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Efficiently harvesting thermodynamic resources requires a precise understanding of their struc-
ture. This becomes explicit through the lens of information engines—thermodynamic engines that
use information as fuel. Maximizing the work harvested using available information is a form of
physically-instantiated machine learning that drives information engines to develop complex predic-
tive memory to store an environment’s temporal correlations. We show that an information engine’s
complex predictive memory poses both energetic benefits and risks. While increasing memory facili-
tates detection of hidden patterns in an environment, it also opens the possibility of thermodynamic
overfitting, where the engine dissipates additional energy in testing. To address overfitting, we in-
troduce thermodynamic regularizers that incur a cost to engine complexity in training due to the
physical constraints on the information engine. We demonstrate that regularized thermodynamic
machine learning generalizes effectively. In particular, the physical constraints from which regular-
izers are derived improve the performance of learned predictive models. This suggests that the laws
of physics jointly create the conditions for emergent complexity and predictive intelligence.

Keywords: nonequilibrium thermodynamics, Maxwell’s demon, Landauer’s Principle, machine learning, gen-
eralization

I. INTRODUCTION

Modern machine learning has made remarkable ad-
vances mimicking our understanding of biological intel-
ligence by incorporating biology’s fundamental building
blocks, e.g., in the form of neural networks [1]. Similarly,
thermodynamics and statistical mechanics have made
considerable contributions to machine learning [2, 3].
Most recently, this has come to include proposals to di-
rectly use thermodynamic systems for machine learning
tasks [4, 5]. Meanwhile, thermodynamic concepts in ma-
chine learning found their way back to elucidating bi-
ological intelligence [6, 7]. This cross-fertilisation falls
in line with a larger concern about how biological intel-
ligence is embodied [8]. That is, the physicality of an
intelligent agent, as manifested through its environment
interactions, determines how it learns about the world.
In this way, it has been recognised that machine learning
and pattern recognition “can be viewed as two facets of
the same field” [9].

With this in mind, the following explores the thermo-
dynamics of pattern prediction by analyzing a learning
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agent who utilises information provided by its environ-
ment for the aim of maximal energy extraction. This
thermodynamic machine learning (TML) implements the
principle of maximum work production [10] that ex-
presses how thermodynamic efficiency is tied to optimal
prediction [11]. Specifically, selecting the model that har-
vests the most work from an information source is equiva-
lent to performingmaximum likelihood estimation (MLE)
on predictive models of data. This highlights the thermo-
dynamic roots of computational mechanics [12–14]—the
information theory of time-series prediction and struc-
tural complexity. While maximum work production is by
no means guaranteed in general nonequilibrium physical
processes [15], the equivalence between machine learning
and thermodynamic resource maximization does offer a
mechanism that drives the emergence of structural com-
plexity and intelligence.
Here, we explore the central role of model com-

plexity in thermodynamic machine learning by show-
ing that principles of prediction arise from simple phys-
ical principles—work maximization, autocorrection, and
model initialization. Therein, a concern arises about
overfitting which occurs in machine learning when a
model performs well on training data, but fails to effec-
tively predict further inputs (test data). In this case, the
estimated model is overly-specific to the training data
and does not generalize to further samples [16]. Over-
fitting is closely tied to high model complexity, because
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it often happens when the number of model parameters
exceed what is justified by a limited dataset.

In the thermodynamic setting, there is the (conversely)
related principle of requisite complexity which states that
an information engine must (at least) match the struc-
tural complexity of the environment to operate efficiently
[17]. In contrast, we have thermodynamic overfitting
which reflects a thermodynamic cost to excessively com-
plex models. Practically, this cost appears to prohibit
learning exceedingly large models that may exhibit “dou-
ble descent” [18] where a regime of improved learning oc-
curs as model complexity increases beyond the regime of
overfitting.

Paralleling the strategy in conventional machine learn-
ing, to mitigate overfitting we turn to regularization by
incurring a training penalty that reflects model com-
plexity [19, 20]. Specifically, we introduce a thermody-
namic regularizer : a thermodynamic cost to model com-
plexity that is proportional to the work that is dissi-
pated. Algorithmically, adding this regularizer results in
Bayesian updates of a predictive model’s edge-weights—
the weights that control the engine’s operation. We also
introduce a cost to autocorrect the engine’s predictive
states, which arises from starting in a uniform distribu-
tion over the engine’s memory states. The net result
is an effective regularization function—essentially, a new
complexity measure that quantifies the degree to which
different causal predictive states make different predic-
tions.

Notably, the following derives a thermodynamically-
based prediction algorithm that parallels many modern
machine learning methods for prediction. These include
reservoir computing [21], backpropagation through un-
rolling time in recurrent neural networks [22], and trans-
formers [23] which underlie the marked effectiveness of
modern large language models, such as ChatGPT.

To begin the development, the following section briefly
introduces thermodynamic machine learning from ba-
sic principles. Section III describes memory-constrained
work optimisation. We then characterize the perfor-
mance of information engines learned through maximum
work production by calculating the work production rate
for both training and test data. This leads to the follow-
ing main results:

1. We derive an exact expression for the asymptotic
work rate of the information engine in Thm. 1, re-
lating the engine’s estimated predictive model and
the true predictive model of the input process.

2. We greatly simplify the search for the maximum-
work engine by analytically deriving the engine pa-
rameters in Thm. 2.

