of HMM states,
our method gives immediate knowledge of the number of terms. Our method is generally
applicable with straightforward steps to actually calculate all the terms once and for all.

Figures [5.9} [5.10] [5.11] and [5.12] show plots of Qs(n) versus n for the RGDF Process
at different values of @ and 5. The first two graphs, Figs. and [5.10] were previously

produced by Estevez et al. [85] and appear to be identical to our results. The second pair
of graphs for the RGDF Process, Figs. [5.11] and [5.12] show the behavior of the CFs for

larger values of @ and S, but with the numerical values of each exchanged (0.1 < 0.2).
The CFs are clearly sensitive to the kind of faulting present, as one would expect. However,

each does decay to 1/3, as they must.
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Figure 5.10: Qs(n) vs. n with a = 0.01 and 8 = 0.01 for the RGDF Process. Comparison
with Panel (d) of Fig. 8 in Estevez et al. [85] shows an identical result.
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Figure 5.11: Qs(n) vs. n with a = 0.1 and § = 0.2 for the RGDF Process.
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Figure 5.12: Qs(n) vs. n with a = 0.2 and 8 = 0.1 for the RGDF Process.

5.6.3 Shockley—Frank Stacking Faults in 6H-SiC: The SFSF Pro-

cess

While promising as a material for next generation electronic components, fabricating SiC
crystals of a specified polytype remains challenging. Recently Sun et al. [246] reported
experiments on 6H-SiC epilayers (~ 200 ym thick) produced by the fast sublimation growth
process at 1775 °C. Using high resolution transmission electron microscopy, they were able
to survey the kind and amount of particular stacking faults present. In the Hagg notation
6H-SiC is specified by 000111, and this is written in the Zhdanov notation as (3,3) [183].
Thus, unfaulted 6H-SiC can be thought of as alternating blocks of size-three domains. Ab
initio super-cell calculations by Iwata et al. [I16] predicted that the Shockley defects (4,2),
(5,1), (9,3), and (10,2) should be present, with the (4,2) defect having the lowest energy
and, thus, it presumably should be the most common. Of these, however, Sun et al. [240]
observed only the (9,3) defect (given there as (3,9)) and, at that, only once. Instead, the
most commonly observed defects were (3,4), (3,5), (3,6), and (3,7), appearing nine, two,
two, and three times respectively, with isolated instances of other stacking fault sequences.

They postulated that combined Shockley—Frank defects [I10] could produce these results.
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The (3,4) stacking sequences could be explained as external Frank stacking faults, and the
other observed faults could result from further Shockley defects merging with these (3,4)
SFs. We call this process the Shockley-Frank Stacking Fault (SFSF) Process.

Inspired by these observations, we ask what causal-state structure could produce
such stacking sequences. We suggest that the e-machine shown in Fig. [6.5]is a potential
candidate, with v € [0,1] as the sole faulting parameter. (Here, we must insist that
only a thorough analysis, with significantly more data, such as that obtainable from high
resolution transmission electron microscopy or a diffraction pattern, can properly reveal the
appropriate causal-state structure. The SFSF Process is given primarily to illustrate our
methods.) For weakly faulted crystals (y ~ 0), as seems to be the case here, there must be
a causal state cycle that gives the 6H structure, and we see that the causal-state sequence
[S7S6545051S3] does that. Indeed, if the fault parameter v were identically zero, then this
e-machine would give only the 6H structure. Sun et al. [246]’s observations suggest that
deviations from 6H structure occur (almost) always as additions to the size-three 0 or 1
domains. The self-state transitions on S7 and Sg have just this effect: After seeing three
consecutive 1s (0s), with probability 7 the current domain will increase in size to four.
And likewise, with probability v, size-four domains will increase to size-five domains. Thus,
with decreasing probability, the faults (3,4), (3,5) ... can be modeled by this e-machine.
Notice that the causal architecture prevents domains of any size less that three, which
is consistent with the bulk of the observations by Sun et al. [246HE| Also, this e-machine
does predict (4,4) sequences, which Sun et al. [246] observed once. Thus, qualitatively, and
approximately quantitatively, the proposed e-machine largely reproduces the observations
of Sun et al. [240].

We begin by identifying the SSCs on the HMM, the e-machine shown in Fig. [6.5] We
find that there are three, [S7], [So] and [S7S6545051S3]. We calculate the winding numbers
to be W =1, WS = 2 and WS5654%%153] — (. The first two of these SSCs vanish if

15They did observe a single (3,2) sequence (see their Table I), and the SFSF Process cannot reproduce
that structure. Additional causal states and/or transitions would be needed to accommodate this additional
stacking structure. One obvious and simple modification that would produce domains of size-two would
be to allow the transitions Ss LN Se and Sy EN S; with some small probability. However, in the interest
maintaining a reasonably clear example, we neglect this possibility.
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Figure 5.13: Hagg-machine for the SFSF Process, inspired by the observations of Sun et
al. [246]. We observe that there is one faulting parameter v € [0, 1] and three SSCs. Or,
equivalently three causal state cycles, as this graph is also an e-machine. The three SSCs
are [S7], [So] and [S7S5654S051S3]. The latter we recognize as the 6H structure if v = 0.
For large values of 7, i.e., as v — 1, this process approaches a twinned 3C structure,
although the faulting is not random. The causal state architecture prevents the occurrence
of domains of size-three or less.

~v = 0, giving a nonmixing Hagg-machine. Thus, for v # 0 the Hagg-machine is mixing
and we proceed with the case of v € (0, 1].

By inspection we write down the two 6-by-6 TMs of the Hagg-machine as:

v~ 0 0 0 0 0
00 0O0O0O 0
T _ 00 0O0O0U 0
000O0®=xO
000 O0O01
1 00 0 0O
and:
0% 00 00
0 01 00O
T _ 0001 0O |
000~ 00O
000 00O
000 00O
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where the states are ordered Sg, S1, S3, S7, Sg, and S4. The internal state TM is their sum:

Y% 0000
001000
000100
T=
000~70
000001
100000

Since the six-state Higg-machine generates an (3 x 6 =) eighteen-state ABC-machine, we
do not explicitly write out the TMs of the ABC-machine. Nevertheless, it is straightforward
to expand the Hagg-machine to the ABC-machine via the rote expansion method of
It is also straightforward to apply Eq. to obtain the CFs as a function of the
faulting parameter . To use Eq. , note that the stationary distribution over the
ABC-machine can be obtained via Eq. with:

1 [ — [ —
(WHIZm[l S 7]

as the stationary distribution over the Hagg-machine.

The eigenvalues of the Hagg-TM can be obtained as the solutions of det(T — ) =
(A —7)2A\* =52 = 0. These include 1, —%7 + \/m, and three other eigenvalues
involving cube roots. Their values are plotted in the complex plane Fig. as we sweep
through ~.

The eigenvalues of the ABC-TM are similarly obtained as the solutions of det(7 —Al) =
0. The real and imaginary parts of these eigenvalues are plotted in Fig. [5.15 Note that Ar
inherits At as the backbone for its more complex structure, just as A+ C A+ for all of our
previous examples. The eigenvalues in Ay are, of course, those most directly responsible
for the structure of the CFs.

The SFSF Process’s CFs are shown for several example parameter values of v in
Figs. [6.16] [5.17], .18 and calculated directly from numerical implementation of
Eq. . As the faulting parameter is increased from 0.01 — 0.5, the CFs begin to decay

more quickly. However, for v = 0.9, the correlation length increases as the eigenvalues,
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Figure 5.14: The six eigenvalues of the Higg-machine as they evolve from v = 0 (thickest
blue markings) to v = 1 (thinnest red markings). Note that the eigenvalues at v = 0 are
the six roots of unity. Unity is a persistent eigenvalue. Four of the eigenvalues approach
0 as v — 1. Another of the eigenvalues approaches unity as v — 1. The eigenvalues are
nondegenerate throughout the parameter range except for the transformation event where
the two eigenvalues on the right collide and scatter upon losing their imaginary parts.

near the nontrivial cube-roots of unity, loop back toward the unit circle. The behavior near
v = 0.9 suggests a longer ranged and more regularly structured specimen, even though
there are fewer significant eigen-contributions to the specimen’s structure. Indeed, the

bulk of the structure is now more apparent but less sophisticated.

5.7 Conclusion

We introduced a new approach to exactly determining CFs directly from HMMs that
describe layered CPSs. The calculation can be done either with high numerical accuracy
and efficiency, as we have shown in the CF plots for each example, or analytically, as was
done for the IID and RGDF Processes.

The mathematical object that assumes central importance here is the HMM. While we
appreciate the value that studying CFs and, more generally, pair distribution functions

brings to understanding material structure, pairwise correlation information is better
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Figure 5.15: The eighteen eigenvalues of the ABC-machine as they evolve from v = 0
(thickest blue markings) to v = 1 (thinnest red markings). Note that the eigenvalues at
v = 0 are still the six roots of unity. The new eigenvalues introduced via transformation
to the ABC-machine all appear in degenerate (but diagonalizable) pairs. In terms of
increasing v, these include eigenvalues approaching zero from +1, eigenvalues taking a left
branch towards zero as they lose their imaginary parts, and eigenvalues looping away and
back towards the nontrivial cube-roots of unity.

thought of as a consequence of a more fundamental entity (i.e., the HMM) than one
of intrinsic importance. This becomes clear when we consider that the structure is
completely contained in the very compact HMM representation. More to the point,
all of the correlation information is directly calculable from it, as we demonstrated. In
contrast, the task of inverting correlation information to specify the underlying organization
of a material’s structure, i.e., its HMM, is highly nontrivial. Over the past century
considerable effort has been expended to invert diffraction patterns, the Fourier transform
of the CFs, into these compact structural models[/| The work of Warren [273], Krishna
and coworkers [214], 216, 217, 215, 219], Berliner & Werner [2I] and that of our own
group [264), 265], 266, 270], to mention a few, all stand in testament to this effort.

16We have not explicitly made the connection here, but almost all previous models of planar disorder
can generically be expressed as HMMs.
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Figure 5.16: Qs(n) vs. n for the SFSF Process with 7 = 0.01. This specimen is only very
weakly faulted and, hence, there are small decay constants giving a slow decay to 1/3.
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Figure 5.17: Qs(n) vs. n for the SFSF Process with v = 0.1. With increasing 7, the CFs
approach their asymptotic value of 1/3 much more quickly.
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Figure 5.18: Qs(n) vs. n for the SFSF Process with v = 0.5. Here, the specimen is quite
disordered, and the CFs decay quickly.
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Figure 5.19: Qs(n) vs. n for the SFSF Process with 4 = 0.9. The slower CF decay suggests
that the process is now less disordered than the v = 0.5 case. Notice that this CF is large
for n mod (3) = 0, indicating strong correlation between MLs separated by a multiple of
three MLs. This is the kind of behavior that one expects from a twinned 3C crystal.
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Although the presentation concentrated on CFs in layered CPSs, the potential impact
of the new approach is far wider. First, we note that it was necessary to make some
assumptions about the geometry of the stacking process, i.e., the number of possible
orientations of each ML and how two MLs can be stacked, in order to demonstrate
numerical results and make contact with previous work. These assumptions however in
no way limit the applicability: Any set of stacking rules over a finite number of possible
positions is amenable to this treatment. Second, it may seem that starting with a HMM
is unnecessarily restrictive. It is not. Given a sample of the stacking process from (say)
a simulation study, there are techniques that now have become standard for finding the
e-machine, a kind of HMM, that describes the process. The subtree-merging method [64]
and causal-state splitting reconstruction [225] are perhaps the best known, but recently a
new procedure based on Bayesian inference has been developed [243]. Finally, a HMM
may be proposed on theoretical grounds, as done with the RGDF and SFSF HMMs in
our second and third examples. And, for the case when a diffraction pattern is available,
there is e-machine spectral reconstruction theory [264] 265] 260, 270]. We anticipate that
HMDMs will become the standard representation for describing layered structures.

The approach presented here should also be viewed in the larger context of our
recent research thrusts. While crystallography has historically struggled to settle on a
formalism to describe disordered structures, we propose that such a framework has been
identified—at least for layered materials. Based in computational mechanics, chaotic
crystallography [268] employs information theory as a key component to characterize
disordered materials. Although the use of information theory in crystallography has
been previously proposed by Mackay and coworkers [154) [155] [36], chaotic crystallography
realizes this goal. Additionally, using spectral methods in the spirit of §5.5.2] information-
and computation-theoretic measures are now directly calculable from e-machines [60, [198].
And importantly, a sequel will demonstrate how spectral methods can give both a fast
and efficient method for calculating the diffraction pattern of layered CPSs or analytical

expressions thereof [204].
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5.8 Appendix A: Transition matrices, projection op-
erators, and bra—ket notation

The sub-stochastic symbol-labeled transition matrices of a HMM sum to give our
probability-conserving right-stochastic (i.e., all rows sum to one) state-to-state tran-
sition matrix 7 = > _ , 71, All eigenvalues of this matrix lie on or within the unit circle
in the complex plane. We use a bra—ket notation to easily identify bras (-| as row vectors
and kets |-) as column vectors. A special set of kets are right eigenvectors of 7. The right

eigenvectors satisfy:
TIA) = AlA)

for A € Ay. A corresponding set of bras are left eigenvectors of 7. The left eigenvectors

satisfy:
AT = A (A

for A € Ar. In general—unlike the special case in quantum mechanics—the left eigenvectors
are not merely the conjugate transpose of the right eigenvectors. Projection operators
play a prominent role in the development of our results. For the general case, they can
be obtained from Eq. . However, in the simplest case of a projection operator of a

non-degenerate eigenvalue, the projection operator can simply be expressed as:
T = 5o A (AL

where the denominator is simply a normalizing factor. The only normalization convention
we impose is that |1) represents the right eigenvector associated with unity of all ones and
(7| is the left eigenvector associated with unity normalized in probability. This normal-
ization allows 7; = |1) (7| and consistent interpretation of unconditioned probabilities:
Pr(w) = (m| T |1). Further useful results and discussion of the mathematical machinery

can be found in [198].
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Chapter 6

Diffraction Patterns of Layered

Close-packed Structures from
Hidden Markov Models

An earlier version of this chapter has appeared online as a preprint:
P. M. Riechers, D. P. Varn, & J. P. Crutchfield, (2014). “Diffraction Patterns of Layered
Close-packed Structures from Hidden Markov Models”. arXiv preprint arXiv:1410.5028.
The results carry over with some modification to address diffraction patterns of layered
structures in general. The novel insight conveyed in this chapter—that diffraction spectra
are a direct signature of eigen-spectra—should be expected quite generally, even beyond

layered structures.

6.1 Chapter Overview

We develop a method to calculate the diffraction pattern for layered close-packed structures
stacked according to the wide class of processes expressible as hidden Markov models. We
show that in the limit of large crystals, the diffraction pattern is a particularly simple
function of parameters that specify the hidden Markov model. We give three elementary but
important examples that demonstrate this result, deriving expressions for the diffraction
pattern of close-packed structures stacked: (i) independently, (ii) as infinite-Markov-order
randomly faulted 2H and 3C specimens for the entire range of growth and deformation

faulting probabilities, and (iii) as a hidden Markov model that describes Shockley-Frank
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stacking faults in 6H-SiC. We show that the eigenvalues of the transition matrix—as
defined by the hidden Markov model—organize and structure the diffraction pattern.
To illuminate this connection, we introduce a new visualization technique, the coronal
spectrogram, that makes explicit the tight relationship between the eigenvalues and the
diffraction pattern. In this way, we effectively solve the broad problem of calculating
a diffraction pattern—either analytically or numerically—for any layered close-packed
stacking structure—ordered or disordered—where the stacking process can be expressed

as a hidden Markov model.

6.2 Introduction

Since the fundamental forces that bind materials are isotropic, it may be surprising that so
many materials have such strongly anisotropic structures. That is, the bonds may not be
of equal strength in all directions, instead showing relatively strong preferential bonding in
two of the directions, with much weaker interactions along a third direction. We say that
the resulting material is layer-like with strong intralayer bonding and weaker interlayer
bonding. Other mechanisms may contribute to a material having a layer-like structure.
For example, some form as a result of a layer-by-layer growth process; and, of course, it is
now possible to engineer artificially layered materials with great precision [95, 149]. These
various mechanisms conspire to create a great variety of materials that are conveniently
thought of as being composed of stacked layers. Examples are numerous: micas such as
muscovite and phlogopite [I33]; III-V compounds such as GaS and InSe [218], which are
of interest due their electronic and optical properties; SiC and ZnS [218], which are known
to have hundreds of stable crystalline structures resulting from their layer-like properties;
perovskites such as BaRuO3 and CaTiOg [91]; graphene and hexagonal BN [95], which have
attracted great interest for their electronic properties; and lastly, metal dichalcogenides
such as MoS, and WSe, [127].

Although restricted to a few alternatives, often there is more than one way to stack
two adjacent layers, and much of the interesting physics and crystallography occurs as

one traverses a material perpendicular to these layers in what is called the stacking

272



direction [268]. One such phenomenon is polytypism [257], where a material built up of
identical layers can coexist in two or more stable crystalline stacking configurations. SiC
in particular is known to have hundreds of such periodic (and hence crystalline) stacking
configurations, some with periodicities extending over one hundred layers [218]. Given
the weak layer-to-layer interactions in many of these materials as well as the small energy
differences between some stacking sequences, they are prone to errors in the stacking
configuration called stacking faults [IT10L [IT5]. These deviations from periodic stacking can
occur during the growth process or through some post-formation stress to the specimen,
be it mechanical, thermal, or irradiative [218]. The resulting specimen is disordered,
sometimes even to the point of losing any meaningful sense of an underlying periodic
stacking structure [161, 269]. While these planar defects have, of course, been known
and studied for some time they have often been viewed as a nuisance or feature to be
minimized or eliminated [35]. Increasingly though, materials scientists are appreciating the
sometimes unexpected role that disorder and crystal defects play in material properties.
For example, disordered graphene nanosheets can be used to improve the performance of
high-capacity Li ion batteries [I86], and so-called ‘defect engineering’ in semiconductors is
attracting wide attention [220].

Given the growing technological import of disordered materials, methods of detecting
experimentally and then describing the resulting structures are needed. Since its discovery
in the early 20th century, X-ray diffraction has proved invaluable for determining material
structure, for both ordered and disordered materials [275]. Typically in a diffraction
experiment, one uses a probe, most often a finely collimated beam of monochromatic
X-rays, electrons, or neutrons focused on the specimen at some angle and subsequently
one collects the diffracted reflections. When this is performed over a variety of angles, one
generates a diffraction pattern[]] While many physical effects can influence the diffraction
pattern [97], most can be corrected for and the diffraction pattern is profitably viewed as

the power spectrum of the real space arrangement of atoms. Thus, the diffraction pattern

'Common geometries and techniques for diffraction experiments, particularly X-ray diffraction, can be
found in any text on condensed matter physics, such as Ashcroft & Mermin [5], or any crystallographic
text such as Giacovazza et al.[97], Warren [273], and Guinier [103].
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is highly sensitive to material structure and diffraction experiments remain the workhorse
of modern material structure determination.

It is also important to efficiently, compactly, and consistently describe such disordered
layered materials. Classical crystallography, based on the geometric symmetries found
in perfectly crystalline materials and couched in the language of finite group theory, has
enjoyed enormous success. However, there has long been a call to expand the range of
classical crystallography to treat other structures, particularly those that are not per-
fectly ordered [154] 36]. Indeed, classical crystallography has not proved nearly as useful
when characterizing materials that show disorder, especially if that disorder is profound.
To circumvent these limitations, a new perspective on the structure of materials has
recently been proposed. Chaotic crystallography is the application of information- and
computation-theoretic methods to the discovery and description of disorder in materi-
als [268, [12]. Drawing from concepts developed in information theory [46], theoretical
computer science [190] 112] and nonlinear dynamics [244], chaotic crystallography adapts
and applies computational mechanics [55], 64] to the problem of disorder in materials.
Instead of relying on exact geometric symmetries, chaotic crystallography captures struc-
ture in terms of partial and noisy symmetries, formulated in the language of semi-groups.
Setting order and disorder on equal footing, chaotic crystallography provides novel platform
to understand material structure.

Quasi-one-dimensional materials are particularly amenable to analysis by the methods
of chaotic crystallography. One scans the specimen along the stacking direction recording
the kind and orientation of the layers as they are encountered, assigning a symbol to
each of the possible kinds and orientations. The resulting list of symbols is called the
stacking sequence [264], and the effective stochastic process induced is called the stacking
process [264]. Sequential symbolic data such as this have been well-studied in the physical
sciences and are sometimes analyzed using hidden Markov models [197, [74]. A rich set
of analytical tools has been developed to study hidden Markov models, and here we
will augment that toolset by demonstrating how the diffraction pattern can be directly

calculated from an arbitrary hidden Markov model, either efficiently to great numerical
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accuracy or analytically.

We report two major advances. (i) Although the problem of connecting disordered
stacking structures to diffraction patterns has been addressed by many previous authors,
we offer a new derivation of an expression to calculate the diffracted intensity of close-
packed layered materials in terms of the hidden Markov model that describes the stacking
process. This is carried out by explicitly treating either ordered or disordered stacking
configurations as an arbitrary hidden Markov model, which to our knowledge has not
been previously done. (ii) Spectral analysis of the hidden Markov model will lead us to a
new way to visualize diffraction patterns for layered materials, in what we call coronal
spectrograms. We will introduce these versatile and informative graphs in §6.6 where we
will find that they result in significant insights into stacking structures.

Our development is organized as follows: reviews historical milestones in the
study of diffraction patterns from layered materials and familiarizes the reader with
modeling stochastic processes; fixes nomenclature and definitions; derives a
general expression for the diffraction pattern of layered close-packed structures in terms of
an arbitrary hidden Markov model; introduces coronal spectrograms and considers
several examples, namely (i) an independently distributed process that can model 3C or
random stacking structures, (ii) an infinite-order-Markov stacking process that represents
any amount of random growth and deformation faults in 3C and 2H structures, and (iii) a
stacking process inspired by recent experiments in 6H-SiC; and gives our conclusions

and outlines directions for future work.

6.3 Background
6.3.1 Brief History of Planar Disorder and Diffraction Patterns

There is a long history of researchers treating the problem of calculating diffraction patterns
from layered materials and the interested reader is encouraged to consult Treacy et al.[252]
for a thorough and detailed treatment or Estevez-Rams [82] for a shorter but more recent
exposition.

Landau [138] and Liftshitz [145] are usually credited as the first to treat the problem,
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when in 1937 they considered the effect of stacking disorder, assuming no correlation among
the stacking defects. In 1942 Hendricks & Teller [109] developed the matriz formalism
method, where a transition matrix specifies the probability of observing a layer, possibly
dependent on a previous history of observed layers. They considered four cases: (i) no
interaction between layers with each layer having the same form factor, (ii) randomly
distributed layers having variable spacing, (iii) the probabilities of the occurrence of layers
depending on the nearest neighbors, and (iv) the probabilities of occurrence of layers
depending on nearest and next nearest neighbors. Also in 1942 Wilson [278] examined the
case of hexagonal closed-packed Co with randomly distributed planar faults, pioneering
the difference equation method. Jagodzinski [118], [119] in 1949 introduced the reichweite,
denoted s, that allows variable range of influence between layers in close-packed structures.
He found solutions for small s, but noted that the calculations become onerous for s > 3.
In 1986 Berliner & Werner [21] demonstrated that the diffraction pattern for a specific
stacking sequence can be calculated directly by Monte Carlo or crystal growth methods,
where one simulates a crystal by ‘growing’ it according to some rules, and then sums the
contributions to the reflected wave for all layers in the sample. They applied this technique
to growth and deformation faults in Li and compared the results with experimental neutron
diffraction studies. Many other researchers have expanded on these methods, leaving an
extensive literature [252], 82] [38].

However, most relevant to the development we pursue here is the 1991 seminal work
by Treacy et al.[252]. They offered a general recursion matriz method to calculate the
diffraction pattern for layered materials, implementing it in a freely available and well-used
computer software package called DIFFaX. Key to their approach is the recognition that
by a judicious grouping of terms it is possible to perform analytically the sum over layers
to calculate the diffraction pattern. As part of their procedure, they assume a transition
matrix that gives the probabilities of transitioning to any other layer, given the current
layer.

To place our contributions in context of these previous efforts, it is necessary to discuss

how these models can be classified according to their computational-theoretic capabilities.
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In the next section we offer a tour of the differences between the kinds of models that have
been used and in §6.46.4.2| we give a mathematically grounded treatment of the stacking

process as generated by a hidden Markov model.

6.3.2 Markov Models and Hidden Markov Models

Let us consider models that are capable of probabilistically generating a sequence of
symbols, where the symbols are taken from some finite set. Important distinctions between
different models rest on how they condition the probability of observing a current symbol on
a previously observed, perhaps even infinite, history of symbols. The simplest assumption
is that the current symbol in the sequence takes its particular value independent of all the
other symbols in the sequence. If, further, the probability distribution over symbols is
invariant to a shift in sequence position, the model is called independent and identically
distributed (IID). By definition, these models admit no correlation between symbols.

The next level of complication occurs when we allow the value of the current symbol
to depend on the previous symbol, and only the previous symbol. These models are called
Markov models (MMs). Since it is only the value of the previous symbol that is needed to
give the best prediction of the current symbol, it is possible to label the states of the MM
by the current symbol. Trivially, then, one knows the sequence of states by the observed
symbol sequence, since they are identical. Concomitantly, for MMs, the total number of
states of the model is strictly limited by the number of the kinds of symbols observed.

An additional complication occurs when it is necessary to know not only the previous
symbol, but a finite history of previous symbols. These finite-order Markov models (fMMs)
are often further specified by the length of the history needed, sometimes denoted r [270],
and are called rth-order Markov models. For r = 1, fMMs degenerate to the MMs
considered earlier, and if we allow the case that » = 0, then zeroth-order Markov models
generate the IID processes. Note that for » > 2 it is no longer possible to label the states
by the observed symbol. In this sense, the states of the model become hidden, as the
sequence of states is no longer just the observed sequence of symbols.

Perhaps surprisingly, often the next symbol in a sequence depends on an infinite

history of symbols. This is best explained by giving an example. Suppose that a sequence
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composed of only Os and 1s conforms to the following rule: one can observe a consecutive
sequence of 1s of any length; however, between any two 1s there must be an even number
of 0s. Thus, on observing a 0, one also needs to know the symbol preceding it. If that
symbol were 1, such that the two-symbol history was 10, then to retain the evenness of Os
the next symbol would perforce be 0. If it was not, then we would have the sequence 101,
which is not allowed. Indeed, it becomes apparent that when one observes a consecutive
sequence of 0s, it is important to keep track of whether there has been an even or odd
number of them. Since this history could extend back indefinitely, this process, called the
even process [274], 9], entails a special kind of infinite memory. Nonetheless, it is possible
to describe this process by using only two states: (a) if the history of symbols ends in
1 or an even number of consecutive 0s, then the next symbol is either 0 or 1; (b) if the
history is an odd number of 0s, then the next symbol is 0. Borrowing terminology from
the computation theory of formal languages, the even process is an example of a strictly
sofic process [274, 9] and has been treated in the context of close-packed layered materials
elsewhere [270]. Models such as the even process that remember an infinite past with a
finite memory (using a finite number of states) are called infinite-order Markov models
(iMMs).

For IIDs, MMs, and fMMs; if the system is in a particular state and makes a transition
to another state, the symbol observed on this transition uniquely determines the successor
state. This property is called unifilarity [76]. If this condition is relaxed so that the state
and the observed symbol are not sufficient to determine the next state, these models
are nonunifilar. This distinction becomes important for infinite-order Markov models,
and those with unifilarity are called unifilar infinite-order Markov models (wiMMs) and
those without it are called nonunifilar infinite-order Markov models (niMMs). From the
development, it should be apparent that these models are hierarchically related, such
that models lower on the hierarchy are special cases of those above it ] The model-class

hierarchy is:

IID ¢ MM C fMM C uiMM C niMM . (6.1)

2For a full discussion, see Crutchfield [54] and Crutchfield & Marzen [63].
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Let us revisit previous models of disorder and classify them by their place on the
hierarchy. Landau [I38], Liftshitz [I45], and the first two cases of Hendricks & Teller [109]
are IID models. Hendricks & Teller’s third case, where the probabilities only depend on the
single preceding layer, are MMs. Finally, by grouping layers, Hendricks & Teller were able
to effectively construct a 2nd-order MM (i.e., a fMM) in their last case. Similarly, a careful
treatment of the model proposed by Wilson [278] shows that it is a 2nd-order MM, as he
conditions the fault probability on the values of the previous two layers.ﬁ Jagodzinski’s
reichweite [118| [119] is clearly related to the Markov order. If one writes the stacking
sequence in the H K-notation [218] [I83], then s = 3 can be expressed as a MM and s = 4
as a 2nd-order MM. The Monte Carlo method of Berliner & Werner |21 is not a distinct
model class in the same sense that the others are, since there is no ‘compactification’
of the rules governing the stacking process. By explicit calculation from a particular
stacking sequence, it can effectively calculate the diffraction pattern for any of the models
in Eq. . e-Machine spectral reconstruction theory [264 265, 266], 270], an alternative
sequence-based estimation method, has been implemented up to 3rd-order MMs, although
in previous applications it used the Monte Carlo method to calculate diffraction patterns.
Lastly, the recursion matrix method of Treacy et al.[252] explicitly treats MMs, although
by grouping layers as proposed by Hendricks & Teller, it can treat fMMs.

It should be noted that the Monte Carlo method, though now in common usage, is not
altogether satisfactory. One difficulty lies in the statistical fluctuations inherent in the
finite-size samples it uses. It is known that these lead to estimation errors in the power
spectrum on the order of the magnitude of the power spectrum itself [125]. This difficulty
can be ameliorated by taking many samples and averaging [I79] or by using a smoothing
procedure [266]. A second concern arises when repeated comparison of calculated and
experimental diffraction patterns is needed for inference procedures such as reverse Monte
Carlo modeling [128] and differential evolution and genetic algorithms [I70]. For samples

of reasonable size, the Monte Carlo method is clearly much less efficient than the matrix

3There is a subtlety here. Wilson defines his model in terms of the ABC-notation of the close-packed
layers. By rewriting the stacking sequence in a different nomenclature, it is possible to recast his model as
a 1st-order MM or even simply a MM. This particular model, as well as the dependence of the Markov
order on the notation used, is treated in detail elsewhere [269].
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formalism or difference equation methods.

It might be thought that the description of stacked layers would not require such
sophisticated models. However, especially when a layered specimen is undergoing solid-
state transformation, such as by annealing, effectively infinite-range memories can be
induced [267]. As the layers shift, energetic considerations can restrict the number of
paths to disorder, leaving a remnant of the crystalline stacking structure imprinted in
the disordered specimen. Equilibrium is often not obtained, and the structure finds itself
caught in a local minimum of the free energy, lacking the necessary activation energy to
explore all of phase space. In addition to their expected importance, neglecting infinite-
order Markov models in favor of only finite-order Markov models severely restricts the
space of possible models considered. James et al.[120] showed that as a function of the
number of states, the number of topologically distinct finite-order MMs is dwarfed as
compared to the number of distinct infinite-order MMs. For six-state processes, a full 98%
of the models were infinite-order Markov. Thus, models capable of capturing infinite-range
memory are needed.

To our knowledge, no method has yet been shown to calculate diffraction patterns of
infinite-order Markov models (uiMMs or niMMs) either analytically or in closed form. In
the following, we offer a general, analytical solution to this problem for stacking processes

in close-packed structures describable as a hidden Markov model.

6.4 Definitions and Notations

We will confine our exposition to close-packed structures (CPSs). For many materials, such
as SiC, CdlIy, and GeSe [218], there may be several layers of atoms that act as a unit and
it is these units which obey the close-packing rules. We will refer to these units as modular
layers (MLs) [89, 263]. Let us make the following assumptions concerning the stacking of
MLs in CPSs: (i) the MLs themselves are undefected and free of any distortions; (ii) the
spacing between MLs does not depend on the local stacking arrangement; (iii) each ML
has the same scattering power; and (iv) the faults extend laterally completely across the

crystal.
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Additionally, we assume that the unconditioned probability of finding a given stacking
sequence remains constant through the crystal. (In statistics parlance, we assume that
the stacking process is weak-sense stationary. Physically, the process is spatial-translation

invariant. )

6.4.1 Correlation Functions and Stacking Notation

In CPSs, each ML may assume one of three possible orientations, usually labeled A, B,
and C' [5].We say that two MLs in a sequence are cyclically related if the ML further
along in the sequence can be obtained from the earlier ML via a cyclic permutation (i.e.,
A — B — C — A), and anticyclically related if it can be obtained via an anticyclic
permutation (i.e., A - C — B — A). It is convenient to introduce three statistical
quantities [266], Q.(n), Q.(n), and Qs(n): the pairwise (auto)correlation functions (CFs)
between MLs that are the probability any two MLs at separation n are related cyclically
(c), anticyclically (a), or have the same orientation (s), respectively. It is also useful to

introduce a family of cyclic-relation functions [205] £(z) € {é(z), a(z),8(z)}, where, for

example:
B ifxr=A
)= C ifr=0B . (6.2)
A ifx=C

The other two operators, a(z) and §(x), are defined in an obviously analogous fashion.

It is sometimes advantageous to exploit the constraint that no two adjacent MLs may
occupy the same orientation in CPSs. Thus, we sometimes use the Hagg-notation, where
cyclic transitions between adjacent MLs are denoted with ‘+’, and anticyclic ones with ‘-’.
(Ortiz et al. [183] give an excellent treatment of the various notations used to describe
CPSs.) Often it is more convenient to substitute ‘1’ for ‘+’ and ‘0’ for ‘-’ and we make this
substitution throughout. The two notations, the Hagg-notation and the ABC-notation,
carry an equivalent message (up to an overall rotation of the specimen about the stacking

direction), albeit in different tongues.

281



6.4.2 The Stacking Process as a Hidden Markov Model

Previously, it was shown that the stacking process for many cases of practical interest can
be written as a discrete-step, discrete-state hidden Markov model (HMM) [205], and we
review notations and conventions now.

We assume that the statistics of the stacking process are known and can be expressed
as a HMM in the form of an ordered tuple I' = (A, S, po, T), where A is a set of symbols
output by the process and often called an alphabet, S is a finite set of M internal (and
possibly hidden) states, pg is an initial state probability distribution, and T is a set of |.A|
M-by-M transition matrices (TMs) that give the transition probabilities between states
on emission of one of the symbols in A.

For the CPSs, the output symbols are just ML orientations and, thus, this alphabet
can either be written in the Hagg-notation or the ABC-notation. Since the latter is more
convenient for our purposes, we take A = Ap = {A, B,C}. S is the set of M states that
comprise the process; i.e., S = {S1,8Ss,...,Sy}. Lastly, there is one M x M TM for
each output symbol, so that T = {71 718 TII} " These emission-labeled transition

probability matrices are of the form:

PI'(QZ', 81’81) Pr(a:, 82’81) L Pr(:c, SM‘Sl)
PI‘(I, 81’82) PI‘(JI, 82|52) tee PI‘(.I',SM|82)

Pr(z,S1|Syu) Pr(x, Sa|Swm) -+ Pr(z, Sm|Swm)

where r € Ap and 81,8, ...,Sy € S.

It is often useful to have the total state-to-state TM, whose components are the
probability of transitions independent of the output symbol, and it is given by the row-
stochastic matrix 7 = T 4 T8 4 Tl There also exists a stationary distribution
m = (Pr(S81),...,Pr(Sy)) over the hidden states, such that (mw| = (| 7. We make
limited use of a bra-ket notation throughout the following, where bras (-| represent row
vectors and kets |-) represent column vectors. Bra-ket closures, (-) or (-|-), are scalars and
commute as a unit with anything.

In the Higg representation, the state-to-state transition matrix is T = T + T, In
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that case the stationary distribution 7ryy; can be obtained from (mwy| = (7y| T.

HMMs are often depicted as labeled directed graphs called probabilistic finite-state
automata (FSA) [112], 190]. When written using the ABC-notation, we refer to such an
automaton as the ABC-machine and, similarly, when written in terms of the Hagg-notation,
such an automaton is referred to as the Hagg-machine. It is a straightforward task to
translate a Hagg-machine into an ABC-machine [205]. For completeness, we reproduce
the minimal algorithm in the appendix.

We note that while Hagg-notation and Hagg-machines are useful shorthand, the primary
mathematical object for the development here is the A BC-machine, since this describes the
stacking process in the natural language of the {Q¢(n)}. It is, however, often easier to give
just the Hagg-machine since the expansion procedure is straightforward. Fundamentally,
however, it is the ABC' sequences that directly relate to structure factors for the specimen.

And, this practical consideration is the principle reason for using the ABC-notation and

ABC-machines.

6.4.3 Mixing and Nonmixing Machines

When expanding the Hagg-machine into an ABC-machine, two important cases emerge:
mixing and nonmixing Hagg-machines. Which of these two cases we are considering has
implications for the resultant DP, and so it is important to distinguish them [205].

In the expansion process, the number of states is tripled to account for the possible
degeneracy of the ABC-notation. That is, we require that the ABC-machine keep track
of not only the relative orientation between adjacent MLs (as the Hagg-machine does),
but also the absolute A, B, or C orientation. In doing so, we allow a state architecture
that can accommodate this increased representation requirement. For mizing machines,
the resultant FSA is strongly connected, such that any state is accessible to any other
state in a finite number of transitions. We find that this is by far the more common
case. For nonmixing machines, the resultant graph is not strongly connected, but instead
breaks into three unconnected graphs, each retaining the state structure of the original
Hégg-machine. Only one of these graphs is physically realized in any given specimen,

and we may arbitrarily choose to treat just one of them. The deciding factor on whether
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a machine is mixing or nonmixing depends on its architecture: if there exists at least
one closed, nonself-intersecting state path that corresponds to an overall rotation of the
specimen, then the machine is mixing. The closed path is called a simple state cycle
(SSC) on a FSA or a causal state cycle (CSC) if the FSA is also an e-machine. All of the

examples we consider here are mixing machines over most of their parameter range.

6.4.4 Power Spectra

Since we are considering only finite-state HMMSs, 7T is a finite-dimensional square matrix,

and so its spectrum is just its set of eigenvalues:
Ar={ e C:det(\I-T) =0}, (6.3)

where I is the M x M identity matrix. Since 7T is row-stochastic (i.e., all rows sum to one),
all of its eigenvalues live on or within the unit circle in the complex plane. The connection
between the operator’s spectrum and the diffraction spectrum will become clear shortly. In
brief, though, eigenvalues along the unit circle lead to Bragg peaks; eigenvalues within the
unit circle are responsible for diffuse peaks associated with disorder—the diffuse diffraction
pattern (DP) is the shadow that these eigen-contributions cast along the unit circle.

In the limit of infinite-length sequences[] power spectra generally can be thought of as
having three distinct contributions; namely, pure point (pp), absolutely continuous (ac),
and singular continuous (sc). Thus, a typical power spectrum P(w) can be decomposed

into [9, [10T]:
P(w) = Ppp(w) + Pae(w) + Pse(w) - (6.4)

Pure point spectra are physically realized as Bragg reflections in DPs, and diffuse or
broadband scattering is associated with the absolutely continuous part. Singular continuous
spectra are not often observed in DPs from quasi-one-dimensional crystals, although
specimens can be engineered to have a singular continuous portion in the DP, as for example
layered GaAs-AlAs heterostructures stacked according to the Thue-Morse process [7]. Since
these more exotic processes are not expressible as finite-state HMMs, we do not consider

them further for now.

4For power spectra of finite-length sequences, there is no clear distinction among these features.
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It might be thought that the more pedestrian forms of disorder in layered materials—
such as growth, deformation, or layer-displacement faults—always destroy the long-range
periodicity along the stacking direction and, thus, ‘true’ Bragg reflections need not be
treated. (This is in contrast to those cases where there is little disorder and the integrity of
the Bragg reflections is largely preserved.) In fact, there are occasions, such as solid-state
transformations in materials with competing interactions between MLs [123 279] or those
with disordered and degenerate ground states [280, 263] that do maintain long-range
correlations. Hence, it is not possible to exclude the existence of Bragg reflections a priori.
Thus, we generally consider both Bragg reflections (B) and diffuse scattering (D) here and

write the DP 1(¢) as having two contributions:
() = 15(€) + Ip(£) | (6.5)

where ¢ € R is a continuous variable that indexes the magnitude of the perpendicular
component of the diffracted wave: k = w/c = 2nf/c with ¢ being the distance between
adjacent MLs of the crystal.

Fortunately, knowledge of the HMM allows us to select beforehand those values of ¢
potentially contributing Bragg reflections. Let A,y = {A € Ay : |A\| = 1}. The values of ¢
for which €7 ¢ A1) are the only ones where there may possibly exist Bragg reflections.
It is immediately apparent, then, that the total number of Bragg reflections within a unit
interval of ¢ in the DP cannot be more than the number M of HMM states. Conversely,

the total number of Bragg reflections sets a minimum on M.

6.5 Diffraction Patterns from Hidden Markov Mod-
els

With definitions and notations in place, we now derive our main results: analytical
expressions for the DP in terms of the parameters that define a given HMM. We split our
treatment into two steps: (i) we first treat the diffuse part of the spectrum and, then, (ii)
iw eiQﬂZ)

we treat those z-values (z = e corresponding to eigenvalues of the TM along the

unit circle.
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6.5.1 Diffuse Scattering
The corrected DPE| for CPSs along a row defined by hy — kg = 1 (mod 3), where hyg, ko

are components of the reciprocal lattice vectors in the plane of the MLs, can be written

as [280, [81], 266]:

) (¢) = ]S\I;;lggg - 2]\? SV —m)[@u(n) cos (2l + 7) + Qu(n) cos (2mnt — F)]

n=1

(6.6)

~Nsin’(rf) N

. N
_sin®(Nn() B 2V/3 R {Z<N — 1) [Qe(n) o—iZmnlo=in/S 4 () () ei27m€ei7r/6]} .
n=1
Qc(n) and Q.(n) are the previously defined CFs and N is the total number of MLs in the
specimenﬁ The superscript N on |(V) (¢) reminds us that this expression for the diffuse
DP depends on the number of MLs. The first term in Eq. is the Fejér kernel. As the
number of MLs becomes infinite, this term will tend to a d-function at integer values of ¢,
which may be altered or eliminated by d-function contributions from the summation: an
issue we address shortly. It is only the second term, the summation, that results in diffuse
scattering even as N — oo. It has previously been shown [205] that the CFs, in turn, can

be written in terms of the labeled and unlabeled TMs of the underlying stacking process

as:
Qe(n) = Y (m| TEIT-1TE@] 1) (6.7)
z€Ap

where we denote the asymptotic probability distribution over the HMM states as the

length-M row vector (7| and a length-M column vector of 1s as ||1)). For mixing processes,

®As previously done [266], we divide out those factors associated with experimental corrections to the
observed DP, as well as the total number N of MLs, so that [(£) has only those contributions arising
from the stacking structure itself. Here and elsewhere, we refer to 1(¢) simply as the DP. Note however
that factoring out the structure factors, etc. is not necessary. A more general expression is obtained by
retaining these effects in the expression for the diffracted intensity. Note that the treatment by Treacy et
al.[252] retains these factors.

It may seem that specializing to such a specific expression for the DP at this stage limits the
applicability of the approach. While the development here is restricted to the case of CPS, under mild
conditions, the Wiener-Khinchin theorem [9] guarantees that power spectra can be written in terms of
pair autocorrelation functions, as is done here. This makes the spectral decomposition rather generic.
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Eq. (6.7 simplifies to the more restricted set of equations:
Qc(n) = 3 (| THT'TE@]|1) | where 2 € Ap . (6.8)

Thus, we can rewrite the DP directly in terms of the TMs of the underlying stacking

process as:

|(N) (6) — sinz'(Nﬂl) _ QT\/§ éR {ZMEA <ﬂ-| T[i] <Z” ) (N _ TL) 27"7-"71) ( 171'/67' + el‘n’/()T[d x ) |1>} ,

N sin?(f)
(6.9)
where we have introduced the /-dependent variable z = €’?™. Furthermore, we can evaluate

the summation over n in Eq. analytically. First, we note that the summation can be

re-indexed and split up as:

Z (N —n)z "7t =271 : (N—1—n)(T/2)" (6.10)

— 2 {(N=-1) [Z (T/z) ] [Zn (T/z) ]} . (6.11)

For finite positive integer NN, it is always true that:
N-1

I=T)> (T/2)"==z[1—(T/2)"] (6.12)

n=0

and

(21— T) z_j 0 (T/2)" = = { [z_j (T/z)"] — N(T/2)N = [I= (T/2)"] } . (6.13)

n=0

Hence, for z ¢ Ay, zI — T is invertible and we have:
N
S N =n)z T = (= T) " H{NL=2(zI = T) " [T (T/2)V]} . (6.14)
n=1

Putting this all together, we find the expected value of the finite-N DP for all z = 2™ ¢
A7—2

-4
~2v3 R { > (m T =) 1= <G - T) 7 1= (T/2)"] |
zEAp
% (efiﬂ’/67'[é(m)} + eiﬂ’/67'[é(m)}) ’]_)} ’ (615)
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with z = €?™. This gives the most general relationship between the DP and the TMs
of the underlying stacking process. We see that the effects of finite crystal size come

L and

into the diffuse DP via a 1/N-decaying term containing the N** power of both 2z~
the unlabeled TM. This powerful result directly links the stacking process rules to the
observed DP and, additionally, already includes the effects of finite specimen size.

Eq. should be compared with Eqgs. (16) and (17) of Treacy et al.[252]. Note
the similar form, especially that the resolvent [205], (21 — 7)~!, finds an analog in the
term (I —T)~" of Eq. (16) of Treacy et al. However our result is obtained by assuming a
HMM that describes the stacking process, and not a judicious grouping of terms as has
been done previously [252]. Whether the results of Treacy et al. are sufficiently general
to include infinite-order Markov models, or can be modified to do so, remains an open
question.

For many cases of practical interest, the specimen can be treated as effectively infinite
along the stacking direction. (In follow-on work, we explore the effects of finite specimen

size.) In this limiting case, the relationship between the diffuse DP and the TMs becomes

especially simple. In particular, as N — oo the DP’s diffuse part becomes:

Ip(¢) = lim 1™ (¢)

N—oo
= -2V3 §R{ > (| TH (L= T) 7 (e /0T W] 4 e/ ST \1>} . (6.16)
rEAp

for all z = ¢®™ ¢ A+. For mixing processes, this reduces to:
In(¢) = —6v3 R {(m| T (21— T)! (e7™/OTE@] 4 gim/bTh@N) 1)1 (6.17)

for any x € Ap. Note that there are no powers of the TM that need to be calculated in
either of these cases. Rather, the DP is a direct fingerprint of the noniterated TMs. The
simple elegance of Eq. relating the DP and TMs suggests that there is a link of
fundamental conceptual importance between them. The examples to follow draw out this
connection.

The important role that 7’s eigenvalues A7 play in the DP should now be clear: they
are the poles of the resolvent matrix (¢TI — 7)~! with ¢ € C. Since the DP is a simple
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function of the resolvent evaluated along the unit circle, Ay plays a critical organizational
role in the DP’s structure. Any peaks in the DP are shadows of the poles of the resolvent
filtered through the appropriate row and column vectors and cast out radially onto the unit
circle. Peaks in the DP become more diffuse as the corresponding eigenvalues withdraw
towards the origin of the complex plane. They approach é-functions as the corresponding

eigenvalues approach the unit circle. §6.0]s examples demonstrate this graphically.

6.5.2 Bragg Reflections

The eigenvalues A, C A7 along the unit circle are responsible for Bragg peaks, and we
treat this case now. For finite-NV, the eigenvalues along the unit circle give rise to Dirichlet
kernels. As N — oo, the analysis becomes somewhat simpler since the Dirichlet kernel
and Fejér kernel both tend to d-functions.

As N — oo, the summation over n in Eq. divided by the total number of MLs

becomes:

NN—n

NE

anTnfl — Zfl

n=1 n

lim
N—o0

(T/2)" | (6.18)

Il
=)

At this point, it is pertinent to use the recently developed spectral decomposition of

T [205]. With the allowance that 0°~™ = §;_,, o for the case that 0 € A7, this is:

l/)\—l

=3 S () (6.19)

AEAT m=0
where (i) 7, is the projection operator associated with the eigenvalue A\ given by the
elementwise residue of the resolvent (2I — T)_l at z — A, (ii) the index v, of the eigenvalue
A is the size of the largest Jordan block associated with A, and (iii) (;) = LTI (L—n+1)
is the generalized binomial coefficient. In terms of elementwise counter-clockwise contour

integration, we have:

_ 1 !
Ty = i b (zI=T) " dz, (6.20)

where C'y is any contour in the complex plane enclosing the point zy = A—which may or

may not be a singularity depending on the particular element of the resolvent matrix—but
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encloses no other singularities. Usefully, the projection operators are a mutually orthogonal

set such that for (, A € Ay, we have:
T = 0c T -

The Perron—Frobenius theorem guarantees that all eigenvalues of the stochastic TM T
lie on or within the unit circle. Moreover—and very important to our discussion on Bragg
reflections—the eigenvalues on the unit circle are guaranteed to have an index of one. The
indices of all other eigenvalues must be less than or equal to one more than the difference

between their algebraic a, and geometric g, multiplicities. Specifically:
vmy—1<ay—gr<ay—1
and
vy=1if [\ =1.

Taking advantage of the index-one nature of the eigenvalues on the unit circle, we can

define:

—.
—
—

> (T
€Ap(T)

and

+ 1> (E/Z)"] . (6.21)

n=0
In the above, only the summation involving = is capable of contributing J-functions. And

so, expanding this summation, yields:

ST (V) (6.22)
n=0 AeA,ry  m=0

= > T Z i2m(t=tn (6.23)

AEAp(T)
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where ¢, is related to A by A = €™ over some appropriate length-one ¢-interval.

Using properties of the discrete-time Fourier transform [I82], we can finally pull the

d-functions out of Eq. (6.23)). In particular:

2w(l—L)n _ 1 .
e — ey > (- t+ k). (6.24)
n=0 k=—o00
Identifying the context of Eq. (6.24)) within Eq. shows that the potential é-function
at ( (and at its integer-offset values) has magnitude{|
\+e

e—0 Or—e

— 3 %{)\—1 [<7—f(A)> e—im/6 4 <7j\é(A)> em/a]} (6.25)
contributed via the summation of Eq. , where:
<7;£(A)> = Z (| T lwol o T lé (o)) 1) . (6.26)
roEAp

Finally, considering Eq. (6.25) together with the contribution of the persistent Fejér

kernel, the discrete part of the DP is given by:

|B(£) = i Z (5,\71 + A)\) (5(€ — 0+ k‘) , (6.27)

k=—o00 )‘EAP(T)

where d, 1 is a Kronecker delta and 6(¢ — ¢, + k) is a Dirac o-function.
In particular, the presence of the Bragg reflection at integer ¢ (zero frequency) depends
strongly on whether the stacking process is mixing. In any case, the magnitude of these

d-functions at integer £ is 1 + A;. For an ergodic process T; = |1) (7], so we have:

<7_1£(A)> _ Z (| T [1) (| TlE(o)] 1) . (6.28)

roEApP

"By magnitude, we mean the f-integral over the é-function. If integrating with respect to a related
variable, then the magnitude of the d-function changes accordingly. As a simple example, integrating over
w = 27f changes the magnitude of the §-function by a factor of 2.
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For mizing ABC-machines, (7| 71 |1) = Pr(z) = 1/3 for all x € Ap, giving <71£(A)> =
1/3. Hence:

Al — _? %{e—iw/G + e'iﬂ'/ﬁ}

2V/3
=——5 cos(m/6)

=1, (6.29)

and the integer-£ )-functions are extinguished for all mixing processes.
For nonmizing processes, the probability of each ML is not necessarily the same,
and the magnitude of the J-function at integer-¢ will reflect the heterogeneity of the

single-symbol statistics.

6.5.3 Full Spectral Treatment of the Diffuse Spectrum

From Eq. (6.16)), it is clear that the diffuse part of the DP is directly related to the resolvent
(21 — 7')_1 of the state-to-state TM evaluated along the unit circle. According to Riechers

& Crutchfield [205] the resolvent can be expressed in terms of the projection operators:

l/)\l

FI-T)"= > ) o (T =AD" (6.30)

AeAT m=0

Hence, Eq. (6.16) can be expressed as:
Uy— 1
¢(A —im a(A i
In(f) = —2v/3 %{ PO DY v _A o (TS0 ) e/ 4 (T ) e /6]} . (6.31)
AEAT m= 0
where <7j\££;4)> is a complex-valued scalar:
<T§§;;‘>> = N (m| TlolT (T — A1) T 1y) (6.32)
x9EAp

Moreover, if <7—; Ef)> = <7'a(“4 > for all A and all m, then Eq. (6.31]) simplifies to:

_ smly ¥ <7T553)>
In(¢) = —6 >y G [ (6.33)

)\EAT m=0

8<7j\5)(7:l4)> is constant with respect to the relative layer displacement n. However, { <7:\5(7:l4)> } can be

a function of a process’s parameters.
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6.6 Examples

To illustrate the theory, we treat in some detail three examples for which we previously [205]
estimated the CFs directly from the HMM. Throughout the examples, we find it particularly
revealing to plot the DP and TM eigenvalues via, what we call, the coronal spectrogram.
This takes advantage of the fact that the DP is periodic in ¢ with period one and that the
TM’s eigenvalues lie on or within the unit circle in the complex plane. Thus, a coronal
spectrogram is any frequency-dependent graph emanating radially from the unit circle,
while the unit circle and its interior are concurrently used for its portion of the complex
plane to plot the poles of the resolvent of the underlying process’s transition dynamic.
(Here, the poles of the resolvent are simply the eigenvalues Ay of T, since T is finite
dimensional.)

Coronal spectrograms plot the DP as a function of the polar angle w = 27/. The
radial extent of the corona is normalized to have the same maximal value for each figure
here. With our particular interest in the DP of CPSs, we plot all eigenvalues in Ay as
(red, online) dots and also plot all eigenvalues in At as (black) xs. Note that A+ C Ar.
In all of our examples, it appears that only the eigenvalues introduced in generating the
ABC-machine from the Hagg-machine (dots without xs through them) are capable of
producing DP peaks. For nonmizing processes this is not true, since the Hagg-machine

and ABC-machine share the same topology and the same set of eigenvalues.

6.6.1 3C Polytypes and Random ML Stacking: IID Process

The independent and identically distributed Hagg process is the simplest ML stacking
process in a CPS that one can consider. Although we work out this example largely as a
pedagogical exercise, in limiting cases it can be thought of as random deformation faulting
in face-center cubic (FCC) (aka 3C) crystals.

We define the independent and identically distributed (IID) stacking process as such:
when transitioning between adjacent MLs, a ML will be cyclically related to the previous
ML with probability ¢ € [0,1]. Due to stacking constraints, the ML will otherwise be
anticyclically related to its predecessor with probability ¢ = 1 — ¢f] The Higg-machine

9Here and in the following examples, we define a bar over a variable to mean one minus that variable:
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Figure 6.1: The (a) Higg-machine and the (b) ABC-machine for the IID Process, ¢ € [0, 1].
When ¢ = 1, the IID process generates a string of 1s, which is physically the 3C* stacking
structure. Conversely, for ¢ = 0, the structure corresponds to the 3C~ structure. For
q = 0.5, the MLs are stacked as randomly as possible. Notice that the single state of
the Hégg-machine has split into a three-state ABC-machine. This trebling of states is
a generic feature of expanding mixing Hagg-machines into ABC-machines. It should be
observed when written in the ABC-notation the process is actually a MM. Changing
from one stacking notation to another can affect the order of the Markov model, and is
discussed elsewhere [269]. (From Riechers et al.[205], used with permission.)

Blg
(b)

and ABC-machine for the IID Process are given in Fig. [6.1}

It is useful to consider limiting cases for g. When ¢ = 0.5, the stacking is completely
random, subject only to the stacking constraints preventing two adjacent MLs from having
the same orientation. As ¢ — 1, adjacent MLs are almost always cyclically related, and
the specimen can be thought of as a 3C* crystal with randomly distributed deformation
faults [273] with probability g. As ¢ — 0, it is also a 3C crystal with randomly distributed
deformation faults, except that the MLs are anticyclically related, which we denote as
3C~. This is summarized in Table [6.1]

The TMs in ABC-notation are:

1— .

T
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Table 6.1: The limiting material structures for the IID Process. Key: DF - deformation
fault; Ran - completely random stacking.

¢q=0 gq=0 gq=g=3 q=0 ¢=0
3C~ 3C~/DF Ran 3Ct/DF  3C*

000 0 ¢g O 0 0 ¢
TW=13 0 o, T®'=0 0 0| and T=]0 0 ¢
g 00 0 ¢ 000
The internal state TM then is their sum:
0 ¢ 7
T=1q 0 ¢
The eigenvalues of the ABC TM are
Ar={1,Q,Q},
where:
1 3
Q= ——+ i£(4q2 —4q+ 1)1/?

2 2

and Q* is its complex conjugate.
Furthermore, the stationary distribution over states of the ABC-machine can be found

from (7| = (m| T to be:

— 1 1 1
(| = [5 3 5} '
For ¢ € (0,1), none of the eigenvalues in A7 besides unity lie on the unit circle of
the complex plane, and so there is no possibility of Bragg reflections at non-integer /.

Moreover, since the process is mixing, the Bragg peak at integer £ is also absent. Thus we

need only find the diffuse DP. To calculate the Ip(¢) as given in Eq. (6.16)), we are only
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Figure 6.2: IID Process diffraction patterns for (a) ¢ = 0.5 and (b) ¢ = 0.99, as calculated
from Eq. . Notice that as ¢ — 1, the DP approaches that of a 3C* crystal. For values
of g close to but less than 1, the specimen is 3C* with randomly distributed deformation
faults. (c) The coronal spectrogram corresponding to ¢ = 0.5. The enhanced scattering at
¢ =0.51n (a) is replaced with the bulge at w = 7. There are three eigenvalues for the 11D
Process, one at z = 1 and a degenerate pair at z = —0.5. (d) The coronal spectrogram
corresponding to ¢ = 0.99. The Bragg-like peak at £ = 0.33 in (b) is now represented as
a Bragg-like peak at w = 27/3. Notice how the degenerate eigenvalues in (c) have split
and migrated away from the real axis. As they approach the boundary of the unit circle,
their presence makes possible Bragg-like reflections in the DP. However, eigenvalues near
the unit circle are a necessary, but not sufficient condition for Bragg-like reflections. This
is seen in the eigenvalue in the third quadrant that is not accompanied by a Bragg-like
reflection.
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missing (21 — 7)) ", which is given by:

! 2—q7 2+ @ G2+ ¢
1-7)" = x |gz+q 22—qq 7
=T = e e o) < T e e a2+

@z+q@ Gz+¢ P —qq

Then, with:

(| TW =1 0 0],

1
3
we can write

1 1
[A] Tyt 2 _ = 2 = 2
<7T|T (ZH T) 3(2_1)(2_9)(2_9*) X |:Z qq qz—i—q qz—i—q]7

where:

q
TEWHL) = T 1) = [o|  and TEWI1) = 7 )1) =

]
[ S

From Eq. (6.17)), the DP becomes:

() = -2 {em/ﬁz (¢ +3) +e R lf +g) } (6.34)

2 (z—=1)(z—Q)(z — Q)

B 6i7T/6 (q2 + Q_Z) + e*iﬂ'/G (q2 + qz>
=23 §R{z EES VI } (6.35)

For the case of the most random possible stacking in CPSs, where ¢ = ¢ = %, this simplifies
to:

3/4

In(f) = 5/4 + cos(2ml)’

(6.36)

This result was obtained previously by more elementary means. The results are in
agreement [103].

Figure shows DPs and coronal spectrograms for ¢ = 0.5 and ¢ = 0.99. Figure (a)
gives the DP for a maximally disordered stacking process. The spectrum is entirely diffuse
with broadband enhancement near ¢ = 0.5. In contrast, the DP for ¢ = 0.99 in Fig. [6.2(b)

shows a strong Bragg-like reflection at ¢ = 0.33, which we recognize as just the 3C*

297



stacking structure, with a small amount of (as it turns out in this case) deformation
faulting. The other two panels in Fig. 6.2 (c) and (d), are coronal spectrograms giving
DPs for these two cases as the radially emanating curve outside the unit circle, but now the
three eigenvalues of the total TM are plotted interior to the unit circle. As always, there
is a single eigenvalue at z = 1. In panel (c), the other two degenerate eigenvalues occur at
z = —0.5, ‘casting a shadow’ on the unit circle in the form of enhanced power at w = 7.
In panel (d), these eigenvalues split and move away from the real axis closer to the unit
circle. In doing so, one casts a more focused shadow in the form of a Bragg-like reflection
at w = 27/3. For ¢ = 1, this eigenvalue finally comes to rest on the unit circle, and the
Bragg-like reflection becomes a true Bragg peak, as explored shortly. Note that the other
eigenvalue does not give rise to enhanced scattering. We find that having an eigenvalue
near the unit circle is necessary to produce enhanced scattering, but the presence of such
an eigenvalue does not necessarily guarantee Bragg-like reflections.

6.6.1.1 Bragg Peaks from 3C

For the case of ¢ € {0, 1}, we recover perfect crystalline structure. Although the presence,
placement, and magnitude of Bragg peaks are well known from other methods, we show
the comprehensive consistency of our method via the example of ¢ =1 (§ = 0). In this
case: A = {1, Q, Q*} with Q@ = —3 + z‘/Tg = ¢27/3 50 that fg = 1/3 and fo- = 2/3, and

the two relevant projection operators reduce to:

O V| Q2 o 1
2 d . = *2 *

1 Q* Qf and 7q @ — 1 —q) 1 Q2 Q

Q 1 Q2 Q1 0

From Eq. (6.26]), we have:

<7-§<A>> - = 1;(29 0 <7;§‘(*‘)> NOE 1)?9 o

7;2:

(Q—-1)(Q2— Q)

and
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Figure 6.3: The Hagg-machine for the RGDF Process as proposed by Estevez et al.[85].
This two-state machine is a niMM and has two parameters, a € [0, 1] and 5 € [0, 1], the
probability of deformation and growth faults in CPSs, respectively. (From Riechers et
al.[205], used with permission.)

which from Eq. (6.25]) yields:
AQ =1 and AQ* =0.

Then, using Eq. (6.27)), the DP’s discrete part becomes:

I5(¢) = i 0(—3+k),

k=—o00

as it ought to be for 3C™.

6.6.2 Random Growth and Deformation Faults in Layered 3C
and 2H CPSs: The RGDF Process

As a simple model of faulting in CPSs, combined random growth and deformation faults
are often assumed if the faulting probabilities are believed to be small. However, until
now there has not been an analytical expression available for the DP for all values of the
faulting parameters, and we derive such an expression here.

The HMM for the Random Growth and Deformation Faults (RGDF) process was first
proposed by Estevez-Rams et al. [85] and the Hégg-machine is shown in Fig. [6.3] The
process has two parameters, a € [0,1] and § € [0, 1], that (at least for small values) are
interpreted as the probability of deformation and growth faults, respectively. The stacking
process, however, is described best on its own terms—in terms of the HMM, which captures
the causal architecture of the stacking for all parameter values.

It is instructive to consider limiting values of a and 8. For a = = 0, the stacking
structure is simply 3C. The machine splits into two distinct machines: each machine

has one state with a single self-state transition, corresponding to the 3C* stacking
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Table 6.2: The limiting material structures for the RGDF Process. Key: GF - growth
fault; DF - deformation fault; Ran - completely random stacking.

B=0  Bm0 B=F=1/2 [Bm0  F=0
a=0 3C 3C/GF Ran 2H/GF 2H
a~0 |3C/DF 3C/DF,GF Ran 2H/DF,GF 2H/DF
o= % Ran Ran Ran Ran Ran

structure and the other to 3C~ stacking structure. The 2H stacking structure occurs when
o = 3 = 0. Typically growth faults are introduced as 3 strays from these limiting values,
and deformation faults appear when « becomes small but nonvanishing. When o = 1/2,
the stacking becomes completely random, regardless of the value of 5. This is summarized
in Table [6.2]
The RGDF Hagg-machine’s TMs are:
op aé and Tl = 2 af
af af af af

TOI —

The Hagg-machine is nonmixing only for the parameter settings 5 = 1 and « € {0, 1},
giving rise to 2H crystal structure.

From the Hagg-machine, we obtain the corresponding TMs of the ABC-machine for
a, € (0,1) [205):

0 00 0 00 0 @ag 0 0 aB 0
af 00 @B 0 0 0 0 00 0 0
T _ as 00 a3 00 T[B]_ooﬁooaﬁo
000 0 00 0 as 00 af 0
af 0 0 @B 0 0 0 0 00 0 0
ag 00 af 0 0] 0 af 0 0 aB 0]
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and

00 a8 00 ap
00 as 0 0 ap
- 000000’
00 a8 0 0 ap
00 a@a 0 0 af
00 0 00 0]

and the orientation-agnostic state-to-state TM:
T =74+ 78+ 7,

Explicitly, we have:

[ 0 @B af 0 af @ﬁ-
af 0 @ af 0 af
al aBf 0 aBf @B o0

0 @B aof 0 aB @B
af 0 @b af 0 off

_65 af 0 aB @B o0

T’s eigenvalues satisfy det(7 — AI) = 0, from which we obtain the eigenvalues [205]:

with
o =482 — 35" + 120a(B — B) (6.38)
= —3+ 120+ 68 — 1202 + B% — 24af + 24a°B. (6.39)

Except for measure-zero submanifolds along which the eigenvalues become extra
degenerate, throughout the parameter range the eigenvalues’ algebraic multiplicities are:

ap =1, a195 =1, a 1 =2, and a 1 = 2. Moreover, the index of all

—5(1-B+0) —3(1=p=V0)
eigenvalues is 1 except along 0 = 0. Hence, due to their qualitative difference, we treat

the cases of 0 = 0 and o # 0 separately.
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Figure 6.4: Coronal spectrograms showing the DP and eigenvalues for the RGDF Process:
(a) « = 0.01, 5 = 0.01; (b) a = 0.2, B =0.1; (¢) « = 0.1, B = 0.2; and (d) a = 0.01,
£ =0.9. Note how the eigenvalues organize the DP: as the eigenvalues approach the unit
circle, the DP becomes enhanced. Also, note that nowhere is there enhanced scattering
without an underlying eigenvalue of the TM driving it.
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6.6.2.1 o0=0:

Riechers et al. [205] found that:
(AN _ a(A)\ _ 1 e(A)\ _ a(A)\ _ (A _ a(A)
() =m0 =4 () = () =0 (T50) = (T5)
and
¢(A) \ _ aA4) \ _ 17
<7TB/2,1> B <T—B/2,1> = bl
for the case of 0 = 0. According to Eq. (6.33]), the DP for ¢ = 0 is thus:

vy—1 <7j\é(“4)>
In(£) = —6 3%{ Sy ﬁ}

AeAT m=0

{0, ) )

z=1  24+B/2  (245/2)

2 L BB/2
n %{ z—1 z+5/2+(z+5/2)2}

229
—1- R i_/z ‘
(z+B/2)
Riechers et al. [205] also found that:

(76) = (7)<, (1) = (1) =0

6.6.2.2 o #0:

and
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for o # 0. According to Eq. (6.33)), the DP for o # 0 is:

NOEESRIZSY @

AEAT N >\
(1) (Ta) ()
=—6 R A u

z 1

VeB 2z Ve 2

:1+§8‘E{1_B/*/E HBN?}. (6.41)

Figure|6.4] gives several coronal spectrograms for various values of the parameters o and
B. Tt is instructive to examine the influence of the TM’s eigenvalues on the placement and
intensity of the Bragg-like reflections. In panel (a) there are two strong reflections, one each
at w = 27/3 and 47 /3, signaling a twinned 3C structure, when the faulting parameters are
set to a = 8 = 0.01. Each is accompanied by an eigenvalue close to the surface of the unit
circle. As the disorder is increased, see panels (b) and (c), TM eigenvalues retreat toward
the center of the unit circle and the two strong reflections become diffuse. However, in the
final panel (d), the faulting parameters (o = 0.01, 5 = 0.9) are set such that the material
has apparently undergone a phase transition from prominently 3C stacking structure to
prominently 2H stacking structure. Indeed, the eigenvalues have coalesced through the
critical point of o = 0 (as o changes from negative to positive) and emerge on the other
side of the phase transition mutually scattered along the real axis and approaching the
edge of the unit circle, giving rise to the 2H-like protrusions in the DP. This demonstrates

again how the eigenvalues orchestrate the placement and intensity of the Bragg-like peaks.

6.6.3 Shockley—Frank Stacking Faults in 6H-SiC: The SFSF Pro-

cess

SiC has been the intense focus of both experimental and theoretical investigations for some
time due to its promise as a material suitable for next-generation electronic devices. How-
ever, it is known that SiC can have many different stacking configurations—some ordered
and some disordered[218]—and these different stacking configurations can profoundly

affect material properties. Despite considerable effort to grow commercial SiC wafers that
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Table 6.3: Limiting material structures for the SFSF Process. Key: SF - Shockley—Frank
fault; NGF - nonrandom growth fault.

vy=0 =0 y~0 =0
6H 6H/SF 3C/NGF 3C

are purely crystalline—i.e., that have no stacking defects—reliable techniques have not
yet been developed. It is therefore important to better understand and characterize the
nature of the defects in order to better control them.

Recently, Sun et al. [246] reported experiments on 6H-SiC that used a combination of
low temperature photoluminescence and high resolution transmission electron microscopy
(HRTEM). One of the more common crystalline forms of SiC, the 6H stacking structure is
simply the sequence ... ABCACBA ..., or in terms of the Hagg-notation, ...111000 ....
The most common stacking fault in 6H-SiC identified by HRTEM can be explained as the
result of one extrinsic Frank stacking fault coupled with one Shockley stacking fault [110].
Physically, the resultant stacking structure corresponds to the insertion of an additional
SiC ML so that one has instead ...110000111000 ..., where the underlined spin is the
inserted ML.

Inspired by these findings, we suggest a simple HMM for the Shockley—Frank stacking
fault (SFSF) process that replicates this structure, and this is shown in Fig. Our
motivation here is largely pedagogical, and certainly more detailed experiments are required
to confidently propose a structure, but this HMM reproduces at least qualitatively the
observed structure. The model has a single parameter v € [0, 1]. As before, it is instructive
to consider limiting cases of . For v = 0, we have the pure 6H structure and, for small
v, Shockley—Frank defects are introduced into this stacking structure. As v — 1, the
structure transitions into a twinned 3C crystal. However, unlike the previous example,
this twinning is not random. Instead, the architecture of the machine requires that at
least three Os or 1s must be seen before there is a possibility of reversing the chirality, i.e.,
before there is twinning. These limiting cases are summarized in Table [6.3

For v € (0, 1) the Hiagg-machine is mixing and we proceed with this case. By inspection,
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Figure 6.5: The Hagg-machine for the SFSF Process expressed as a 3rd-order MM. There
is one faulting parameter v € [0, 1] and three SSCs or, equivalently, three CSCs, as this
machine is also an e-machine. The three SSCs are [S7], [So] and [S7S¢545051S3]. The latter
we recognize as the 6H structure if v = 0. For large values of v—1.e., as v — 1—this
process approaches a twinned 3C structure, although the faulting is not random. The
causal-state architecture prevents the occurrence of domains of size-three or less. (From
Riechers et al. [205] Used with permission.)

we write down the two 6-by-6 TMs of the Hagg-machine as:

v 00000 0% 0000

000000 001000

000O0O0O0 000100
T and T = ,

000O0%#%O0 000~ 0O

000O0O0T1 00 0O0O0O

1 0000O0 000O0O0O0

where the states are ordered Sg, S1, S3, S7, Sg, and S4. The internal state TM is their sum:

v 5 00 00
001000
000100
T=
000~70
000001
100000

Since the six-state Hagg-machine generates an (3 x 6 =) eighteen-state ABC-machine,
we do not explicitly write out its TMs. Nevertheless, it is straightforward to expand
the Hagg-machine to the ABC-machine via the rote expansion method [205]. It is also
straightforward to apply Eq. to obtain the DP as a function of the faulting parameter
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Figure 6.6: Coronal spectrograms showing the evolution of the DP and its eigenvalues
for the SFSF Process. (a) v = 0.1, (b) v = 0.5, (¢) v = 0.9, and (d) v = 0.99. In (a)
the faulting is weak and the DP has the six degraded Bragg-like reflections characteristic
of the 6H stacking structure. In (b), the faulting is more severe, with the concomitant
erosion of the Bragg-like reflections, especially for w = 7. In panel (c¢) the 6H character
has been eliminated, and the Bragg-like peaks at w = 27/3 and 47/3 are now associated
with a twinned 3C stacking structure. In panel (d), the Bragg-like reflections sharpen as
the probability of short 3C sequences stacking sequences decreases.
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~. To use Eq. , note that the stationary distribution over the ABC-machine can be
obtained from Eq. with:

(mal =1 7 7 1 7 7
as the stationary distribution over the Hagg-machine.

The eigenvalues of the Higg TM can be obtained as the solutions of det(T — ) =
(A —7)2A* = 5% = 0. These include 1, —35 £ /42 + 27 — 3, and three other eigenvalues
involving cube roots.

The eigenvalues of the ABC' TM are obtained similarly as the solutions of det(7 —Al) =
0. Note that As inherits At as the backbone for its more complex structure, just as
At C A7 for all of our previous examples. The eigenvalues in Ay are, of course, those most
directly responsible for the structure of the CFs. Since the ABC-machine has eighteen
states, there are eighteen eigenvalues contributing to the behavior of the DP; although
several eigenvalues are degenerate. Hence, the SFSF Process is capable of a richer DP
than the previous two examples.

The coronal spectrograms for the SFSF Process are shown for several example values
of v in Fig. [6.6] Over the range of v values the stacking structure changes from a nearly
perfect 6H crystal through a disordered phase finally becoming a twinned 3C structure.
Most notable in Fig. is how the eigenvalues of the total TM dictate the placement
of the Bragg-like reflections. Phrased alternatively, the Bragg-like reflections appear to

literally track the movement of the eigenvalues as they evolve during transformation.

6.7 Conclusions

We showed how the DP of layered CPSs, as described by an arbitrary HMM stacking
process, is calculated either analytically or to a high degree of numerical certainty directly
without restriction to finite-Markov-order and without needing finite samples of the
stacking sequence. Our expressions for the DP are similar to those previously obtained by
Treacy et al.[252], but since our starting point is an arbitrary HMM, ours are guaranteed
to be valid for both finite- and infinite-order Markov models. Along the way, we uncovered

a remarkably simple relationship between the DP and the HMM. The former is given by
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straightforward, standard matrix manipulations of the latter. Critically, in the case of an
infinite number of MLs, this relationship does not involve powers of the TM.

The connection yields important insights. (i) The number of Bragg and Bragg-like
reflections in the DP is limited by the size of the TMs that define the HMM. Thus, knowing
only the number of machine states reveals the maximum possible number of Bragg and
Bragg-like reflections. (ii) As a corollary, given a DP, the number of Bragg and Bragg-like
reflections puts a minimum on the number of HMM states. For the problem of inferring the
HMM from experimental DPs, this gives powerful clues about the HMM (and so internal
mechanism) architecture. (iii) The eigenvalues within the unit circle organize the diffuse
Bragg-like reflections. Only TM eigenvalues on the unit circle correspond to those ¢-values
that potentially can result in true Bragg peaks. (iv) The expansion of the Higg-machine
into the ABC-machine, necessary for the appropriate matrix manipulations, showed that
there are two kinds of machines and, hence, two kinds of stacking process important in
CPSs: mixing and nonmixing processes. In addition to the calculational shortcuts given
by the former, mixing machines ensure that there are no true Bragg reflections at integer-/.
(v) Conversely, the presence of Bragg peaks at integer-¢ is an unmistakable sign that a
stacking process is nonmixing. Again, this puts important constraints on the HMM state
architecture, useful for the problem of inverting the DP to find the HMM. (vi) For mixing
processes, the ML probabilities must all be one-third, i.e., Pr(A) = Pr(B) = Pr(C) = 1/3.

New in the theory is the introduction of coronal spectrograms, a convenient way
to visualize the interplay between a frequency-domain functional of a process and the
eigenvalues of the process’s TMs. In our case, the frequency-domain functional was the DP:
the power spectrum of the sequence of ML structure factors. In each of the examples, the
movement of the eigenvalues (as the HMM parameters change) were echoed by movement
of their ‘shadow’—the Bragg-like peaks in the power spectrum. While this technique was
explored in the context of DPs from layered materials, this visualization tool is by no
means confined to DPs or layered materials. We suspect that in other areas where power
spectra and HMMs are studied, this technique will become a useful analysis tool.

There are several important research directions to follow in further refining and
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extending the theory and developing applications. (i) While specialized to CPSs here,
the basic techniques extend to other stacking geometries and other materials, including
the gamut of technologically cutting-edge heterostructures of stacked 2D materials. (ii)
With the ability to analytically calculate DPs and CFs [205] from arbitrary HMMs, the
number of physical and information- and computation-theoretic quantities amenable to
such a treatment continues to expand. Statistical complexity, the Shannon entropy rate,
and memory length have long been calculable from the e-machine [64] 265] 266] 270], but
recently the excess entropy, transient information, and synchronization time have also
been shown to be exactly calculable from the e-machine [60, 205]. This portends well that
additional quantities, especially those of physical import such as band structure in chaotic
crystals, may also be treatable with exact methods. (iii) Improved calculational techniques
raise the possibility of improved inference methods, so that more kinds of stacking process
may be discovered from DPs. An important research direction then is to incorporate these
improved methods into more flexible, more sensitive inference algorithms.

Finally, the spectral methods pursued here increase the tools available to chaotic
crystallography for the discovery, description, and categorization of both ordered and
disordered (chaotic) crystals. With these tools in hand, we will more readily identify key

features of the hidden structures responsible for novel physical properties of materials.

6.8 Appendix A: Hagg-to-ABC Machine Translation

If My is the number of states in the Hagg-machine and M is the number of states in
the ABC-machine, then M = 3My for mixing Higg-machines. Let the i*" state of the
Héagg-machine split into the (3i — 2)th through the (Si)th states of the corresponding
ABC-machine. Then, each labeled-edge transition from the i*® to the j' states of the
Héagg-machine maps into a 3-by-3 submatrix for each of the three labeled TMs of the
ABC-machine as:

]

01) Hige to ABC A B C
{T[ ]} —ee 0 2o {7?;’[1'_]173]'—27 75[2'7313'—1’ 7?3[1‘—]2,33'}
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and
1]] Higg to ABC A B c
{TEJ]} —— {75[1‘,313'—27 75&—]2,33‘—1’ 7?’)&—]173?}’

For nonmixing Hégg-machines, the above algorithm creates three disconnected ABC-

machines, of which only one need be retained.
Furthermore, for mixing Hagg-machines, the probability from the stationary distribution

over their states maps to a triplet of probabilities for the stationary distribution over the

ABC-machine states:
Hiigg to ABC
{p?} L {3psi—2, 3psi—1, 3psi} - (6.42)

A thorough exposition of these procedures is given by Riechers et al. [205].
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Chapter 7

Fluctuations When Driving Between

Nonequilibrium Steady States

This chapter has appeared online as a preprint:
P. M. Riechers & J. P. Crutchfield, (2016). “Fluctuations When Driving Between
Nonequilibrium Steady States”. arXiv preprint arXiv:1610.09444.

7.1 Chapter Overview

Maintained by environmental fluxes, biological systems are thermodynamic processes
that operate far from equilibrium without detailed-balance dynamics. Yet, they often
exhibit well defined nonequilibrium steady states (NESSs). More importantly, critical
thermodynamic functionality arises directly from transitions among their NESSs, driven
by environmental switching. Here, we identify constraints on excess thermodynamic
quantities that ride above the NESS housekeeping background. We do this by extending the
Crooks fluctuation theorem to transitions among NESSs, without invoking an unphysical
dual dynamics. This and corresponding integral fluctuation theorems determine how
much work must be expended when controlling systems maintained far from equilibrium.
This generalizes feedback control theory, showing that Maxwellian Demons can leverage
mesoscopic-state information to take advantage of the excess energetics in NESS transitions.
Altogether, these point to universal thermodynamic laws that are immediately applicable

to the accessible degrees of freedom within the effective dynamic at any emergent level
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of hierarchical organization. By way of illustration, this readily allows analyzing a
voltage-gated sodium ion channel whose molecular conformational dynamics play a critical

functional role in propagating action potentials in mammalian neuronal membranes.

7.2 Introduction

The sun shines; ATP is abundant; power is supplied. These are the generous settings in
which we find many complex biological systems, buoyed steadily out of equilibrium by
energy fluxes in their environment. The resulting steady-state dynamics exhibit various
types of directionality, including periodic oscillations and macroscopic thermodynamic
functionality. These behaviors contrast rather sharply with the deathly isotropy of
equilibrium detailed-balance dynamics—where fluxes are absent and state transition rates
depend only on relative asymptotic state-occupation probabilities.

Detailed balance and its implied dynamical reversibility, though, are common tenets of
equilibrium thermodynamics and statistical mechanics. They are technically necessary
when applying much of the associated theory relevant to equilibrium and reversible (e.g.,
quasistatic) transitions between equilibrium macrostates [53]. Detailed balance is even
assumed by several modern theorems that influence our understanding of the structure
of fluctuations and limitations on work performed far from equilibrium [49, 209]. The
natural world, though, is replete with systems that violate detailed balance, such as small
biological molecules constantly driven out of equilibrium through interactions with their
biochemical environment [272] [193].

Far from happenstance and disruption, the probability currents through the effective
state-space of these nonequilibrium systems enable crucial thermodynamic functional-
ity [139, 195]. Even rare fluctuations play an important functional role [114 [148, [57].
While constant environmental pressure can drive a system into a nonequilibrium steady
state (NESS), complex biological systems are often driven farther—far from even any
NESS. Moreover, such system—environment dynamics involve feedback between system
and environment states. Although many believe these facilitate the necessary complex

processes that sustain life, their very nature seems to preclude most, if not all, hope of a
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universal theoretical framework for quantitative predictions. To ameliorate the roadblock,
we present a consistent thermodynamics that is not only descriptive, but constructive,
tractable, and predictive, even when irreversible dynamics transition between NESSs.
Beyond laying out the structure of fluctuations during NESS transitions, this thermo-
dynamics sets the stage to understand how one level of organization gives way to another.
In particular, using it a sequel renormalizes nonequilibrium housekeeping background
to show how to maintain a hierarchy of steady-state dynamics. Said simply, at each
level of hierarchical organization, controllable degrees of freedom are subject to universal
thermodynamic laws that tie their fluctuations and functionality to dissipation at lower

levels.

7.2.1 Results

Nonequilibrium thermodynamics progressed markedly over the last two decades on at
least two fronts. First, by taking the ‘dynamics’ in ‘thermodynamics’ seriously, fluctuation
theorems (FTs) transformed previous inequalities, such as the classical Second Law
of Thermodynamics, into subsuming equalities that exactly express the distribution of
thermodynamic variations. (These have been derived by many authors now in a wide
range of physical settings; see, e.g., Refs. [222] and [238] for lucid reviews.) Second,
steady-state thermodynamics (SST) showed that NESSs play a role in nonequilibrium
analogous to that of equilibrium macrostates in equilibrium. In this view heat decomposes
into the housekeeping heat Qy needed to sustain NESSs and the excess heat ey dissipated
in transitions between them [I8T) 108, 256]. Bolstering SST, recent efforts generalized
the Clausius inequality (describing excess heat produced beyond the change in system
entropy) to smoothly driven transitions between NESSs [163]. Taken together, these results
established an integral fluctuation theorem for the excess work in NESS transitions and,
consequently, a generalized Second Law for excess entropy produced beyond housekeeping
during driven NESS transitions.

The following extends SST by introducing several new FTs, highlighting correspon-
dences between nonequilibrium and equilibrium relations. First, we provide detailed (i.e.,

nonintegrated) fluctuation theorems, rather than integral fluctuation theorems for driven
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NESS transitions. (Integral FTs follow directly, in any case.) This constrains distributions
of excess work W, exerted when controlling nonequilibrium systems. Second, we jointly
bound housekeeping and excess work distributions. For example, for time-symmetric
driving we show that the joint probability of excess work and housekeeping heat respect

the strong constraint:

Pr(Wexy Qhk) — eﬂWex eﬂQhk
Pr(_Wexy _Qhk)

When the transitions are nonequilibrium excursions between equilibrium steady states, this
reduces to the Crooks FT [50]. Third, we derive the detailed FTs for entropy production
even when temperature varies in space and time. They are expressed in terms of excess
environmental entropy production €2 and irreversibility ¥, even when the irreversibility
is “housekeeping” not strictly associated with heat. Finally, we quantify a system’s net
path irreversibility W with the accumulated violation of detailed balance in the effective
dynamic. In the isothermal setting, for example, the irreversibility is the housekeeping
heat, maintaining the system in its nonequilibrium dynamic: ¥ = Q. Importantly,
we can determine the minimum housekeeping heat without appealing to the system’s
Hamiltonian.

Extending SST in this way reveals universal constraints on excess thermodynamic
quantities—effective energies accessible above the housekeeping background. Looking
forward, this allows one to analyze nondetailed-balanced stochastic dynamics—and thus
contributes an understanding of the role of hierarchy—in the thermodynamics of replica-
tion [77] and the thermodynamics of learning [54]. Moreover, this identifies how complex,
possibly intelligent, thermodynamic systems leverage (designed or intrinsic) irreversibility

in their own state-space to harness energy from structured environments.

7.2.2 Synopsis

Section sets up our approach, introducing notation, discussing input-dependent system
dynamics, and establishing fundamental relationships among nonequilibrium thermody-
namic quantities. Section introduces excess heat and excess work in analogy to

classical heat and work. Ultimately though, the related excess environmental entropy
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production €2 discussed in § generalizes these to the case of temperature inhomogene-
ity over spacetime. Section demonstrates that path entropies are the fundamental
objects of nonequilibrium thermodynamics. In steady state, unaveraged path entropies
reduce to the steady-state surprisal ¢. Deviations from the asymptotic surprisal contribute
to a nonsteady-state additional free energy. All of these quantities play a central role in
the subsequent development.

Before delving into irreversibility, though, we first address what is meant by reversibility.
Therefore, § and § discuss detailed balance, microscopic reversibility, and the
close relationship between them. Section then introduces path dependence and
reverse-path dependence and explains how together they yield a system’s irreversibility W.

With this laid out, § and § derive the detailed FTs in terms of excess
environmental entropy production 2 and irreversibility W. One sees that in the isothermal
setting ¥ = Qi and the excess entropy production is directly related to the excess work.
This allows § to explain how these results extend SST.

Sections [7.6.6] and [7.6.7] finish our investigation of NESS FTs by deriving several integral
FTs. This, in effect, extends feedback control, as developed in Refs. [209] and [113], to

SST. We note that such environmental feedback is intrinsic to natural systems.

For concreteness, § analyzes a simple but biologically important prototype system:
voltage-gated sodium ion channels. These are complex macromolecules that violate detailed
balance in order to perform critical biological functioning far from equilibrium. Finally,
appendices discuss non-Markovian dynamics and comment on the bounds provided by

integral fluctuation theorems for auxiliary variables.

7.3 Driven Stochastic Dynamics

We consider a classical system—the system under study—with time-dependent driving via
environmentally determined parameters; e.g., time-dependent temperature, voltage, and
piston position. Hence, the environmental control input X; at time ¢, taking on values
r; € X, will typically be a vector object. The system under study is assumed to have

a countable set & of states. The random variable S; for the state at time ¢ takes on
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values s; € 8. We assume that the environment’s control value (current input) = and
the system’s physical state (current state) s are sufficient to determine the system’s net
effective energy—the nonequilibrium potential ¢(x,s). Even with constant environmental

input, the system dynamic need not be detailed balance.

7.3.1 Stochastic mesoscopic dynamics and induced

state-distributions

We assume the current environmental input = determines the instantaneous stochastic
transition dynamic over the system’s observable mesoscopic states. However, that input
can itself depend arbitrarily on all previous input and state history. That is, we assume
that the S-to-S transitions are instantaneously Markovian given the input. Over time,
though, different inputs induce different Markov chains over system states.

Note that the Markov assumption is common, although often implicit, and we follow
this here to isolate the novel implications of nondetailed-balance dynamics. Nevertheless,
the results generalize to infinite Markov order by modeling system states as the observable
output of many-to-one mappings of latent states of an input-controllable hidden Markov
chain. Appendix details this generalization.

We do not restrict the environment’s driving process, allowing arbitrary non-Markovity,
feedback, and nonstationarity. Thus, the joint system-environment dynamic can be non-
Markovian even if the instantaneous system dynamic is. Such a setup is quite general,
and so the results to follow extend others known for SST. We also follow stochastic
thermodynamics in the use of (arbitrarily small) discrete-time steps. Nevertheless, it is
usually easy to take the continuous-time limit. As, in fact, we do in the example at the
end.

Hence, the Markovian dynamic is described by a (possibly infinite) set of input-
(8=S8lz) _
i =
Pr(S; = §7|S;_1 = s', X; = x) is the probability that the system is in state s’/ at time ¢

conditioned transition matrices over the state set S: {TS=S9} 5 where T
given that the system was in state s at time ¢ — 1 and the instantaneous environmental

input controlling the system was x.

The Perron—Frobenius theorem guarantees that there is a stationary distribution 7,
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over states associated with each fixed input x. These are the state distributions associated
with the system’s nonequilibrium steady states (NESSs). For simplicity, and unless
otherwise stated, we assume that a fixed input = eventually induces a unique NESS.

We denote distributions over the system states as bold Greek symbols; such as p. We
denote the state random variable S being distributed according to p via & ~ p. It will
often be convenient to cast g as a row-vector, in which case it appears as the bra (/.
Putting this altogether, a sequence of driving inputs updates the state distribution as

follows:

(Bpyn| = (g TE7Slmeen)

= <“t| T(E=Sle) T(S=S|ze1) | T(E=Slwitn-1)

(Time indexing here and throughout is denoted by subscripts ¢:¢’ that are left-inclusive
and right-exclusive.) An infinite driving history % = ...2_ox_; induces a distribution
u(?) over the state space. The so-called steady-state distribution associated with the

environmental drive value z, induced by tireless repetition of x, is:
— 1 T(SHS|2) n )

S—S8|z)

Usefully, 7, can also be found as the left eigenvector of T associated with the

eigenvalue of unity [T}
(10,] = (g TS )

The assumption that observable state-to-state transitions are instantaneously Marko-
vian allows the state distribution g to summarize the causal relevance of the entire driving

history .

7.4 Energetics and Entropies

For later comparison, we recount the basics of a statistical mechanics description of the

thermodynamics of a system exchanging energy with a large environment, imposing fixed

'We ignore nonergodicity to simplify the development. The approach, though, handles nonergodicity
just as well. However, distracting nuances arise that we do not wish to dwell on. For example, if the
Markov chain has more than one attracting component for a particular z, then 7, is not unique, but
can be constructed as any one of infinitely many probability-normalized linear superpositions of left
eigenvectors of T(S7S1%) associated with the eigenvalue of unity.
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constraints indexed as x. The many-body Hamiltonian H(z) has energy eigenvalues
{E(z,s)}, where s indexes the energy eigenstates. The canonical distribution is 7,(s) =
e AlE@s)—Fea(®)] gt fixed x. This distribution is the equilibrium steady “state” associated
with z, where 37! = kgT', T is the temperature of the macroscopic environment surrounding

the system, and Fy(x) is the associated equilibrium free energy.

7.4.1 Work, heat, and their excesses

Work W is environmentally driven energy change. Within one time-step it is given by ﬂ
W[xn—l — Tn; Sn—l] - E(ZL‘n, Sn—l) - E(xn—la sn—l) .

Heat () is the change in system energy due to its internal response to the environmental

drive; e.g., a molecule’s change in conformation. Within one time-step the heat is:

Q[xn; Sp—1 — Sn] - E(l’n, Sn) - E(xm Sn—l) .

Over the course of driving the system from ¢ = 0 to t = NAt = 7, the net energy change

is then:

AFE = E(Z’N, SN) — E(.Io, 80)
=W +Q,
where the net work and net heat are:
N
W = Z Wp_1 = 2y} Sp—1]

n=1

and:

N

Q = ZQ[xm Sp—1 —7 Sn] )

n=1
respectively. Here, and later on, A applied to a quantity refers to its change over one time
step, where the step is given by context.
When the system strongly couples to a substrate with uncontrolled energy fluxes,

steady-state dynamics are often established far from equilibrium, even when environmental

2We start in a discrete-time setup, but later translate to continuous time
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parameters are held fixed. That is, for fixed driving ...zxxxz ..., the system settles down
to a NESS with a distribution over observable system states given by the nonequilibrium

potential ¢(x,s):
Ta(s) = e ¢@9) (7.2)

In this, ¢(z,s) plays a role roughly analogous to energy eigenvalues. Thus, the ther-
modynamics of accessible energetics—the excess heat generated and work irretrievably
performed in driving between NESSs—follows analogously to its equilibrium counterpart.
This is complementary to recent SST studies [108], 256], 80, 163].

If steady-state free energies Fis(z) and effective energies Eog(x,s) could be uniquely

(and usefully) defined, then the nonequilibrium potential would be:

¢(33, 5) - B[Eeﬂ“(xv 3) - Fss(x)] :

However, the assignment of steady-state free energies is problematic. Nevertheless, ¢(x, )

retains meaning since it quantifies the steady-state surprisal of observing state s:

o(x,s) = —Inm,(s) .

The surprisal is Shannon’s self-information [46)]—the unaveraged individual-event entropy
measuring how surprising a specific event is. Intuitively, we must do work to make
otherwise unlikely things happen.

SST’s excess work and heat can be defined via changes in steady-state surprisal ¢,
analogous to how equilibrium quantities are in terms of energy changes. For clarity,
we temporarily restrict ourselves to the isothermal setting, but we can easily adapt to
time-varying temperatures.

Excess work Wey is environmentally driven change in nonequilibrium potential:

Wex[xnfl — Tp; Snfl] = 571[¢(3jn7 Snfl) - ¢(xn717 Snfl)] 3

over one time-step. Ezcess heat Doy is the change in nonequilibrium potential due to the

system’s response:

Qex[xn; Sp—1 — Sn] = B_l[gb(l‘na Sn) - ¢(xn7 Sn—l)] 5
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over one time-step. When driving from ¢ = 0 to t = NAt = 7, the net change in

nonequilibrium potential is:

A¢ = ¢(xN7 SN) - ¢($07 SO)

= B(Wex + Qex)
— p Ton(on) (7.3)
ﬂxo(so)
where the net excess work and net excess heat are:
N
Wex - Z Wex[xn—l — Tp; Sn—1 (74)
n=1
and:
N
Qex = Z Qex[wn; Sp—1 — Sn] y (75)
n=1
respectively.

This approach to excess heat Qo coincides with SST’s definition and reduces to total
heat in equilibrium transitions. Importantly, it follows as closely as possible the equilibrium
approach to total heat @) outlined above and deviates from the typical starting point:
Qex = Q — Qny, where Qyy is the so-called housekeeping heat. In contrast, excess work
Wex does not reduce to the total work in equilibrium transitions. Rather, W, goes over to
W — AF,,, if the steady states are near equilibrium. And, this fortuitously coincides with
its previous narrower use in describing transitions atop equilibrium steady states—the
work exerted beyond the change in free energy [241].

The excess heat (Do« can be interpreted as the heat dissipated during transitions between
NESSs. Similarly, the excess work W, can be interpreted as the work that would be
dissipated if the system is allowed to relax back to a NESS. The difference between excess
work W, and dissipated work, denoted Wy, depends on a notion of excess nonequilibrium
free energy, discussed shortly.

This framing leads us to see that heat is how small, possibly intelligent, systems store
and transform energy via their own agency. This stance also moves us away from any

unjustified biases that heat is necessarily wasteful. For example, an increase in heat may
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indicate that a system has harvested energy, and the emission of heat may indicate an
intrinsic computation [64] in the system’s state-space. The efficiency of the tradeoff—
spending stored energy to achieve some utility—then comes into question. It is inefficiency

in this sense that is by its nature wasteful.

7.4.2 Excess environmental entropy production

In isothermal transitions between equilibrium steady states, the environmental entropy

production is [50]:

Qeq = B(W — AF,)

Ty (SN> .

T2 (80)

=—6Q—1n
This extends to SST by defining the excess environmental entropy production:

0= /BWEX

= —fQex — In Tan () (7.6)

Tuo(S0)
This has also been referred to as the “nonadiabatic component of entropy production” [79,
80}, [10, 163]. Note that —In (., (sn)/Tso(s0)) = A, recovering Eq. (7.3)’s change in
nonequilibrium potential ¢.
Recalling the definitions of Qe in terms of steady state surprisals and ¢(z,s) =

—Inm,(s), we see that:

- H Mo ($n)_ _ (7.7)

And so, Eq. (7.6) gives:

N
€Q(I0:N+1780:N) _ 7T-330<SO) H 7Tflfn(sn)
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If temperature varies, then the above still holds if we replace the equilibrium probabili-
ties with the temperature-dependent equilibrium probabilities. Thus, to go beyond the
isothermal setting, we use Eq. as the defining relationship for the excess environmental
entropy production 2. If temperature is spatially homogeneous, then it is equivalent to:

Q:Aqb—é/é%x.

However, spatially inhomogeneous temperatures can also be addressed by folding tempera-
ture dependence into the environmental input z.
We return to these expressions and explore their role in generalized fluctuation theorems

once we develop the necessary quantitative notions of irreversibility.

7.4.3 Path entropies

In steady state, the system state probability distribution has a Boltzmann exponential
dependence on the effective energies. Naturally, out of steady state the distribution is
something different. There is a nonsteady-state free energy associated with this out-of-
steady-state distribution, since the system can do work (or computations) at the cost of
relaxing the distribution.

Nonsteady-state free energies are controlled by path entropies, which come in several
varieties. Here, we are especially interested in the controllable unaveraged state surprisals

induced by the driving path T
pslz—cctt) — _nPr(S, = s|&_sois1) - (7.9)

Since a semi-infinite history induces a particular distribution over system states, this can
be usefully recast in terms of the initial distribution gy induced by the path x_...; and

the driving history xy.,.1 since then:

plslroziat) — Pr(S; = 5|8y ~ o, T1:441) (7.10)

= — ln <IJ’0| T(S—>S‘:v1;t+1) |S> ,

where Pr(S; = s|Sy ~ o, x1.441) is the probability that the state is s at time ¢, under the
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measure induced when the initial state Sy ~ po (distributed according to pug) E| and given
the driving history zy.,41 = 1 ... z; since the initial time.

Alternatively, consider the distribution g induced from a start distribution by the
driving history since the start. Then the path-induced state-surprisal can be expressed
simply in terms of the present environmental-history-induced distribution over system

states and the candidate state s:

REIK) = —InPr(S, = 5|S, ~ p) (7.11)
= —In(uls) .
Thermodynamic units of entropy are recovered by multiplying the Shannon-like path
surprisals by Boltzmann’s constant: s = kgh.

Averaging the path-induced state-surprisal over states gives a genuine input-conditioned

Shannon entropy:

<h(5t|<§t)>Pr(st|<5t) - <1Il Pr(st|%t>>

= — Z Pr(St‘%t) In Pr(8t|<§t)

Pr(st|<§t)

—H[SIX, =7, (7.12)

where H[-|-] is the conditional Shannon entropy in units of nats.
It follows directly that the state-averaged path entropy kp H[St|<5t] is an extension of
the system’s steady-state nonequilibrium entropy Sg. In steady-state, the state-averaged

path entropy reduces to:

ke HISIX, = .. awa] = —kg HS|S; ~ 7]
=~k »_ 7a(s) Inmy(s) (7.13)

seES

= Ss(7) .

3To be more precise, we write Pr(S; = 8|Sy ~ po,T1.441) as Prsycpe (St = s|1:441), since the
probability is not conditioned on py—a probability measure for subsequent state sequences. Here, we
simply gloss over this nuance, later adopting the shorthand: Pr(S; = s|po, Z1:441)-
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The system steady-state nonequilibrium entropy Sy has been discussed as a fundamental
entity in SST; e.g., see Refs. [108] and [163]. However, Eq. (xkg) gives the
appropriate extension for the thermodynamic entropy of a nonequilibrium system that is
not in steady state. Rather, it is the entropy over system states given the entire history of
environmental driving.

When 8§ is the set of microstates, rather than, say, observable mesoscopic states, the
unaveraged nonequilibrium free energy F' enjoys the familiar relationship between energy

FE and (path) entropy s:

Florecit) = By, s,) — Tglh—oetrt) (7.14)

Pr(3t|x—oo:t+1)

T, (St)

= Fy(zs) + 87 ' In (7.15)

Or, averaging over states:

F(t)=U(t) = 7 H[Si|z st y1] (7.16)

= Feq(xt) + 571DKL (Pr(stleoo:tJrl) H Wxt) )

where F(t) is the expected instantaneous nonequilibrium free energy, U(t) is the expected
instantaneous thermal energy, and Dky,(+||-) is the Kullback-Leibler divergence [46]. Rec-
ognizing kg H[S;|T_.111] as the natural extension of a system’s thermodynamic entropy,
Eq. is familiar from equilibrium thermodynamics, but it is now applicable arbitrarily
far from equilibrium and at any time t using the instantaneous temperature. This is not
the first statement of such a generalized relationship; compare, e.g., Refs. [04, 234]. In
equilibrium, the expected value of the path entropy (using microstates) reduces to the
equilibrium entropy of a system.

In the setting of effective states and NESS surprisals, we can no longer directly use
Eq. . Nevertheless, by analogy with Eq. , we can still identify the nonsteady-
state addition ~y(+|-) to free energy as:

PI'(St = S|St_1 ~ M, Xt = Z’)

B (slw,z) = 7' n —
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Expressed differently, it is:

v(s|p, z) = plslma) _ g, (slpsz)

= ¢(z,s) — hlslwz)

Averaging over states this becomes the Kullback—Leibler divergence between nonsteady

state and steady state distributions:
(v(slp, %)) = Dicr, [Pr(Si|Spm1 ~ p, Xy = 2) || 0]

which is nonnegative.
Identifying the nonsteady-state contribution to the free energy allows us to introduce

the dissipated work:
Wdiss = Wex - BilA’Y )

to account for the fact that excess work is not fully dissipated until the distribution relaxes
back to steady state m,. An important consequence is that the excess work dissipated
can be reclaimed by a subsequent “fluctuation” with W, < 0 in the midst of a driven
nonequilibrium excursion.

The role of the nonsteady-state contribution to free energy will be apparent in the FTs
to come shortly. This generalizes similar FTs that are restricted to starting and possibly
ending in a steady state m,. The generalization here is key to analyzing complex systems,
since many simply cannot be initiated in a steady state without losing their essential

character.

7.5 Irreversibility

To emphasize, the preceding did not reference and does not require detailed balance.
However, to ground the coming development, we need to describe the roles of reversibility,
detailed balance, and their violations. At a minimum, this is due to most FTs assuming
reversibility of the effective dynamic over states. Having established the necessary concepts
and giving a measure of the irreversibility of the effective dynamic, we finally move on to

FTs for nondetailed balanced processes.
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7.5.1 Detailed balance

Transitioning from state a to state b, say, invoking detailed balance assumes that:

Pr(S, =a|S,-1 =b,X, =12) 7.(a)

Pr(S, =b|S,-1=0a, X, =x) m(b)

Though, we do not assume detailed balance over the states considered here, we refer to it
occasionally. For example, assuming detailed balance, microscopic reversibility and the
standard Crooks fluctuation theorem (CFT) follow almost immediately.

In contrast, complex systems sustained out of equilibrium by an active substrate
generically evolve via nondetailed-balance dynamics. To wit, many examples of nondetailed-
balance dynamics are exhibited by chemical kinetics in biological systems [196], [144), [143].

We conclude with a thorough-going thermodynamic analysis of one neurobiological example.

7.5.2 Microscopic reversibility

Consider a particular realization of interleaved environmental-input sequence

coxta?. . 2N71 | and system-state sequence . ..s's?-.- sVl

"1 2 N—1 \
Vo T T 1
_ - N
O gl g2 GN=2  N-1
WV
S
N J/
NV
sf

There are several length-(N — 1) subsequences in play here, including the forward

trajectory x = x'z? .- 2V 22N =1 of the environmental driving and the forward trajectory

NflxN72 2,.1

Lg2 . gN72gN-1 N

S = s5°.. of the state sequence. Furthermore, let x® = z
be the time-reversal of the environmental driving x and s® = s¥72sV=3 5150 the
time-reversal of the time-shifted state sequence s.

For example, if X = {0,1} and & = {a,b,c}, then x may be the sequence
00101110...11000010 and s the sequence acaaaaba ...abaccabc. Then x® is the se-
quence 01000011 ...01110100. Taking the time reversal of the state sequence, we have
chaccaba . . . abaaaaca. However, since sl is also time-shifted by one time-step, we
must drop the first ¢ and append another symbol, say a. Then st is the sequence

baccaba . . . abaaaacaa.
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Let Qr be the excess heat of the joint forward sequences x and s%s, according to
Eq. (7.5). By definition, a system—environment effective dynamic is microscopically

reversible if:

Pr(Siy =s|S = s*, X1y = x) = ¢ AQrF
Pr(sl:N = Sli|80 = SNilaXlzN = XR) ’

forany s’ € S, s € V7!, and x € XV, As a useful visual aid, we can re-express this as:

xl _ .'EN_l _
Pr(s® — st sVN72 —— V150 x) _
0 X) e

Pr(s° &gl N2 sV=1|sN=1 xR)
Otherwise, microscopic reversibility is broken.

Although, microscopic reversibility has also been referred to as a “detailed fluctuation
theorem”, it is actually an assumption appropriate only in special cases. For example,
Eq. shows that if the dynamics are Markovian over states (given input) and obey
detailed balance (a la , then microscopic reversibility is satisfied for arbitrary non-
Markovian inputs. In essence, this is the justification of microscopic reversibility suggested
by Crooks [49, [50] from which his eponymous fluctuation theorem follows.

In this view, detailed balance and microscopic reversibility are effectively the same
assumption since each implies the other. Section § generalizes the CFT to describe

fluctuation laws in the absence of microscopic reversibility.

7.5.3 Path dependence and irreversibility
The importance of state-space path dependence is captured via an informational quantity
T we call the path relevance of a state sequence si.nx given initial state s, and input

sequence ri.y:

In PI‘(Sl;NISO;xl:N> . (717)

N-1
Hn:l Ty (3n>

(The branching Pythagorean letter Y recognizes its ancient symbolism—divergent conse-

T(31:N|50a xl:N)

quences of choosing one path over another.) Note that the equilibrium probabilities in
the denominator do not depend on the original state, whereas the numerator (even after

factoring) depends on state-to-state transitions. As the environmental input drives the
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system probability density through its state-space, path relevance develops in the state
sequence. A joint sequence lacks path relevance, if T = 0 for that sequence.
Whenever state transitions are Markovian given the input, the numerator in Eq. ((7.17)

simplifies to:

N-1
Pr(SI:N’xlzNa 30) = H Pr(5n|5n717 xn) 5
n=1
and the path relevance becomes:
N-1
Pr(sp|sn_1, Zn)
T = In )
; e

Thus, there is path relevance even for Markov processes. The actual driving history
matters. When a system is non-Markovian, there are yet additional contributions to path
relevance.

Path relevance of a particular state sequence given a particular driving is a system
feature, regardless of the environment in which the system finds itself. However, expectation
values involving the above relationship can reflect the environment’s nature.

For our development, we find it useful to consider both the forward-path dependence

and the reverse-path dependence of a particular joint sequence: z'...2¥ ! and s°...sV 71
The forward-path dependence is as expected:
T = T(s|s", x)
P 0
WLt (7.18)
Hn:l 7Ta;n (sn)
and, similarly, the reverse-path dependence is:
X = X(s]s, x)
= T(s s x")
Pr(sk |sN-1 xR
Pl X)) (7.19)
[L=i man(s"71)
And, finally, we have the irreversibility:
v="T-1, (7.20)
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the net directional relevance—of a particular path s given s” and x. Nonzero ¥ indicates
the irrevocable consequences of path traversal. Microscopically reversible dynamics have
U =0 for all paths with nonzero probability, indicating no divergence in path branching
anywhere through the state-space. And so, ¥ = 0 for all paths with nonzero probability if
and only if the dynamic satisfies detailed balance. In short, ¥ quantifies the imbalance in
path reciprocity along a driven state-sequence.

Sometimes X can be —oo for an allowed forward path Pr(s|s’,x) > 0, corresponding
to a forbidden reverse path Pr(sf [sV~! x®) = 0. This is a situation that never arises with

detailed balance dynamics. Such paths are infinitely irreversible: ¥ = oo.

7.6 Generalized fluctuation theorems for nonequilib-
rium systems

Absent microscopic reversibility, the architecture of transitions over state-space matters.
More concretely, we will constructively show how this architecture affects the nonequilib-

rium thermodynamics of complex systems.

7.6.1 Generalized Detailed Fluctuation Theorem

Assume the system under study starts from some distribution pr and that the associated
reverse trajectory (when starting from some other distribution pg) is allowed—that is, it

has nonzero probability. Then the ratio of conditional probabilities of a state sequence
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(given a driving sequence) to the reversed state sequence (given reversed driving) is:

z0 z! _o N1 —
Pr(pp — s — st sV 72 Z o Ny 29%)

02 1 N2 @Y N1 2N NyR
Pr(s0 <— st sN=2 ¢—— sN=1 & pp|pr, VxR)
Pr(So.n = 5081571 ~ pp, Xon = 27%)
Pr(So.nv = sV1sR |S_1 ~ pgr, Xo.nv = 2VxR)

0

_ Pr(s°|pp,2?) Pr(s|s® x)
~ Pr(sN-tpg,aN) Pr(sk[sVN-1 xR)
_ Pr(p, 2%)  mn (sVT) Pr(s|s’,x)  TToy mon(s"")
o me(s?)  Pr(sNpg, V) TV Wzn(sn) Pr(sR|sN_1,xR)
7Txn
X
H 7T n+1
0 0 N-1
_ PI'(S |MF,CE ) TN (8 ) e\IJF eQF
70(s?)  Pr(sV 1 wg,zN)
— Y lur )=y (Y pra™) QptTr (7.21)

where Qp = Q(Xo.n11 = 2%z, Sp.n = sYs) is the excess environmental entropy produc-
tion in the forward trajectory, Up = ¥ (Sy.xy = ss|X .y = x) is the irreversibility of the
forward trajectory, and v(s|w, ) = In (Pr(s|w, z)/m.(s)) is the nonsteady-state addition to
free energy associated with being in the nonsteady-state distribution g with environmental
drive x.

Since Vg can diverge for forward paths with nonzero probability, we typically rewrite

Eq. (7.21)) as the “less divergent” expression:
e Pr(s%s|pup, 19%)e™VF = e Pr(sV st |ug, 2V xR) e (7.22)

Eq. is the fundamental relation for all that follows: it relates the probabilities of for-
ward and reverse trajectories via entropy production Qp of the forward path, irreversibility
Up of the forward path, and change 37'(yr — vr) in the nonsteady-state addition to free
energy between the forward and reverse start-distributions.

In what follows it will be all too easy to write seemingly divergent expressions. Such
divergences do not manifest themselves when taking expectation values for physical

quantities involving them, since they come weighted with zero probability. This is similar
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to the reasonable convention for Shannon entropies that 0log 0 = 0. Nevertheless, caution

is advised when probabilities vanish.

7.6.2 Simplifications

Before proceeding and to aid understanding, let’s consider several special cases. If the
forward drive or protocol begins with the system equilibrated to the static environmental
drive 2°, then pp = w40 and v(s°|ur, z°) = 0. Similarly, if the reverse protocol begins
with the system equilibrated to the static environmental drive 2V, then pur = w_~ and

(V| pr, ) = 0. In this case, Eq. (7.22)) simplifies to:

AN A s | 0
Pr(mypo — sV« —— s" w0, 2V%) _ Ot

Pr(s? Y ~|m v, eV xR)
X X )

As a separate matter, if the dynamics are microscopically reversible, then ¥ = 0.
Consider the very special case where (i) the dynamics are microscopically reversible, (ii)
the forward driving begins with the system equilibrated with z°, and (iii) the reverse
driving begins with the system equilibrated with 2¥. Then, the ratio of probabilities of
observing a forward state sequence (given forward driving) and observing the reversal of
that state sequence (given the reversal of that driving) is simply e*. That is, the forward
sequence is exponentially more likely if it has positive entropy production.

Apparently, the more general case is more nuanced and, beyond depending on a
nonsteady-state starting distribution, it depends strongly on the architecture of branching
transitions among states.

Another interesting special case is if 2% = 2¥~! and pg is the distribution that
the forward driving induces from pgr. Then the dissipated work Waiss = Wex — B71AY
associated with the forward trajectory comes into play. (Recall that 37 'A~ is the change in
nonsteady-state contributions to free energy.) Then the ratio of forward- and reverse-path

probabilities is:

0 N-1
Pr(pp = -+ —— s" 'ur, x) — VP BWex—F71A]
1 N
Pr(s® ¢ -+ ¢ p(pr, x)|p(pr, %), x2)
— ¥F o PWaiss
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Even in the case of microscopic reversibility, this is useful since it generalizes previous
FTs to nonequilibrium start and end distributions. In the case of microscopic reversibility,
VUr = 0 and so the ratio of forward- and reverse-path probabilities from any nonequilib-
rium start and end distribution is exponential e#"ass in the dissipated work. Thus, an
experimental test of this result is one with time-symmetric driving. The forward protocol
corresponds to the first half of the driving while the reverse protocol is the second half.
Clearly, the final nonequilibrium distribution for the forward protocol is the same as the
initial nonequilibrium distribution for the reverse protocol. The dissipated work then
corresponds to that dissipated in the first half of the driving. Practically, in cases where
the dynamic is not microscopically reversible, this allows experimentally extracting the

system’s irreversibility W.

7.6.3 Generalized Crooks Fluctuation Theorem

We can now turn to the irreversible analog of the Crooks Fluctuation Theorem (CFT).
First, we note that both entropy production €2 and irreversibility ¥ are odd under time

reversal. Explicitly, we have:

T (s
n
Q(Xon41 = w"xz™, So.n = )=In —
0 7Txn+1 (8”)
=—In N _Wx”“(sn)

- T (™)

Ton—n(sN7177)

=—In H N1 (s 171)

= —Q(XO:N+1 = QJNXRIL“O, So:n = 5 S<_)

and:

Pr(s|s?, x)
Pr(sd[sV=1,xM)

\I/(So;N = SOS|X1:N = X) = ln[

)N—l

| [Pr(smsN_l,xR
=—In
Pr(s|s%, x)

= —‘P(So;N = SNilsE’Xl:N = XR) .

For brevity, let
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Op = Q(Xoni1 = 22V, Sp.y = %) and

Or = Q(Xon1 = VxR0 So.p = sV 1sh).
And, similarly,

Up = U(Sp.ny = s’s| X1.y = x) and

Up = U(Sp.y = sV It [ Xy = xP).
In this notation, we just established that Qp = —Qr and Vp = —Ug.

Second, if we now choose pup = 7 o and ur = 7™~ and marginalize over all possible
state trajectories, we find that the joint probability of entropy production and irreversibility

given the driving protocol starting from an equilibrium distribution is:

Pr(Q, ¥|m0, 2°x2Y) = Z Pr(s%|m 40, 2%) 0 05 6wy
s0seSN
= Z St e VE PI(SN_1SE|7TCBN,$NXR) 5979F5\1}7‘1;F
s0seSN

= fe” E Pr(sV st | n, V%) 50 00 6w v

s0se8N

= efe? E Pr(sV'sf |~ 2V xR) 0g _an 0w, wy

sN-1gR cSN

= e Pr(—Q, —V|m ~, 2V x"2)

Finally, we rewrite this to give the extended CF'T for irreversible processes:

Pr(Q, U)o, 20x2?) T O
- ) 7.23
Pr(—Q, —V¥|m ~, zVxR20) cc (7.23)
7.6.4 Interpretation
In the special case of isothermal time-symmetric driving—2%xz? = 2%Rz?

= 2%'2% ... 2?2'2%—and starting from an equilibrium distribution, Eq. (7.23)) provides a

useful comparison between values of excess work achieved by the single time-symmetric
driving protocol:

PrWee ) _ o pw..
Pr(—We, — ) ‘

(7.24)

Equation ([7.23)) should be compared to the original CFT that, in its most general form,
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can be written (with necessary interpretation) as [51]:

Pry(€2) Q
= 7.25
PI‘R(—Q) ( )
It is tempting to write Eq. ((7.25)) as:
o 205
Pr(Q|m o, 2°xx™) 20 (7.26)

Pr(—Q|m ~, xVxR20)
This form presents some concerns, however. In the case of detailed balance, though, ¥ = 0
for all trajectories, and so our Eq. guarantees Eq. in the case of detailed
balance. Crooks’ original CFT derivation [49, 50] also assumed detailed balance, and so
Eq. was implied.

However, absent detailed balance, Eq. has a rather different interpretation:
Prg(-) then implies not only the reversed driving, but also that the distribution describes a
different “reversed” system that is not of direct physical relevance [51,[39]. One consequence
is that the probabilities in the numerator and denominator are not comparable in any
physical sense. So, in general, we have:

Pr(Q|m 0, 2%x2™)

Q
: 2
Pr(—Q|m ~, 2N xRax0) 7e (7.27)

In contrast, our irreversible CF'T in Eq. compares probabilities of entropy production
(and path irreversibility) for the same thermodynamic system under a control protocol
and under the reversed control protocol. Equation , unlike equalities involving
an unphysical dual dynamic as in Eq. , allows a clear and meaningful physical
interpretation of the relationship between entropies produced and, moreover, is not limited
by assuming detailed balance.

Note that our Eq. , expressed in terms of excess environmental entropy production
2 and path irreversibility ¥, does not make explicit mention of temperature. Indeed, if
temperature dependence is folded into different environmental inputs x, then Eq.
applies just as well to systems driven by environments with spatially inhomogeneous
temperature distributions that change in time. Explicitly, 7, and 7, could represent the
distribution over effective states induced by environmental conditions associated with z

and 2’ including their different spatial distributions of temperature.
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7.6.5 Translation to Steady-State Thermodynamics

A better understanding of the irreversible CFT comes by comparing it to recent related
work. Most directly, our results complement those on driven transitions between NESSs.
Specifically, the importance of nondetailed-balanced dynamics in enabling the organization
of complex nonequilibrium behavior has been considered previously. For example, Ref.
[94] also introduced a path entropy which is an ensemble average of that considered here.

Another comparison is found in Ref. [108]’s nonequilibrium thermodynamics over
NESSs using housekeeping Qi and excess Qo heats. While that treatment focused
on Langevin dynamics, we find that in general Qux corresponds directly to our path
irreversibility W. Specifically, in the isothermal setting there, according to Eq. (35), we

have:

BQu ~ V.

Indeed, for isothermal Markovian dynamics Eq. (7.7) of Ref. [106] suggests (via their Egs.
(2.11) and (7.1)) that this is in fact an equality:

PQuk =V . (7.28)

Reference [80)] called the irreversibility ¥ the adiabatic contribution to entropy production.
Several related translations from Ref. [108] to our setting can also be easily made:
pss(851) = me(s), o(s;2) — —logm,(s), AS — ASy, and Qe + A¢ — Q. Hence,
(Q) > 0 (for Langevin systems) is Ref. [108]’s main result. From these connections, we
see that our development not only provides new constraints on detailed fluctuations, but
also extends these earlier results beyond Langevin systems.

Exposing these translations allows reformulating our detailed fluctuation theorems to

steady-state thermodynamics (SST). We have:

GW(SOHLFJCO)—W(SNA\NR,JUN) VR o B(Qext+Qui) +ASY®

_ pAsE

Y

where AS™® = —1In % when we choose (pug| = (up| T8 and where it

336



is the total change in entropy in forward time. This yields:

0

PF(SO:N = SOS|S—1 ~ pr, XoNn =T X) — pASE

PI(SO:N = SN_lS<P1|3—1 ~ PR, Xo.n = DCNXR)

And so, we immediately see that:

(e-8SE"y .

Pr(So.n=58|S—1~pr, Xo. n=20%)

This extends the validity of Ref. [221]’s general integral fluctuation theorem beyond
Langevin dynamics. Since the total change in entropy is time asymmetric—ASE® =
—ASE*—we obtain the most direct CFT generalization valid outside of detailed balance:

Pr(AS" w0, 2%xx™N)  jguer
Pr(—ASw©t|w ~n, sV xR20) '

(7.29)

Again, this does not invoke a dual, unphysical dynamic. Equation has been reported
previously in various settings; see, e.g., Eq. (21) of Ref. [80] and Eq. (43) of Ref. [39]. The
result gives a detailed fluctuation relation for the change in total entropy production when
transitioning between steady states.

The new detailed fluctuation theorem of Eq. for joint distributions goes further
in refining SST. If starting in a steady state and executing a protocol in an isothermal
environment, we find that:

Pr(Wex7 Qhklﬂ:l:07 xoxxN) — eﬁQhkeﬁwex .
Pr(—Wex7 _Qhklﬂ-va xNXRxO>

This novel relation gives strong constraints on the thermodynamic behavior of systems
driven between NESSs, since it constrains the joint distribution for excess work and
housekeeping heat. Moreover, nonsteady-state additions to free energy are predicted when
an experiment does not start in steady state.

In the special case of time-symmetric driving—a%x2? = 2%xR2% = 2% 2?2 .. 222'2%—
and starting from an equilibrium distribution, the preceding expression reduces to a useful
comparison between excess work values achieved by the single time-symmetric protocol:

Pr(Wex7 Qhk> — eﬁQhk(gBWCX .
Pr(_Wex7 _Qhk)
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Similar results were recently derived in Ref. [136] under more restrictive assumptions for
underdamped Langevin systems.

This all said, one must use caution and not always identify ¥ with SQu.. Most
importantly, not all sources of irreversibility are naturally characterized as “heat”. Thinking

of irreversibility on its own dynamical terms is best.

7.6.6 Integral fluctuation theorems

Integral fluctuation theorems in the absence of detailed balance, starting arbitrarily far from
equilibrium, also follow straightforwardly. One generalization of the integral fluctuation

theorem [121] is:

<€—/3Wdiss—‘I’>Pr(

50:N |pF,X)
- Z Pr(SO:N|,U:F,X)e_6WdiSS—\If
SO:NGSN
o =t =N .
= Z PI'(S $— Hu(uF,X)’“(uF’X)’X )
so.nESN
- (7.30)

If the input is stochastic, then averaging over the input also gives:

76 dissflp g
e AW =1
< >PI‘($O:N750:N|HF)

Note that this relation does not require the system to be in steady state at any time.
From the concavity of the exponential function, it is tempting to assert a corresponding

generalized Second Law of SST as:

(Waiss) > — (Qux) - (7.31)

Although Eq. (7.31)) is true, notably it is neither a strong nor useful bound. Let’s address

this. Note that:
=1 (7.32)

<€_\I}>PT(SO:N|HF‘1X)

and:

_ﬁW iss —
<e d >PT(SO:N‘IJ«F7X) =1. (7.33)
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Both follow from the normalization of probabilities of the conjugate dynamic. Therefore,
(U) >0 and (Wyiss) > 0. And, hence (Qnx) > 0 as shown in Ref. [237]. So, Eq. is
devoid of utility. Nevertheless, Eq. puts a novel constraint on the joint distributions
of Wyiss and W.

Introducing an artificial conjugate dynamic following Ref. [51] and following the
derivation there with ¢/ in place of E, when starting in the steady state distribution

Tzo, We can show that:

<e*ﬂ>Pr(SO:NWO’X) =1, (7.34)

which implies the restriction (©2) > 0. Despite similar appearance, this result has
meaning beyond Crooks’ derivation of the Jarzynski equality, as it now also applies

atop nonequilibrium steady states. Recall that €2 has general meaning as in Eq. (7.6)):
Q= BWe = —BQex + A¢. So, Eq. (7.34) becomes:

<€76W°X>pr(sw|ﬂmo,x> =1. (7.35)

Effectively, this is Ref. [108]’s relation that, with our sign convention for @, implies:

(Q) = (—BQex + A9)

>0, (7.36)

for processes that start in steady state.
However, using Eq. ([7.33)), we find a more precise constraint on expected excess entropy

production whether or not the system starts in steady state:
() >A(y), (7.37)

where the RHS can be positive or negative, but can only be negative if the system starts

out of steady state. When starting in a steady state, this yields:

<Q> > <7ﬁna1> (738)
= Dk [PT(5t|50 ~ Taos T1att1) || th] ) (7.39)

339



which is a stronger constraint than the previous result of Eq. , since the RHS is
always positive for Pr(S;|So ~ Ty, T1:441) # Tx,- EQ. extends the validity of
the main result obtained in Ref. [260] to now include the possibility of starting in a
nonequilibrium steady state and allowing for non-detailed-balanced dynamics. (Note that
‘Waiss” in Ref. [260] corresponds to our We,—it is excess work that is not necesarilly yet
dissipated.)

Integral fluctuation theorems for systems with controlled or intrinsic feedback also
directly follow, as we now show, extending the theory of feedback control to the setting of

transitions between NESSs.

7.6.7 Fluctuation theorems with an auxiliary variable

Actions made by a complex thermodynamic system can couple back from the environment
to influence the system’s future input. To achieve this, the system may express an
auxiliary random variable Y;—the current “output” that takes on the values y € ) and is
instantaneously energetically mute, but may influence the future input and so does have
energetic relevance.

The variable Y; could be measurement, output, or any other auxiliary variable that
influences the state or input sequences. To be concise, we introduce a shorthand for the
time-ordered sequences of random variables: ? = Xo.n, ? = Sp.n, and 7 = Yo.nv. And,
for particular realizations of the sequences: 7 =2, 7§ = %N and 7 = 4%N. When
time reversing realizations, we let & = 2V "12V=2. .. 2120 and 5 = V15V 2... 5150, To
clarify further, 7 appearing inside a probability implies ? =7 and 5 appearing inside
a probability implies <§ =%

We quantify how much the auxiliary variable is independently informed from the state
sequence—beyond what could be known if given only the initial distribution over states

and the driving history—via the unaveraged conditional mutual information:

L o Pr(?,7|?,NF)
i3 pue) =1 Pr(y |7, pr) Pr(3 |7, pr)
Pr(%, Y, 7 | ur)

= T T ) P T )
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Note that averaging over the input, state, and auxiliary sequences gives the familiar
conditional mutual information: I[?; ?|Y, pr] = (i[5 |7, BE]) pe(z 2 7 -
As detailed in the App.[7.10.2}

%
BWaissi[F 57 |7 w40 _ Pr(¥. Y, 7£L12 7
Pr(y, @ |pe) Pr(s ', pr)

where ur = p(pr, ?) This leads directly to the integral fluctuation theorem:

<6_6Wdiss_i[?;7‘?7p’}7]_\y> — 1 . (740)
Pr(?171?|HF)
However, as before, the resulting bound on (W) is not the tightest possible. Alternatively,

we can invoke the normalization of conjugate dynamics to show:

<€—ﬁwdiss—i[?;7|?m> 1. (7.41)

Pr(F, 7, 7 lur)

This implies a new lower bound for the revised Second Law of Thermodynamics:
<Wdiss> > _kBT I[ﬁa 7|Y7 HF] ) (742>

enabled by the conditional mutual information between state-sequence and auxiliary
sequence, given input-sequence. Notably, this relation holds arbitrarily far from equilibrium
and allows for the starting and ending distributions to be nonsteady-state.

We may also be interested in the unaveraged unconditioned mutual information between

the auxiliary variable sequence and the joint input—state sequence. Then, using:

; . — Pr(?7?77|ﬂ'F)
T Blwe) =10 e S 7, )

we find that, in general:
(W) > kT 1[V; X8 ] (7.43)
and when starting in steady-state:
(Q) > —1[V; XS|ma] (7.44)

One can now continue in this fashion to successively derive a seeming unending sequence
of fluctuation theorems. Let’s stop, though, with one more and discuss its interpretations

and applications.
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As a final set of example integral fluctuation theorems, we follow Ref. [209] in defining:

Pr(77 §>|l’l’0)
Pr(y |po) Pr(s |po, @)

(This is Ref. [209]’s I¢, if po — 70.) Technically speaking, this is not a mutual information,

isy = In

even upon averaging. Then, we arrive at the integral fluctuation theorems:

<6—Wdiss—iSU—‘1’>Pr 1

(7.7, lmo)

and

<6—Wdiss—isu >Pr(?,7,?\uo) =1

When starting from a steady-state distribution, we have the most direct generalization of

Ref. [209]’s feedback control result, but extended to not require detailed balance:

(e oz 7 2im) = L

When starting from a NESS, this suggests that:
() > —Isu - (7.45)

When the dynamics are detailed balance, this naturally reduces to the well known results
of Ref. [209] and others: (W) > AF,, — kgT Igsu.

In the feedback control setting, Y, is said to be the random variable for measurements at
time n. This suggests that Y, is a function of S,, and the outcome of Y,, effectively induces
different Markov chains over the states since X,, 11 is a function of Y,—i.e., Zp11(yn(Sn))-

With our interest in complex autonomous systems, we note that our results give new
bounds on the Second Law of Thermodynamics for highly structured complex systems
strongly coupled to an environment. A preliminary application of this was presented out in
Ref. [212]. We offer our own in the next section. Analysis of thermodynamic systems with
the agency to influence their environmental input, via some kind of coupling or feedback,
say, will likely benefit from our extended theory.

How can we reconcile this with other inequalities without auxiliary Y7 The other

inequalities used averages of variable occurrence already conditioned on ¥. However,
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if input x and states s can influence each other dynamically through auxiliary y, then
averaging over their joint dynamic allows less dissipation than the traditional Second Law
suggests.

If S represents the random variable for one subset of a system’s degrees of freedom,
and Y represents the random variable for another subset of a system’s degrees of freedom,
then the intrinsic nonextensivity of the thermodynamic entropy S(S,Y|X) = S(S|X) +
S(Y|X) — kg I(S; Y| X) goes a long way towards explaining the physics of information
stimulating the recent resurgence of Maxwellian demonology. This viewpoint will be

further developed elsewhere.

7.7 NESS Transitions in Neuronal Dynamics

Acting in concert, voltage-gated sodium ion channels and potassium ion channels are the
primary thermodynamic substrate that drives the evolution of membrane potentials in
neurons [I17]. Together, these voltage-gated channels are the primary generators of the
action potentials or “spikes” that are the basic signals whose collective patterns support
neural information processing [206]. In experiments, if the cell membrane is voltage
clamped, then the channels approach a stationary distribution over their conformational
states according to the effective energies of their biomolecular conformations at that
voltage [I11]. However, absent clamping, the channels influence their own voltage input
dynamically through their current output. The result is spontaneous spiking patterns.
Although this is not the setting in which to analyze the full richness of ion channel
interactions, we will use the sodium channel under different voltage-driving protocols as a
relatively straightforward example to demonstrate the insights on NESS transitions gained
from preceding theoretical results. That is, while potassium ion channels are somewhat
structured, the sodium ion channel exhibits a more structured and so more illustrative

dynamic over its coarse-grained state space of functional protein conformations.

7.7.1 Ion Channel Dynamics

For sodium ions to move through the neural membrane, a channel’s activation gates

must be open and the deactivation gate must not yet plug the channel [66]. The rates of
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transitions among the conformational states have a highly nontrivial dependence on voltage
across the cell membrane. Beyond this voltage dependence, while the activation gates act
largely independently of one another, the inactivation gate cannot plug the channel until at
least some of the activation gates are open. This causal architecture was not yet captured
by the relatively macroscopic differential equations introduced in the pioneering work of
Hodgkin and Huxley [IT1]. Since then, however, it has been summarized by experimentally-
motivated voltage-dependent Markov chains over the causally relevant conformational
states [I89]. Here, we follow the model implied in Ref. [66], whose voltage-dependent
Markov chain we show in Fig. [7.1]

ky

Figure 7.1: Markov chain representation of the input-conditioned state-to-state rate
matrix GS7SIY)_ Self-transitions are implied but, for tidiness, are not shown explicitly.
These coarse-grainings of conformational states have biologically important functional
interpretations. The number of (red) dots in each effective state corresponds to the number
of activation gates that close off the channel. For example, when the channel is in the
leftmost state, three activation gates are still active in blocking the channel. The solid
(green) state corresponds to the channel being open. This is the only one of the five states
in which sodium current can flow. The last state, marked &, corresponds to channel
inactivation by the inactivation gate—when the channel is plugged by its “ball and chain”.
Subsequent figures use the state numbering 1 through 5 for state identification, which
corresponds to enumeration of the states from left to right here.

As the mesoscopic system of thermodynamic interest, the voltage-dependent Markov
chain can be re-interpreted as a transducer that takes in voltage v € R across the cell
membrane as its input and makes transitions over its conformational state space S
according to an infinite set of transition matrices {T($75"}, p. Although the set is
uncountable, the voltage-conditioned transition matrices are all described succinctly via

time-independent functions of the voltage appearing in the transition elements; denoted
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Qs Bm, and aj. Time discretization of the continuous-time dynamic is straightforward
and well behaved as At — 0. If the voltage v is approximately constant during the

infinitesimal interval At, then the state-to-state transition matrix is:

S—S|v
g

~ I+ (AHGE7SM)

At)G(SHSW

where [ is the identity matrix and G(55I") is the infinitesimal generator of time evolution:
[ 30, 3t 0 0 0|
Bm  —2am + Bm + k1) 200, 0 Ky
GE7s = g 2B — (i + 2B + ) . ko
0 0 3Bm —(30m + k3) ks
I 0 0 ay, 0 —Qp |

(7.46)
Specifically, a.,, B, and «; are voltage-dependent variables, as found in the Hodgkin
and Huxley model [111] [66]:

B (v+40 mV)/10 mV
~ 1—exp[—(v+40mV)/10 mV] ’

(V)
Bm(v) =4exp[—(v+ 65 mV)/18 mV] ,

and:

ap(v) = 155 exp [—(v + 65 mV)/20 mV] .

See Fig. . The reaction-rate constants are k; = 6/25 ms™', ky = 2/5 ms™!, and
ks =3/2 ms™.

We developed new spectral decomposition methods from the meromorphic functional
calculus [60} 198 to circumvent the inherent ill-conditioning in ion channel dynamics.
Using these we can analytically calculate most, if not all, properties—e.g., dynamics,
expected current, thermodynamics, information measures, and the like—about this model

directly from the transition dynamic.
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Since we are interested in thermodynamics, though, let us focus on determining the
steady-state surprisals of the conformational states. For any persistent environmental input,
the effective energies of the various conformational states are determined by their relative
stationary occupation probability; according to Eq. , T4(s) = e~?@*) The stationary

S8 gssociated with

distribution 7, induced by persistent v is the left eigenvector of T
the eigenvalue of unity. Equivalently, and more convenient in this case, m, is the left
eigenvector of GS7SIV) associated with the eigenvalue of zero. Via (m,| G(57SIV) = 0, we

find that the steady state distribution for any persistent v is:

Bm 2am+k am [ 2am+k 1 20, +k k3am
Ty X (m, 1, N7 L T <—3ﬂm+k;> , a_h[kl + 7 1 (k’g + 3ﬂm+k3>])

o e 9

which immediately yields the steady-state surprisals for conformational states at a constant
environmental input v. The steady-state surprisal is shown for each conformational state

in Fig. [7.3] as a function of the voltage-clamped membrane potential v.

—150 —iOO —50 6 50

v [mV]
Figure 7.2: Markov transition parameter voltage dependencies: Plots of Inay,, Inf,,,
and Inay. These plots show that at —100 mV, 5,, > a, > «a,, =~ 0. At +10 mV,
A > B > oy, = 0.

7.7.2 Ion channel (ir)reversibility

Recall that detailed balance is the condition that, for states a and b and environmental

input z, Pr(b = a)/Pr(a 3 b) = n.(a)/m,(b). Interestingly, in this biologically inspired

346



—10F

—15}+
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—25
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—35}

4955 ~100 -50 0 50

v [mV]
Figure 7.3: Steady-state distribution voltage dependence: Negative of the steady-state
surprisals, In7,(s) = —¢(v, s) for each conformational state. Each curve labeled by the
state-number to which it corresponds. Note that —100 mV and +10 mV (relevant for
later) are extremes in that m,, ~ 6; and m,, ~ Js.

50 ~100 =50 0 50
v [mV]
Figure 7.4: Modes of the state-to-state dynamic: All eigenvalues of G are real and
nonpositive. There is a zero eigenvalue associated with stationarity and four negative
eigenvalues associated with decay rates from the states. Plots of In[—A(v)] for A(v) €
Agis—sivy. Smaller In(—\) corresponds to longer time-scales. The zero eigenvalue maps to
—00.
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model, detailed balance is satisfied by several, but not all of the state-transition pairs.

For example, for very small At:

Pr(1%2) 3o,

Pr2%1)  Fm
o 7711(2)
B (1)

That is, this transition pair satisfies detailed balance. Hence, all transitions between these
states are completely reversible: U(2|1,v) = U(1|2,v) = ¥(22121112|2,v) = 0.
However, this does not hold for other transition pairs. Consider transitions between

states 2 and 3:

Pr(2=3)  om
Pr(3%2)  Om
m(3)
7 T (2)
Qyy + k1/2
Bm

Most other transitions also violate detailed balance.

Since detailed balance does not hold for the effective dynamic, the theory developed
above is essential to analyzing the sodium ion channel thermodynamics. Moreover, the
fact that G(575") has null entries that are nonzero for its transpose implies that paths
involving these transitions will be infinitely irreversible: ¥ = oo for such paths as At — 0;
specifically, the transitions of G(575") with rates k; and ks. Forbidden transitions are
an extreme form of irreversibility that are nevertheless commonly observed for complex
systems, as the ion channel so readily illustrates. In it, the asymmetry in allowed transitions
can be traced to different mechanisms facilitating different paths through the state space.
Whether the irreversibility is truly infinite or just practically infinite does not matter much
for the excess thermodynamics, although it will of course affect the calculated distribution
of W. (Conventional, linear algebraic methods are inadequate to overcome these technical

challenges. The spectral decomposition methods, mentioned above, are required.)
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7.7.3 Step Function Drive

With this understanding of ion channel NESSs, let’s now turn to the thermodynamics
induced by driving between them. We first consider the particular voltage protocol of
v, = —100 mV for all time except a v, = 10 mV pulse for 5 ms starting at ¢ = 0. This is
an example of continuous-time dynamics and deterministic driving. The system begins
equilibrated with the static environmental drive v, = —100 mV. The initial distribution

S§=8va) gss0ciated with the

over § is thus py = m,,, where m,, is the left eigenvector of G(
eigenvalue of zero.
During an epoch of fixed v = V', the net transition dynamic after 7 ms becomes:

_ (S—S|v=V)
TT(S—>S\U V) _ G _

Therefore, the distribution over states induced by the driving protocol is:

;

(T, | for t <0

(] = (1r,, | 1€ for0 <t<5ms > (7.47)

{10y, | €2Crelt=2)Ca for t > 5 ms
\

where, for brevity, we defined: G, = G(675I*) and G}, = G(S7SI") . These are especially
useful when expressing the rate matrix via its spectral decomposition, using the methods
of Refs. [60], 198]. Besides the zero eigenvalue, there are only four other eigenvalues of G
that are determined via det(A] — G) = 0.

Figure [7.4] shows G’s eigenvalues as a function of v, which indicates the voltage-
dependent timescales of probability decay for modes of occupation probability. The
associated decay rates play a prominent role in Fig. [7.5] which shows the time-dependent
distribution induced over states by the 5 ms voltage pulse driving protocol.

Having the distribution over states at all times is powerful knowledge. For example,
since the current through a single channel is binary—either 0 or Iy(v)—and since current
only flows in the open conformation, the expected current through the channel is Iy(v) =

go[v — Vna| times the expectation value of being in the open state:

(I(t)) = go[v(t) — Via] (11(t)|dopen)

349



—235 0 2 4 6 8 10

t [ms]
Figure 7.5: Na® ion channel NESS transitions: temporal evolution of the distribution
p; of ion-channel conformational states induced by a deterministic 5 ms voltage pulse is
shown via plots of In (p,|s) for all s € S. Curves are labeled by the state-number to which
each component corresponds.

where dgpen = (0,0,0,1,0), go is the conductance of an open Na* channel, and Vx, =

kBT [Na+}out
= In L2 Jout

Nt = 90 mV is the Nernst potential for sodium in a typical mammalian

neuron [66]. To be clear (I(t)) is what would be observed from an ensemble of channels in
a local patch of cell membrane experiencing the same driving. The current produced from
the Markovian model appears to be more realistic than what would be expected from
the Hodgkin—Huxley model [66]. Moreover, using our spectral-decomposition methods for
functions of a Markov chain [60] 198], this current can now be obtained in closed-form.

Let us start the thermodynamic investigation by considering excess work We,. With
7 = NAt, we take the limit of At — 0 while keeping the product NAt = 7 constant.
Then the expected excess work per kgT’, from time ¢y to time ¢ty + 7, is:

to+T
B (Wex) = /to (| dpyry/dt) dt .

However, it should be clear that, for this stepped voltage protocol, excess work is only
performed on this system at the very onset and subsequently at the end of the step driving.

Indeed, this is the only time that the driving v(t) changes and, thus, the only time that
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the state-dependent rate of work d |y () /dt is nonzero. As we let At — 0, the expected
excess work (divided by kgT) near the onset of driving becomes a step function with
height:

lim (Q(t =€) — Q(t = —¢))

e—0t

= (my.ls) [6(10mV, s) — ¢(—100mV, s)] |

seS
where (7, [$) = T_100 mv($).
Indeed, for this singular event, the full distribution of work performed can be given
according to the probabilities that the system was in a particular state when the driving

was applied. For 0 < t < 5 ms, the probability density function for SW,, is:

p(Q) =D 7100 mv(s)

seS

% 6(2 ~ [6(10mV, 5) — o(~100mV, 5)] )

where 0(+) here is the Dirac delta function. For ¢ > 5 ms, the full excess environmental
entropy production (EEEP) probability density function (pdf) is:
p() = Y (mo,ls) (s| ™ |s)
s,8'€S

><5<Q — [¢(vb, 8) — G(va, 8)] = [@(va, ') — D(vp, s')]).

From the Dirac delta function’s argument and the sum over s and §', it is clear that every
nonzero-probability EEEP value €2 also has a nonzero probability for the negative —¢2 of
that EEEP value.

For the time-symmetric 5 ms voltage-pulse driving, Eq. tells us that
Pr(Q, )/ Pr(—Q, —¥) = e¥e?. Since there are infinitely many ¥ values to account
for, we do not plot the joint distribution explicitly. However, we can appreciate the neces-
sity of the relationship by comparing it to the naive CFT interpretation that, for this case,
suggests Pr(2)/ Pr(—Q) = €. Figure [7.6{ compares these by plotting e~ Pr(Q)/ Pr(—1).

Allowed values of the excess work that do not lie on e~ Pr(2)/ Pr(—2) = 1 demon-

strate deviations from the naive CFT interpretation. Since the constant-voltage steady
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Figure 7.6: Deviations from and agreement with the Crooks Fluctuation Theorem for
nondetailed balance dynamics: Exact calculation of PF;E(_SB) /e (blue dots) for all allowed
values of ) = W, during the pulse drive. Since the system starts in equilibrium and
since the driving is time-symmetric, a naive CFT interpretation suggests that all values lie
at unity, dashed line (blue) and marked with a x (red) wherever an allowed excess work
value appears. Interestingly, many of the allowed work values do still fall on or very near
unity. Absent detailed balance, though, Eq. must be used to account for the actual
distribution of excess environmental entropy production and path irreversibilities that, in
addition to all other values, yields the six deviant markings (blue dots) above and below
unity.

states are nonequilibrium and, thus, not microscopically reversible—i.e., ¥ 2 0 for some
state paths—the naive CFT interpretation cannot be true despite the time-symmetric
driving. Perhaps the most surprising feature in Fig. is that many of the probability
ratios still do (almost) fall on the naive CFT line at unity. In part, this is due to a
subset of the cycles in the NESS dynamic obeying detailed balance. Another contributing
factor is that longer durations 7 of fixed v induces a net dynamic e that approaches
a detailed-balanced dynamic. That the values in Fig. are sensible can be verified by
checking the ratio of the joint probabilities (m,,|s) (s|e*“® |s') to the value of the joint
probability with s and s’ swapped.

In stark contrast to the instantaneous work contribution, the system’s excess heat oy

unfolds over time, exhibiting a rich structure governed by the trajectories through the
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conformational state-space. The expected excess heat per kgT is:

B(Qex) = / 0 T(u!¢u(t>> dt . (7.48)

to

over a duration 7, if starting at time ¢y. Since v(t) is constant except at the two instants

of change, the integral is easily solved exactly using the fundamental theorem of calculus

and Eq. (7.47)).

t [ms]

Figure 7.7: Excess heat (., per ion channel for an ensemble of ion channels embedded in
a local patch of cell membrane; in units of kg7 ~ 26 meV. The two bouts of relaxation
correspond to the ion channel adapting to sudden changes in voltage across the cell
membrane.

For tg < to+ 7 < 0, the system is in the initial steady-state and has a time-independent

heat and so a constant excess heat rate that vanishes:

Q) o

-

Figure shows the expected excess heat (Qe) over the course of the voltage-drive
protocol. The steady-state average rate of excess heat production within any steady
state is necessarily zero. However, the channel macromolecule responds to changes in the
environment via conformational changes and corresponding heat productions that unfold

on the timescale of milliseconds E| Notably, the expected heat is on the order of tens of

4The characteristic timescale is actually the net result of a combination of timescales from the inverse
eigenvalues of G. Of necessity, these are the same timescales that determine the relaxation of the state
distribution.
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kgT, which for mammalian neurons is kg7 = 1/ ~ 26 meV.

For 0 =ty < ty + 7 < 5 ms, the system has a time-varying heat production as it
synchronizes to the new nonequilibrium steady state. From Eq. , we know that
(| = (m,,| € in this case. At the same time, the steady-state-surprisal |¢,u)) is
time-independent during this epoch since v is temporarily fixed at v, = 10 mV.

Again, as seen in Fig. the expected excess heat drops for several milliseconds
after the final voltage switch at 5 ms, as the ion channel re-adapts to its original steady
state. For this second bout of relaxation the adaptation is slower since, in accordance with
Fig. the slowest timescale at v, = —100 mV is slower than the slowest timescale at
vp = 10 mV.

Overall, we see that the excess thermodynamic quantities are well behaved and ac-
cessible: without needing to know the background biological upkeep of the Na™t ion
channel, we can access and control coarse degrees of freedom of the channel macromolecule
via modulating the voltage across the cell membrane. Moreover, for the Na* channel,
state-measurement and feedback on the timescale of milliseconds would allow significant
alterations of heat and entropy production. Fortuitously, this suggests an accessible
platform for laboratory experimentation. Next, we comment briefly on an intrinsic type of

measurement and feedback that happens in vivo every moment.

7.7.4 Intrinsic feedback

Having come this far, we close illustrating the thermodynamics of NESS transitions with a
final application. In a biologically active (in vivo) neuron, the input membrane voltage at
each time depends on integrated current—a functional of the state distribution—up to that
time. Our relations for modified integral fluctuation relations describe the thermodynamic
agency of Na™ channels in vivo, whereas conventional fluctuation relations fall short.
Although there is certainly feedback in vivo, it is not the “feedback control” discussed
recently. Importantly, no “outsider” forces the feedback; the feedback is intrinsic—woven
into the system—environment joint dynamic. We leave a thorough investigation of the
thermodynamics of intrinsic feedback to elsewhere. The success here, however, already

suggests investigating other natural systems with intrinsic feedback—in joint nonlinear
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dynamics and complex networks—to test the new fluctuation theorems and computational

methods in a broader class of interacting complex nonequilbrium systems.

7.8 Discussion

In light of our refined detailed fluctuation theorem Eq. for nondetailed-balanced
dynamics, we referred to the common belief in Eq. as the naive CF'T interpretation
since it appeals to a nonphysical conjugate dynamics, as in Eq. . Similarly, we referred
to failures of Eq. as CFT violations. Nonetheless, with proper interpretation using
the unphysical conjugate dynamics, Eq. is mathematically correct even without
detailed balance and can be a useful device for establishing integral F'T's.

The CFT is often misinterpreted, though, despite receiving widespread attention. For
example, Ref. [77] appealed to the naive CFT interpretation in the case of nondetailed
balance dynamics of self-replication. However, as we showed, such applications are not valid.
So, the statistical physics of self-replication either depends on an assumption of detailed
balance or deserves a generalization. We believe the latter should be straightforward using
our results, new spectral methods, and a derivation paralleling Ref. [77].

We hope that our nonintegral FTs—especially Eq. that constrains the joint
distribution of excess and housekeeping entropies—will provide better physical intuition
for the structure of effective dynamics outside detailed balance. Path irreversibility clearly
plays a prominent role. Although the preceding introduced a unifying framework, certain
subclasses of path irreversibility have already been proposed recently.

In certain applications, for example, path irreversibility is governed by differences
in chemical potential. In such cases, the irreversibility is quantitatively related to cycle
affinities; see, for example, Ref. [I34]. It essentially discovered a special case of the results
developed here specifically applicable to the interesting example of a kinesin motor protein.

Recently, Ref. [I74] elaborated on one type of irreversibility, called absolute irre-
versibility, that at first appears to constitute an extreme contribution to the total path
irreversibility W. This indeed is one interpretation, but not the full story. On closer

examination, its result appears to coincide most directly with Eq. (7.33)) which must be
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used when starting in a nonsteady-state, rather than with a violation of Eq. (7.34]) which
is simply inapplicable when starting in a nonsteady-state. We reinterpret that work as a

testament to the importance of the nonsteady-state contribution to free energy change,

BTA(y). Explicitly:

<676Wdiss >Pr(50;N|y,F,x) =1

= () > A(y) .

This captures, for example, the entropy change associated with free expansion. From
our viewpoint, however, any absolute irreversibility is only one extreme of the broader
generalization introduced above to explore the consequences of irreversibility and nonsteady-
state additions to free energy.

To frame our results in yet another way, we note that the “feedback control” imposed
by an experimenter on an otherwise detailed-balanced system is a rather limited form of
CFT violation. Yet it appears to be the only one having gained much recognition. This
is odd. Hysteresis, to take one example, common in paradigmatically complex physical
systems, provides a more physical manifestation of CFT violation. Even this is still a
relatively tame deviation from detailed balance. Living systems are the true flagship of
complex physical agents with intrinsic computational feedback across many levels of their
organization. Our fluctuation relations describe all of these aspects, together.

In particular, they suggest how a system’s intrinsic model of its environment, together
with an action policy that leverages knowledge captured in the model to control the
environment, allows the system to play the survival game to its thermodynamic advantage.
For example, an agent can use information about the environment to increase its nonsteady-
state free energy and perform useful work—a phenomenon that is not only reminiscent of
living beings, but also comes very near to defining them.

We hope that our results and methods stimulate investigating the excess thermodynam-
ics of systems with intrinsic feedback—from designed “toy demons” to complex biological
molecules affected by and simultaneously affecting their environments. Several biological
examples that suggest themselves include kinesin motors [86], drug-operated channels [43],

and dynamic synapses [135], just to name a few.
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7.9 Conclusion

We presented generalized fluctuation theorems for complex nonequilibrium systems driven
between NESSs. In addition to the detailed F'T's that constrain joint distributions of excess
and housekeeping quantities, we introduced integral fluctuation theorems in the presence
of an auxiliary variable. The auxiliary variable need not be measurement nor any other
meddling of an outsider. Due to this, it generalizes the theory of “feedback control” to the
setting of arbitrary intrinsic feedback between system and environment.

A sequel to the above derives exact closed-form expressions for the moments of excess
heat and excess work when the joint system—environment dynamic is governed by a (finite
or countably infinite) discrete- or continuous-time hidden Markov model. A joint system
can always be modeled as a joint hidden Markov model—at least as an approximation
to the true joint dynamics. For this reason, our exact results should provide broadly
applicable tools. The latter have particular theoretical advantage in giving access to what
occurs in transient and asymptotic dynamics of excess thermodynamic quantities atop
NESSs.

In summary, the traditional laws of thermodynamics are largely preserved for the
renormalized “excess” thermodynamic quantities that arise naturally when considering
nondetailed-balanced complex systems. However, the laws must be modified by the
entropic contribution of path irreversibility. We noted that the latter turns out to be
equivalent to steady-state thermodynamics’ housekeeping entropy.

Our relations still hold for excursions between equilibrium steady states, but we then
have the simplification that ¥ = SQu = 0. Consistently, equilibrium thermodynamics
is a reduction of the theory of excess thermodynamic quantities with no housekeeping
terms—when all paths are microscopically reversible.

Layers of emergence, typical of the biological world [227, Fig. 6], beg renormalization
in terms of a hierarchy of housekeeping backgrounds [2]. The opportunity offered up by
emergent levels of novel organization is a new richness in nondetailed-balanced effective
dynamics—dynamics and structure that can be exploited by intelligent thermodynamic

agency [29, 31]. We consider the thermodynamics of agency in a sequel, analyzing a simple
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autonomous agent that harvests energy by leveraging hidden correlations in a fluctuating
environment.

We leave the development for now, but with an encouraging lesson: Even in nonstation-
ary nonequilibrium, there is excess thermodynamic structure at any level of observation

that we can access, control, and harness.

7.10 Appendices

7.10.1 Appendix A: Extension to Non-Markovian Instantaneous
Dynamics

Commonly, theoretical developments assume state-to-state transitions are instantaneously
Markovian given the input. This assumption works well for many cases, but fails in
others with strong coupling between system and environment. Fortunately, we can
straightforwardly generalize the results of stochastic thermodynamics by considering a
system’s observable states to be functions of latent variables R. The goal in the following
is to highlight the necessary changes, so that it should be relatively direct to adapt our
derivations to the non-Markovian dynamics.

7.10.1.1 Latent states, system states, and their many distributions

Even with constant environmental input, the dynamic over a system’s states need not
obey detailed balance nor exhibit any finite Markov order. We assume that the classical
observed states 8 are functions f : R — & of a latent Markov chain. We also assume that
the stochastic transitions among latent states are determined by the current environmental
input x € X', which can depend arbitrarily on all previous input and system-state history.
The Perron—Frobenius theorem guarantees that there is a stationary distribution over
latent states associated with each fixed input z; the function of the Markov chain maps
this stationary distribution over latent states into the stationary distribution over system
states. These are the stationary distributions associated with system NESSs.

We assume too that the R-to-R transitions are Markovian given the input. However,
different inputs induce different Markov chains over the latent states. This can be described

by a (possibly infinite) set of input-conditioned transition matrices over the latent state
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set R: {T(R=RI2)} v, where Tg?ﬁmx) = Pr(R; = r|R_1 = r, X; = z). Probabilities
regarding actual state paths can be obtained from the latent-state-to-state transition
dynamic together with the observable-state projectors, which we now define.

We denote distributions over the latent states as bold Greek symbols, such as p. As in
the main text, it is convenient to cast p as a row-vector, in which case it appears as the bra
(pe|. The distribution over latent states R implies a distinct distribution over observable
states 8. A sequence of driving inputs updates the distribution: g, (e, Tp4n). In

particular:

(Btn| = (| TR RIzet4n)

= <Nt| TRoRlz) T(ROR|ze41) |, T(ROR|ze4n—1)

(Recall that time indexing is denoted by subscript ranges n : m that are left-inclusive
and right-exclusive.) An infinite driving history # induces a distribution (%) over the
state space, and 7, is the specific distribution induced by tireless repetition of the single
environmental drive x. This is the so-called “equilibrium distribution” associated with

equilibrating with the environmental drive x. Explicitly:

o (R—Rz)\"
(mo| = lim (po| (T )

T('R,*)'R,LZ)

Usefully, ., can also be found as the left eigenvector of associated with the

eigenvalue of unity:
(15| = (75| TRZRIZ) (7.49)

The canonical equilibrium probabilities are this vector’s projection onto observable states:
T.(8) = (mx|s), where |s) = |6, s(r)) has a vector-representation in the latent-state basis
with elements of all Os except 1s where the latent state maps to the observable state s.

Assuming latent-state-to-state transitions are Markovian allows the distribution g over
these latent states to summarize the causal relevance of the entire driving history.

7.10.1.2 Implications

A semi-infinite history induces a particular distribution over system latent states and

implies another particular distribution over its observable states. This can be usefully
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recast in terms of the “start” (or initial) distribution g induced by the path z_..; and

the driving history x1..11 since then, giving the entropy of the induced state distribution:

h(5|lt07$1:t+1) = = ln PI'(St = S’“Ou xl:tJrl)

= —In (po| TRARIzre0) |g)

Or, employing the new distribution and the driving history since then, the path entropy
(functional of state and driving history) can be expressed simply in terms of the current

distribution over latent states and the candidate observable state s:

AEIW) = —InPr(S, = s|Ry ~ )
= —In(puls) .

Averaging the path-conditional state entropy over observable states again gives a

genuine input-conditioned Shannon state entropy:
5¢|T )
<h( e >Pr(st|?t St‘y

It is again easy to show that the state-averaged path entropy kg H[S,|T ] is an extension
of the system’s steady-state nonequilibrium entropy. In steady-state, the state-averaged

path entropy reduces to:

]‘CB H[St|§t = .. {Ea?x] = —kB H[St|Rt ~ ﬂ'w]

= —kp Zﬂ'x YInm,(s

SES

= Ses() .

The nonsteady-state addition to free energy is:

I'(St = S|Rt,1 ~ /J/,Xt = fL’)

72 (8)

"(slp,z) =47 n

Averaging over observable states this becomes the relative entropy:
(v(s[p, )) = D [Pr(Si|Rey ~ p, Xo = )[70a]

which is always nonnegative.
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Using this setup and decomposing:

Pr(S():N = SOS|R_1 ~ [J,F,X[):N = l‘OX)

Pr(So.n = sV 1R |R_y ~ pgr, Xo.v = 2VxR)

in analogy with Eq. , it is straightforward to extend the remaining results of the main
body to the setting in which observed states are functions of a Markov chain. Notably,
the path dependencies pick up new contributions from non-Markovity. Also, knowledge
of distributions over latent states provides a thermodynamic advantage to Maxwellian

Demons.

7.10.2 Appendix B: Integral fluctuation theorems with auxiliary

variables

Recall that we quantify how much the auxiliary variable independently informs the state

sequence via the nonaveraged conditional mutual information:

. . Pr(?,7|7,HF)

EIEATIER S IEADCIENT

n Pr(?777?|“’F)
Pr(y, @, pup) Pr(3 |2, pr)

=1

Note that averaging over the input, state, and auxiliary sequences gives the familiar

conditional mutual information:

1
I[SON7 YE):N|X0!N7 I‘I’F] = <Z[ S, 7|?7 IJIF]>Pr(x0:N750:N7y0:N‘/JF) :

(Averaging over distributions is the same as being given the distribution, since the
distribution over distributions is assumed to be peaked at pp.)

Noting that:

eﬁWdiss+i(?§7|?7ﬂF)+\I] — 69+i(?;7|7,MF)+‘I’+(7F—’YR)

Pr(?a 77 7’.U‘F)
Pr(7, Tlper) Pr(s™ 15 X0, )
P, Y, 7 )
 Pr(Y, 7 |pe) Pr(5 W )
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where pugr = p(pr, ¥), we have the integral fluctuation theorem (IFT):

< e—ﬁwdiss—i(?;m?,uF)—W>
Pr(3, Y, 7 |pr)

_ - Pr(777|“1“) PI(?P},MR)
= 2 DT T T T e

= S Pr(T, ) Pr(5 T )
7

z
Z Pr(?, 7|HF) Z Pr(§|?, HR)
2,7 5

S Pr(Y, 7 ae)
7.7

u

=1.

Notably, this relation holds arbitrarily far from equilibrium and allows for the starting
and ending distributions to both be nonsteady-state. It is tempting to conclude that the

revised Second Law of Thermodynamics should read:
<Wdiss> Z _kBT I[gv ?l)?7 “’F] - <Qhk> ) (75())

which includes the effects of both irreversibility and conditional mutual information between
state-sequence and auxiliary sequence, given input-sequence. However, we expect that
(Quk) > 0, so Eq. is not the strongest bound derivable. Dropping ¥ from the
IF'T still yields a true equality, but the derivation runs differently since it depends on the
normalization of the conjugate dynamic. Although IFTs with W may be useful for other
reasons, it is the non-¥ IFTs that seems to yield the tighter bound for the revised Second

Laws of information thermodynamics without detailed balance.
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Chapter 8

Strongly Coupled Systems, Exact
Excess, and Renormalized

Housekeeping

8.1 Chapter Overview

When a small but complex thermodynamic agent (such as a biological macromolecule)
strongly couples with a structured stochastic environment, the joint interaction produces
an emergent dynamic of non-Markovian transitions among the agent’s conformational
states. With feedback and constant driving, the agent never has the chance to settle
even into one of its nonequilibrium steady states that would be induced asymptotically
by a particular environmental condition. On the surface, the situation seems intractable.
Nevertheless, we show that moments of the excess work and excess heat distributions can
be calculated exactly, directly from the spectrum and projection operators of the transition
rate operator of the joint dynamic. The average excess heat at one level of description
becomes the additional housekeeping heat to maintain the next level of description. This
framework naturally accommodates two-way feedback, highlighting the role of information
transduction in the stochastic thermodynamics of biologically relevant continuous-time

systems.
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8.2 Setup and Results

Let us consider a system-under-study (SUS) that transduces a dynamic environmental
signal, such that a particular setting of the environmental control vector ¥ € V induces a
particular stochastic transition-rate dynamic G($7SI19) over the states S of the SUS. The
random variable for the state of the SUS at time ¢ is S;, which can take on values s € S.
Specifically, we will consider a representation of G519 where GE‘Z?SW) = (5| G575 |/)
gives the v-dependent rate of transitioning from state s to state s’, given that the SUS is
in state s, where 5,5’ € S.

Let p be a probability distribution over the states & of the SUS. Given the instantaneous

environmental input ¢ € V, the instantaneous dynamic of the ensemble is thus given by:

d )
a, (S—87) 1
o (u] = (n| G , (8.1)

The environmental driving can be time dependent. Nevertheless if ¥ were constant,
then the linearity of Eq. (8.1) guarantees that there is a set of instantaneous modes of
decay to the control-dependent asymptotic probability distribution 7z over & induced by

fixing the control at ¢ for a sufficiently long time. L.e.:

<7Tg| G(SHSW) == <OG(S~>S\5)| G(S%Sm = 6 . (8.2)

§=81V) agsociated

In words, the stationary distribution 7y is the left eigenvector of G
with its index-one eigenvalue of 0, and we assume that each fixed ¢ induces a single
attractor. The steady-state distribution 7ty can either be an equilibrium steady state or a
nonequilibrium steady state; our formalism applies just as well in either case. Notably,

S=S19) associated with the zero eigenvalue is a column vector of

the right eigenvector of G
all ones denoted |0gs—si9) = |1).

In the special case where 8 is the set of energy eigenstates and G759 is a detail-
balanced dynamic, 7z is simply a state of thermodynamic equilibrium (rather than a
nonequilibrium steady state) and we expect that the equilibrium state has the familiar
Boltzmann distribution over energies: my(s) = (mwy|s) = e P Fs(8)=F) o =APs(s),

However, more generally, 7wz will correspond to a nonequilibrium steady state, where

the microscopic Hamiltonian may not be known and only effective energies can be inferred
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from the dynamics. In such a case, it is useful to utilize the steady-state surprisal ¢z of
steady-state thermodynamics [T08] 256] [163], [199]. The steady-state surprisal ¢y associated

with ¥ is defined via:
Ty = e %7 (8.3)

Le., ¢7 = —Inmy. Or, elementwise: ¢z(s) = — Inmy(s) for each s € 8. The nonequilibrium
potential replaces the need for an effective Hamiltonian as it plays the role of the asymptotic
surprisal of state occupation (‘surprisal’, sometimes referred to as ‘self-information’ is
the precursor to entropy; Shannon entropy is obtained from averaging surprisal over
states [46]) that would be induced under steady application of the effective Hamiltonian:
oz ~ BH gff + In Zz. Note that in addition to the effective Hamiltonian, the normalization
factor (which encodes the free energy in the case of equilibrium systems) is also subsumed
by the steady-state surprisal.

Whatever the environmental control protocol is as a function of time, the change in
steady-state surprisal breaks up into contributions of excess heat QQox and excess work

1

Wex [199]. In the isothermal setting, with inverse temperature = Tl their ensemble

averages can be found by:

A (ds) = / () dt = / (1lo) dt + / (lds) dt (8.4)

-~ -~

(Vex)=B(Qex) (Qex)=B{Wex)

This accounting is analogous to how net change of internal energy breaks up into contribu-
tions of total heat and total work.

The excess heat is the change in (kg7 x) steady-state surprisal due to a relaxation
of the system, with the effective energy levels held fixed. It is a heat in excess of the
housekeeping heat (Qy, which is needed to maintain the steady state): Q = Qunx + Qex.
Over any interval 7 during which the environmental input v and temperature 7' are
constant, the excess heat and average excess heat are simply Qo = kT (qbg(ST) — ¢{;(50))
and (Qux) = kT ((tr]65) — (1ol s)) respectively.

Excess work is the change in (kT x) steady-state surprisal due to a shift in the effective

energy levels, while they remain occupied. Over any short interval ¢ € [0, 7] during which
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the state Sy and temperature T are held fixed, the excess work and average excess work
are simply Wex = kT (¢3(r)(So) — ¢a(0)(So)) and (Wex) = kT ((teo|ds(r)) — (olda(0)))
respectively. In considering processes that transition between equilibrium states, the excess
work reduces to the work in excess of the free energy change: Wy, — W — (F{;(T) — Fg(o)).
The excess work is zero over any interval during which v is constant.

When temperature is varying or spatially inhomogeneous, it is more natural to skip over
the definitions of excess heat and excess work and simply account for entropy production. In
any case, we can always decompose the change in non-equilibrium potential into the excess
heat-entropy Uex and excess work-entropy (lex. From the viewpoint of the experimenter
in the environment, the useful quantity to emphasize is often the excess work-entropy

produced in driving the system:
Qex = AQbﬁ - Zjex . (85)

In general, the environmental control can be a deterministic or stochastic function of
the joint history (?, <v:) of system-state and prior control. Here, let us only consider the
case where the environmental control is an s-dependent stochastic process with a finite
number of settings (i.e., |V| is arbitrarily large but finite): the environment may change
its influence depending on the current state of the SUS. The s-dependent transition rates
among the environmental states can be described as another transducing rate operator:
GV=VI) | This allowance for feedback accommodates ‘intelligent’ environments, that take
advantage of the micro-structure of the SUS. For example, the dependence on the present
SUS state alone allows for most schemes of Maxwell’s demons that have become popular
gedanken experiments.

Note also that feedback occurs naturally in complex physical systems. For example, the
ensemble history of sodium ion channel conformations in mammalian neural membranes
determines the integrated Na® current that changes the membrane voltage that influences
the transition rates among conformations of the ion channels. In the case without s-
dependence, the system is simply driven without feedback. An example is voltage-clamped
driving of the membrane potential.

When the SUS and environment couple, each transduces the signal from the other to
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produce a joint process over a joint state-space Y = 8 X V = {(s,v)} ses equipped with
vEVY

the projective functions fs : U — S and f, : U — V. Transitions over the joint state

U—-U)

space are summarized by the joint transition rate matrix G = G¢ over the joint state

space, such that:

p
S—S|v V—-V|s if s=s’
G G e
G(V—}Vls) if s=s’
v’ and v#£v’
Gisw). (s 01) = . (8.6)
(S—8]v) if el
GS s' and v=v’
if s#£s’
0 and v#v’

\

A simple example construction is given in Fig. [8.1 If the environment behaves inde-
pendently of the state of the SUS, then the joint dynamic simplifies slightly since then
GV=Vls) = V=) for all s € S.

The joint dynamic has a spectral decomposition unique from either of the transducing
generators that go into building it. (Og| is the distribution over the joint state-space left
invariant to the joint time-evolution operator ™. Note that the restriction of (Og| to the
states Uy = {u € U : fz(u) = U} is not typically proportional to 7. However, since G is
still a transition-rate operator, |Og) is again a column vector of all ones which, with some
benign abuse of notation (due to differences in dimensionality), we will again denote as
I1).

It is now useful to introduce the infinitesimal excess heat-entropy matrix for the joint
system, which can be represented as a block-diagonal matrix. First, we introduce the

v-dependent infinitesimal heat-entropy matrices by the commutator:

PP _ [G15517, diag(00)ucs] - )

For example, the v-dependent infinitesimal heat-entropy matrix yields the expected
infinitesmal heat via: (u|8(B:Qp) |1) = (| [GS7SI9) diag(éy)] |1) dt = (fu|pg) dt, since
G280 1) = 0. However, the primary utility of the infinitesimal heat-entropy matrix is
in calculations of joint system—environment dynamics, especially for higher-order moments

of expected heat.
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Figure 8.1: Here we give a simple example to illustrate the construction of a joint dynamic
from system (Na' channel) and environment (experimenter with voltage control) that
each feed back on the other. Note that all self-transition rates are implied, but not shown
explicitly in hopes of maintaining a visibly palatable presentation. (a) An ion channel
makes transitions among its relevant conformational states & at rates that are dependent
on the voltage ¥V C R accross the cell membrane. This simple five-state model suggested in
Ref. [66] was inspired by experiments by Patlak in Ref. [I89]. There is only one molecular
conformation of the channel, indicated with solid green, in which sodium ions are allowed
to flow. States with red dots indicate the number of activation gates that are closed.
The final blocked state, indicated with the ®, is the conformation where the channel has
been plugged up by the ball-and-chain-like inactivation gate. (b) An experimenter can
clamp the membrane voltage to a desired value. In this simple scenario, an experimenter
toggles between two voltage-clamped membrane potentials ¥V = {v4,vg} at different rates
that depend on whether the ion channel is in a conducting conformation or not. (c¢) The
resulting joint dynamic is non-Markovian over & and non-Markovian over V; nevertheless it
is Markovian over the joint state-space U. The joint rate operator allows exact calculation
of excess thermodynamic quantities in terms of its spectral properties.
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The joint infinitesimal heat-entropy matrix can be constructed as the block diagonal

matrix:
- (6(B5Qp)
i1 = d1ag<7>ﬁev (8.8)
= diag([G® 71", diag(¢s)ses] ) oy, - (8.9)

Note that the operator II is constant in time.
Starting from any initial distribution over U, (1o, and assuming an isothermal setting
so that (Uex) = 5 (Qex), the first moment of the expected excess heat (per kgT') for the

SUS under the joint dynamic is:

B(Qex>—/OT (me| I |1) dt (8.10)
— (ol (/OT et dt)f]|1> (8.11)
= (ol (710) (05| + G (79 — 1)) 1T 1) (8.12)
= 7{0g| 11 |1) + ((n: = (mol)GPII 1) (8.13)

where GP is the Drazin inverse of the joint transition rate matrix G, and we have used
the fact that (ny|1) = 1 for any normalized 7y. Note that the first term on the RHS of
Eq. grows exactly linearly in time: (Og|II |1) is the rate of excess heat-entropy
production in the steady-state joint dynamic atop nonequilibrium steady states. The
second term on the RHS of Eq. accumulates only transient contributions to the
excess heat in the relaxation of the joint system to the joint steady state. Asymptotically,
as (n,;| — (Og| (if the joint dynamic has no exact periodicities), the transient contribution
saturates at — (no| GPIT [1).

In the steady-state of the joint process:

(Qex)

T

= (0g| IT |1) kgT (8.14)

for any finite interval 7. Excess heat is produced on average, which at first appears as a
contradiction. However, the average excess heat at one level of description becomes the

additional housekeeping heat to maintain the next level of description.
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Meanwhile, the second moment of the expected (non-renormalized) excess heat (per

(kgT)?) for the SUS under the steady-state joint dynamic is:
2 2) = ' .ex td ' 'ex t dt’ 8.15
# @2 = (| Qi) ([ (6Guear)) (8.15)
= [ [ {(6Gun(5Gue) it a (8.16)
-2 / (BQin)ol B ) i (5.17)

9 / 0| T 1T 1) dedt (8.18)
0

[en]

= 72 (0g| IT|1)* — 27 (0g| IIGPIT |1)
+2(0g| IIGP (e™ — I)GPIT |1) . (8.19)
As the duration 7 — oo, the last term on the RHS of Eq. (8.19) saturates to:
—2(0g| I1(GP)*IT [1).
The variance of excess heat in the steady state of the joint dynamic is, by var(Qey) =

Q%) — <Qex>2, therefore:

var(Qex) = —2(kpT)? (<og\ [IGPIT|1) 7

~{0g| 1167 (7 ~ 1)GPIT|1)) . (8.20)

This implies that the variance of excess heat per time in the steady-state joint dynamic
scales as:

% ~ 2 <Og| HgDH |1> (kBT)2 for 7 > |$’max . (8.21)

Above, |1/Ag|max is the time-constant of the slowest contributing mode of decay; specifically:
the inverse magnitude of the smallest-magnitude eigenvalue of G, besides 0, that contributes
o (0g| IIGPG\GPII |1).
We can recognize the RHS of Eq. as the solution of a Green—Kubo form, relating
the rate of growth of the variance of heat-entropy production in the steady-state of the
joint system—environment dynamic to the integral of autocorrelation of heat puffs in the

joint steady state:

—2(k;(%) ~ / ()W), — (1) dt (3.22)
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which is an approximate equality for 7 >> |1/Ag|max. Over long timescales (7 > |1/Ag|max):
the standard deviation of excess heat depends on integrated correlation, is proportional to
temperature, and is proportional to the square-root of the time elapsed. Analogous results
can be formulated for the excess work W, via the joint infinitesimal work-entropy matrix:
% = diag([GV7V), diag(én(s))sev])

Overall, these results support the broader notion that dissipation depends on the

structure of correlation.

8.2.1 Housekeeping renormalization of excess heat in hierarchi-

cal nonequilibrium steady states

In the steady-state of the joint process:

@T@J = (0g| IT (1) kT (8:23)

for any finite interval 7. Excess heat is produced on average, which at first appears as
a contradiction. However, the average excess heat at one level of description becomes
the additional housekeeping heat to maintain the next level of description. Hence, we
have found how to renormalize the housekeeping to obtain hierarchical thermodynamic

descriptions of a nonequilibrium system:

renorm) >

(Q — Q™Y 4 (0g| IT [1) ksT . (8.24)

At the next higher level of excess, the new excess heat will be that heat produced in
transitions among different joint dynamics. The renormalized excess heat contributions

will be of the form:

BAQE ™)y = ((n.| — (no|)GPII; |1) | (8.25)
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over any interval 7 where the joint dynamic is held fixed, and j now indexes the different

possible joint dynamics. Infinitesimally, this can be written as:

(renorm)

(renorm)\ __ : < €xX >
Bo(Qe"™™) = B lim ~———— (8.26)
= (0| G710 1) (8.27)
= (n|G,GP1I; |1) (8.28)

(add)

= () IL; 1) — B(Quc ) (8.29)

add)

where (Qhk( )y = (Og| IT |1) kT, and we have used the fact that G;GP =1 —10g,) (0g,|.

This suggests that the new heat-entropy matrix at the next hierarchical level of excess

will be:

Frtrenorm) _ diag([gj, g}’ﬁj])J , (8.30)
although the details are left for further exploration.

To summarize: When systems are strongly coupled with two-way feedback, it is often
desirable to change the level of description in one’s model, to treat the joint dynamic as
the status quo. Consequentially, the average excess heat at the former level of description
becomes the additional housekeeping heat to maintain the new level of description. Here, we
have described how to renormalize the housekeeping to obtain hierarchical thermodynamic
descriptions of a nonequilibrium system.

It would be worthwhile to apply this procedure recursively to a subsystem ‘driven’ by
the rest of the system it is strongly coupled with. This procedure, applicable far from
equilibrium, will likely have an interesting relationship with the standard renormalization

group methods of equilibrium statistical mechanics.

372



Chapter 9

Statistical-Computational
Mechanics: Thermodynamics from

Information-Theoretic Symmetries

9.1 Chapter Overview

We start from a well-supported definition of nonequilibrium thermodynamic entropy that
extends the accepted definitions of equilibrium entropy and steady state entropy of a
system. We point out that non-extensivity of entropy should be expected (whether in or
out of equilibrium) for two subsystems with strongly coupled degrees of freedom. Moreover,
we derive that this deviation from extensivity is precisely the mutual information between
the two subsystems. Indeed, the difficulty of calculating entropy for complex systems
stems from the fact that small subsystems are not independent.

We proceed to identify classes of information symmetries among the degrees of freedom
typical of physical systems in the thermodynamic limit of large system size. In doing so, we
develop a synthesis of statistical mechanics [I88] (the workhorse for deriving properties of
systems in thermodynamic equilibrium) and computational mechanics [55] (an information
theoretic framework for discovering and quantifying pattern)—a synthesis that yields
a practical mechanics for calculating thermodynamic properties of strongly interacting
systems arbitrarily far from equilibrium. In recognition of its two main ingredients, we

call this synthesis ‘Statistical-Computational Mechanics’.
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When the physical system is configured according to a stationary stochastic process,
we show that the thermodynamic entropy has contributions from both the Shannon
entropy rate of the observed pattern and the excess entropy required to synchronize to
this pattern. This result allows us to refine recent predictions for the synchronization cost
of energy-harvesting information ratchets. It also suggests a new approach to inferring the
thermodynamics of strongly interacting particles.

Even when the configurational degrees of freedom (or groupings of them) do not
constitute a stochastic process, we discuss how the much more general notion of conditional
stationarity (among system-specific groupings of degrees of freedom) can be used to infer
nonequilibrium entropy from the instantaneously observed pattern. As an example, this
can be adapted to show why and exactly how the Shannon entropy density of patterns in
Ising-like models in any dimension contribute to the nonequilibrium entropy.

Finally, we discuss how the utility of this theory breaks down for the nonequilibrium
thermodynamics of nanoscale and mesoscopic systems, where the thermodynamic limit is
invalid. We discuss how the excess entropy of small configuration becomes more important
and how the configurational entropy rate loses precedence to the entropy rate of the

dynamics.

9.2 Thermodynamic entropy

Quite generally, we can suppose that a physical system has N degrees of freedom at any
time ¢, with corresponding random variables X, (¢) for n € {0,1,..., N — 1}, where N
is arbitrarily large, but finite. The collection of these random variables Xo.y(t) is itself
a random variable. The entropy of Xy.n(¢) at any time—or equivalently, the entropy
of the high-dimensional joint distribution over the random variables for each degree of
freedom—is the thermodynamic entropy. More precisely, if an active environment is
capable of doing work on the system via some driving protocol Y_...,—where Y; may be a
vector of deterministic controls, e.g. (E (1), B (t)), or, more generally, a random variable

with M degrees of freedom Y5/ (t)—then it has been proposed [94, 234], 199] that the
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thermodynamic entropy of the system at any time ¢ is:
S = kgH [Pr(X0:N(t)|Y_OO:t)] , (9.1)

where HJ-] is the Shannon entropy of the distribution. Note that the subscripted index for
Y is not from the same domain as the subscripted index for X.

The above definition Eq. , in terms of degrees of freedom, is an equivalent but
more directly physical statement of the nonequilibrium entropy S than explicitly proposed
in Refs. [94], 234, 199]. In the case of NESSs, this nonequilibrium entropy reduces to the
steady-state entropy Sy as shown in Ref. [199], which has received strong validation as a
physically relevant quantity for steady states [108, 256l [163].

We use probability rather than probability density because each observable degree of
freedom has a measurable probability distribution by assumption of observability. This use
of discrete probabilities is in agreement with nearly all previous work in thermodynamics—
recall that even apparently continuous spatial and momentum coordinates are discretized
by atomic phase-volume units of Planck’s constant: h = dx dp.

The active environment may drive the system arbitrarily far from equilibrium, may
drive it quasistatically, or may not drive it at all; all three cases are addressed in this
unifying framework.

Let A,, be the state-space for the single-degree-of-freedom random-variable X,,. Then
At = UnNzlAn will be the net state-space for the system Xy.n at any instant. If the
boundary conditions are held fixed, such that Y; = y for all t > ¢;, then the system will
relax to the y-parametrized equilibrium distribution 7, over the state-space A,e. ILe.,
Xo.n(t) converges in probability to the random variable Xo.y(00) ~ 7, as t — oo if Y is
held fixed at y. The relevant timescale of relaxation depends on the system under study.

Insofar as actual probabilities are relevant to dynamical systems—which they are—we
propose that the general nonequilibrium entropy S is a physically relevant extension of the
equilibrium entropy Seq. It is easy to see that the general nonequilibrium entropy relaxes

to the equilibrium entropy when all external driving ceases to be dynamic, staying fixed
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at the value of Y (t) =y for all ¢ > 0:

lim S(t) = kgH|m,] (9.2)

t—o00

= Seq - (9.3)

Moreover, the difference in expected internal energy and (environmental temperature 7'
times) nonequilibrium entropy at any time yields a nonequilibrium free energy that is
greater than the reference equilibrium free energy at that time by the Kullback—Leibler

divergence:

Faaa(t) = ksT Dy, (Pr(onN(t)w_m) I m) , (9.4)

which is always non-negative.

9.3 Non-extensivity of entropy

It is easy to see that two sub-systems generally have non-extensive thermodynamic entropy,
whether or not they are in thermodynamic equilibrium. Let subsystem A be the collection
of degrees-of-freedom Xj.,, while subsystem B will be the complementary collection of

degrees-of-freedom X,.n. The joint system is A U B. Directly calculating, we find that:
S(A,B)=S(A)+ S(B) —1(A; B) . (9.5)

More explicitly, if we consider the disturbances to the joint system as a random variable
Y . rather than as a mere parameter, we find that the joint entropy discounts a conditional

mutual information between the subsystems from what would otherwise be an extensive

entropy:
S(A, B) = kgH(A, B|Y_oot) (9.6)
= kpH(A|Y_wt) + ksH(B|Y_0os) + I(A; B|Y_0ot) (9.7)
= S(A) + S(B) — I(A; B|]Y-_ocy) - (9.8)

Hence, whether in or out of equilibrium, the deviation from extensivity is precisely the

mutual information between two subsystems.
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Despite its simplicity, Eq. goes a long way towards explaining the basic physics
behind the recent resurgence of Maxwellian demonology, including new results affirming
the thermodynamic relevance of information in feedback control [113} 209], prediction [241],
and energy-harvesting ratchets [I53], [30]. For example, if system B is itself an autonomous
‘Maxwell’s demon’, then it can reduce the net entropy of the joint system A U B by
becoming more correlated with system A over timeH System B can then leverage this
information to extract work from system A at the cost of de-correlating from it. As
another interpretation (elaborating on Ref. [241]) if system B is a biological system while
system A is its structured environment, then system B can suppress entropy (locally) and
even harvest energy for itself by building a model of its environment and inferring the
current state of the environmentﬂ In each of these scenarios, Eq. suggests that the
two subsystems may become correlated through mutual experience induced by the larger
universe Y_...;. In such cases, the biological system may not need to exert its own efforts
to reap the thermodynamic rewards of being strongly correlated with system A. Visible
light, for example, may just bounce off of structured objects (tasty morsels, say) in the
surroundings, into an observer’s pupils by generosity of the beaming sun.

However, this non-extensivity of entropy will only be appreciable when the mutual
information among the degrees of freedom is comparable to the entropy of either sub-
system. There are three obvious scenarios that can lead to noticeable non-extensivity of

the entropy:

1. Strong interaction (and thus inter-dependence) between the degrees of freedom of

each subsystem
2. A large boundary between the two subsystems

3. Small system size—Or, at least, small subsystem size

'Doing so, however, will likely induce an increased entropy in some external system C due to overall
entropy balance of the universe.

2However, if B’s predictions are poor, then the two systems will become less correlated with time,
resulting in an increase in entropy that will correspond to dissipated work if the biological system is to
work to return to an enlightened predictive state.
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All three points are practical considerations, but condition (1) must be met to some extent
as a prerequisite for the other two conditions to matter. Indeed, the entropy is exactly
extensive when the two subsystems are statistically independent.

It is tempting to wonder whether the non-extensivity corresponds to Tsallis entropy [258]
or some other more general super-statistics (see, e.g., Ref. [16]). However, we find that the
claimed motivation (i.e., enabling non-extensive entropy) behind at least the Tsallis entropy
infuses confusion into the perceived source of extensivity in standard Statistical Mechanics,
as evidenced by much follow up work [40]. Extensivity does not follow from S.q = kgH|[m]
nor from the microcanonical specialization S;gicro = kglog (2, where 2 is the number of
microstates accessible to a system at fixed energy (and particle number and volume).
Rather, it is the assumption of statistical independence among degrees of freedom—the
assumption that Pr(X;X;) = Pr(X;) Pr(X;) for any X; € A and X; € B—that leads to
extensive entropy S(A, B) = S(A) + S(B). This assumption is related to the assumption
that energies are not shifted upon addition of new constituents to the system, which is
patently false when there are interactions. So, what is behind the intuition that entropy
is extensive? It is this: weak interactions lead to approximate statistical independence
which implies approximate extensivity of the entropy. Nevertheless, the works quoted
within Ref. [258] seem to have been written with a more acute awareness of this situation.
Despite these criticisms, super-statistics have the opportunity to play a constructive role for
understanding how non-equilibrium probability distributions project onto the equilibrium
probability distributions [I7, 52]. But this is distinct from enabling extensive entropy.

Non-extensivity, properly understood, is critical to understanding the complexity of a
system. Here, we have shown that this deviation from extensivity follows directly from
Eq. and is precisely the mutual information between two subsystems.

Moreover, it may be recognized that the non-additivity of entropy for small portions of
a system is exactly why statistical mechanics becomes difficult for complex systems! The
entropy of the 2-D Ising model is clearly not just the sum of the entropies for each spin. It
is the interdependencies (among degrees of freedom through the Hamiltonian) that reduce

total entropy in a nontrivial way as a function of system parameters.
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In the following, we exploit this utmost importance of mutual information and condi-

tional entropies to provide a new approach for thermodynamic calculations.

9.4 Instantaneously stationary processes of configu-

ration

If the number of degrees of freedom N for the system is very large—as expected explicitly
in the definition of ‘thermodynamic limit’—then {X,, },ep, ., can profitably be treated
as a stochastic process over the domain enumerating the degrees of freedom Dy ¢ =
{1,2,...,N}. If this process { X, }, is stationary, we can talk about the configurational

Shannon entropy rate h,({X,},) of the instantaneous configuration of the system:

Whether in or out of equilibrium, the total instantaneous thermodynamic entropy S(t) of

the system is given by:
() = H(Xox (8)]Y o) (9.10)
hu({X:}) + Z( (Xl Xow) = b (X)) (9.11)
h{X2) + Bl (9.12)

In the thermodynamic limit of large system size, the rightmost term converges to the

configurational excess-entropy:

Econfig = lim ED, (9.13)
where
N-1
Eg)\;)ﬁg = <H(XH‘X0TL) - hu({Xl}l)> . (914)
n=0

Furthermore, the configurational excess entropy of the system can be shown to be how

much one half of the system knows about the other half of the system:

ng)\;)ﬁg I(Xo: ny2p; X|vj2)n) - (9.15)
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As its name suggests, the configurational excess entropy is the excess thermodynamic
entropy incurred by not yet being synchronized to the X,, stationary process—the informa-
tion that would have been predictable if sufficiently many random variables had already
been analyzed in another part of the system. But alas, we must start observing somewhere.
This excess entropy may also be considered the cost of amnesia: supposedly, if you do not
keep track of some information about previous random variables, you may lose out on
discounting future statistical correlations.

It should be apparent from Eq. that the configurational excess entropy is the
non-extensive part of the thermodynamic entropy. In the thermodynamic limit, Econsg
will often become a negligible fraction of the total entropy. Although, notably, the
configurational excess entropy should be larger for systems with longer-range interactions.
At one extreme, for systems with zero entropy rate, the configurational excess-entropy will
constitute all of the system’s entropy.

Eq. is the first thermodynamic derivation that makes it clear why configurational
excess entropy can be used as a general order parameter for a system, as has been
previously suggested [88]. Near equilibrium critical points, while the entropy rate is
relatively insensitive to small changes of control parameters, the excess entropy peaks as
the system is overwhelmed with long-range correlations. Out of equilibrium, the excess
entropy is just as keen at detecting thermodynamically relevant changes in structure.

One important implication of Eq. is a rather practical one for calculating
thermodynamic quantities from data obtained from direct observation of nonequilibrium

systems:

We can calculate the nonequilibrium entropy of a system at any time, upon
any arbitrary history of driving, simply by calculating two computational-
mechanical properties of the present configuration: the configurational

entropy rate and the configurational excess entropy.

9.4.1 Demons and information reservoirs

In general, the total thermodynamic entropy of the system is the sum of both the

configurational entropy rate and the configurational excess entropy. For one, this sheds light
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on how the difference in Shannon entropy rates of configurations of symbols on input and
output strings can serve as a thermodynamic work resource, as recently discovered [162, 30].
In Ref. [30], it was shown that the asymptotic rate of work extraction by an ‘information

ratchet’ is bounded by:

N—oo
Indeed, it has been shown that the difference in entropy rates Ah,({X;};) is more fun-
damental than the differences in single-variable entropy AH(X;). Here, our work gives
a further testable prediction: When the total change in entropy is due to the change in
entropy of the bit string and the change in entropy of the heat bath, the total work that
can be extracted from a length-N bit string (not just the rate) must be bounded by:

W
= </ T dt> < NAR,({X:}i) + AEQ, - (9.17)

(N)

For most strings of appreciable length, AEconﬁg

~ AE onsg. In the isothermal setting, and

after appreciable length of the bit string has been transformed, this reduces to:
ﬁ <W> S NAh’u({Xz}z) + A]Econﬁg . (918)

In the thermodynamic limit, the rate of work extraction will asymptote to the constraint
given by Eq. . However, this modification by the change in configurational excess
entropy corresponds to the inevitable cost of synchronizing to an informational work
resource. A special case of such a synchronization cost was recently investigated in [29].
Supposing that the output can be transformed to an IID string, which would have no excess
entropy, our work suggests the general constraints on synchronization will cost the user at
least kg1 Econsg of un-usable work as a start-up cost to the asymptotic work-harvesting
rate.

The above bound on work extraction considered explicitly only the change in entropy of

the bit string AS(A) = NAh,({X;}) —I—AEEQBﬁg, before and after use. Implicit was also the
change in entropy of the heat bath AS(C'), before and after use, supposing that the heat
bath is structureless and thus uncorrelated with A such that AS(A,C) = AS(A)+AS(C).

Heat lost to the bath is assumed irrevocable.
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More generally, we should also consider the change in entropy within the demon’s
state-space, AS(B) and the change in correlation between the demon and the bit-string

AI(A; B). In the isothermal setting, the total work extractable will be:

B(W) < AS(A, B) (9.19)
= AS(A) + AS(B) — AI(A; B) (9.20)
= NAh,({X:}i) + AEQ) + AS(B) — Al(Xo; B) - (9.21)

This more thorough bound on work extraction implies that the disordering of the demon’s
‘mind’ can also be seen as a work resource, since the mind in addition to the bit string can be
disordered. This aspect of energy harvesting was recently discussed as the ‘thermodynamics
of memory’ in Ref. [3I]. On the other hand, if the mind becomes more ordered while
observing the bit string, then this will amount to less work harvested. This latter point
seems related to the cost of synchronization, which is the excess entropy of the input if the
demon’s mind corresponds approximately to a simplex with the stationary distribution over
bit-string states as a prior. Overall, this suggests that the demon’s model of the incoming
string has thermodynamic relevance. Minimal models allow greater work extraction. Start
states are better than start simplices. To summarize, here is pointwise how to mazimally

extract work:

e Change the entropy rate of the string from low entropy (ordered) to high entropy
(disordered) [Gain up to NkgTAh,, of work |

e Change the synchronization cost of the string from easily synchronizable (low E) to

hardly synchronizable (high E) [Gain up to AEcs, of work]

e Scramble the demon’s mind [Gain up to ASdemons of work |

mind

e Let the demon become less correlated with the bit string [Gain up to AI(Xo.n; B) of

work]

However, not each of these can be satisfied simultaneously. Moreover, each of the above

items become work detractors upon flipping the time ordering of the relevant change.
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Therefore, the engineering of Maxwellian demons will require optimizing the tradeoffs
given design constraints.

Often, groupings of the degrees of freedom constitute a stochastic process, even when
the full enumeration of them do not. We next show how symmetries of the Hamiltonian

suggest which groupings of random variables can be treated as particles.

9.5 Particles

9.5.1 Hamiltonians and ‘particles’

Even if the full enumeration of the degrees of freedom does not constitute a strictly
stationary process, we can often partition the random variables into degrees-of-freedom
packets called ‘particles’ to gain some further tractability. Indeed, we will take an
unconventional approach by defining different particle types as different equivalence classes
of groupings of random variables. In this view, non-interacting particles are independent
random variables. Interacting particles are dependent, but somehow symmetrized in their
interaction’| Often the the particles are indicated via symmetries of the Hamiltonian.

Suppose there are v degrees of freedom associated with each of the n particles; v =7
would be necessary for position, momentum, and spin-1/2 for a mobile particle in three
dimensions. Let the particles be the collection of random variables P; = X;..(;4+1),. Often,
{P;}; will be a strictly stationary process whereas {X,}, would be a cyclostationary
process. The configurational entropy rate and configurational excess entropy for the
particle configurations can now be used to calculate the total system entropy, analogous
to §[9.41

In equilibrium, the stochastic process for X, is specified by the equilibrium distribution
m,. For strongly interacting particles, the entropy of the system will be significantly lower

than for non-interacting particles of the same makeup—this is because of the partial

3The thoughtful reader will recognize that intrinsically identical particles cannot be treated as individual
random variables. Such a treatment would assert distinguishability from the outset. So how do we treat
identical particles? As always, the rigorous approach would be with the appropriate degrees of freedom!
In the case of identical particles with position, momentum, and spin in a finite volume, it is useful to
choose the degrees of freedom to be choices within each point of phase space: Occupied or not? If so,
what value of spin? At the surface, this looks like many additional degrees of freedom. Well, it is—but
each has much lower entropy. The theoretical move is akin to the so-called second-quantization. The net
result is the same in all comparable cases—i.e., when the particles are distinguishable.
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redundancy of certain degrees of freedom when they strongly influence each other. For
example, electrons that are close to each other have a significant bias in the probability of
their joint spin orientations due to the exchange interaction. Hence, strong interaction
implies h,({P;};) < H(P;) and S(t) < nkgH(P;(t)).

9.5.1.1 Hamiltonians with complete symmetry among particles

For Hamiltonians that treat each particle symmetrically—that the Hamiltonian is invariant
under the exchange of P; and P;—we find that Pr(P;) = Pr(FP;), Pr(P;|P;) = Pr(P;|P),
Pr(P,|P;, Pr,) = Pr(P;| P, Py) = Pr(DPy|P;, P;), and so on, for all 4, j, k,--- € {1,... ,n}; i #
j # k... so long as the particles are initially homogeneously distributed. Hence, resulting
configurations, even if the Hamiltonian is time-varying, will be stationary configuration

processes. Moreover, we then have:

S =H(P, Py,...,P) (9.22)
-y H(Fi| Pry) (9.23)

=0 .
< (n— OH(P|Pry) + > H(P|Py) (9.24)

i=0
for any ¢. We can use Eq. to put an upper bound on the entropy of any arbitrarily
strongly-interacting collection of particles with homogeneous initial conditions and time-
varying (but particle-symmetric) Hamiltonian.

A trivial (and extreme) case is for non-interacting particles, for which Pr(P;|P;) = Pr(F;)
for all 4, j. Then S = nkgH(P;), even for time-varying Hamiltonians as long as the particles

were started homogeneously and are acted on indifferently.

9.5.2 Instantaneously conditionally-stationary

configurational process

Much more general than the constraint of stationarity is the opportunity for conditional
stationarity among groupings of degrees of freedom. Multi-indices can be useful for
identifying conditional stationarity, especially if the model is explicitly multi-dimensional.

Conditional stationarity is a symmetry whereby conditional entropies are invariant

under a specified translation of multi-indices. Such circumstances are induced by the
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dynamics and indicate how the thermodynamic entropy can be obtained from observable

Shannon entropies of the configurational degrees of freedom.

9.6 Complexity of the Mesoscale

For nanoscale systems, we cannot justify approximations that require the thermodynamic
limit. As one consequence, if we continue to treat the joint state of the system as
a stochastic process over degrees of freedom, then the excess entropy—the predictable
information about the system—can now constitute a large fraction of the total entropy of
the system. However—in part because of this dominance of excess entropy—we may also
find that, without the thermodynamic limit, there is little utility in treating the different
degrees of freedom as elements of a stochastic process. Rather, we may choose simply to
treat the joint random variable Xg. on its own terms. In the mesoscopic regime—without
the aid of the thermodynamic limit, but also with more degrees of freedom than one can
easily handle simultaneously—we encounter theoretical justification for awkwardness in
analysis. Indeed, the difficulties encountered at the scale of macromolecules and molecular
machines is well known across many fields. However, the difficulty of analysis corresponds
to a rich intrinsic utility of the degrees of freedom. This is a scale at which number of
computations per degrees of freedom may be maximized because of the strong interaction

among all constituents.

9.7 Conclusion

According to Eq. , the ultimate quest of thermodynamics (with special difficulty
for nonequilibrium thermodynamics) is to identify the configurational stochastic process
{X}nep,,, induced by the driving history Y_..;. Combining the tools of both statistical
mechanics and computational mechanics, we wager optimism that we can analyze the

thermodynamics of many complex physical systems, even far from equilibrium.
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