3. We identify thermodynamic overfitting through di-
vergent dissipated work in Fig. 6.

4. We introduce thermodynamic regularizers that add
a cost to model complexity during training. This
results in thermodynamic learning that generalizes
and avoids overfitting; see Figs. 7 and 8.

Altogether, these results demonstrate that thermody-

namic principles spontaneously produce effective predic-
tive learning.

II. THERMODYNAMIC MACHINE LEARNING

Thermodynamic machine learning arises when a phys-
ical agent tries to extract energy from a complex, noisy
environment. Facing such an environment the agent pre-
dicts the environment’s behavior and then converts that
knowledge into useful work. This section describes the
salient aspects of this process. Here, the “agent” may
be understood as a version of Maxwell’s Demon [24–26]
confronted with correlated patterns.
The work value of information has been thoroughly ex-

plored since Szilard’s proposal of his eponymous informa-
tion engine [27] and the introduction of Landauer’s era-
sure principle [28]. In essence, given information-bearing
degrees of freedom characterised by a random variable Y
we may, on average, extract an amount of work upper-
bounded by Wext [29]:

βWext = ∆H ≡ H[Y ′]−H[Y ] (1)

by converting Y to an output random variable Y ′ under
coupling with an external heat bath at inverse tempera-
ture β. Here, H[Y ] = −∑

y∈Y Pr(Y = y) lnPr(Y = y)
is the Shannon entropy of random variable Y . For clar-
ity, Y is the physical system, y ∈ Y are realizations of
states from that system, and Y is the random variable
that determines the distribution over those system states
via {Pr(Y = y)}y∈Y .
We leave aside the ongoing investigation into the con-

ditions for saturating this relationship [30–32] and con-
sider a procedure that saturates the bound. The maximal
value for ∆H is attained by maximally randomizing Y ′

such that H[Y ′] = ln |Y|, where |Y| is the number of
distinct values that Y may take. An agent that fully ex-
tracts this maximal amount of work from an information
source Y is thermodynamically efficient, because it has
harvested all available free energy.
We can further decompose the average work extracted

by an efficient agent expressed in Eq. (1) into its single-
shot elements:

β ⟨W (y)⟩ = lnPr(Y = y) + ln |Y|. (2)

This quantifies the average extractable work from a prob-
abilistically occurring realization y in the maximum-
extraction limit of full randomization.

This is the necessary single-shot work extraction for an
efficient agent, because it must have zero total entropy
production ⟨Σ⟩ ≡ ⟨Q⟩/T + kB∆H = 0 on average and
therefore must also have zero fluctuations in entropy pro-
duction Σ(y) ≡ Q(y)/T + kB ln

py

|Y| = 0 [10, 33]. Here,

Q/T is the entropy change in the environment due to
heat Q and ∆H is the change in entropy of the sys-
tem Y, which together account for the total entropy pro-
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duced Σ [34, 35].
In the case where the process transforms an infor-

mation reservoir, the system starts and ends in an en-
ergetically degenerate configuration such that the work
production and heat are equal with opposite signs. To
minimize the entropy production when harvesting energy
from Y through a quasistatic protocol, the probability of
each outcome must be encoded in the initial energy land-
scape [10, 36]. The parameters of an agent’s estimated
input are explicitly encoded in its evolving energy land-
scape.

Here, we are here interested in the situation where
Y represents a stochastic process taking values y0:L ≡
y0y1 · · · yL−1 generated by a model θ with probability:

Pr(Y θ
0:L = y0:L). (3)

That is, we consider sequences of length L, indicated by
subscript 0 : L. The work extracted by an efficient agent
is then a specific case of Eq. (2) with Y = Y θ

0:L [10, 37]:

β⟨W θ(y0:L)⟩ = lnPr(Y θ
0:L = y0:L) + L ln |Y|, (4)

However, there is an important conceptual addition.
To extract work from Y θ

0:L, the agent must interact with
each element in sequence. Thus, the agent cannot estab-
lish a simultaneous energy landscape over all elements.
Instead, the engine requires a memory system X that
tracks what has already been observed in the sequence
such that it can make optimal estimates of the next in-
put. A work extraction device that has access to such an
internal memory is called an information engine. Such a
device is a type of information ratchet [38, 39], a physi-
cally instantiated type of stochastic Turing machine, also
known as a “Brownian computer” [40]. Figure 1 pro-
vides an illustration. Specifically, an information engine
is a ratchet whose functionality is reduced to maximally
randomizing the outputs while storing all relevant corre-
lations in the machine memory.

Thermal 
Reservoir Q MassWX

Yj
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Inputs Outputs

FIG. 1. An information engine: A physical device that can
maximize work production using correlations on an informa-
tion tape. It transforms an input sequence Y0:L to an out-
put sequence Y ′

0:L while exchanging energy between a work
reservoir (represented by the mass on a string) and thermal
reservoir at inverse temperature β = 1/kBT . The input Yj

and output Y ′
j are stored in the physical system Yj .

Faced with the output of a stochastic process P, a
thermodynamic agent must find a good process model θ
among a candidate family of models Θ. Denoting a given
model θ’s output distribution as Y θ

0:L, the likelihood of θ
being the generator of a sequence y0:L is:

ℓ(θ|y0:L) ≡ Pr(Y θ
0:L = y0:L) . (5)

To learn a model of he process P the agent may then
employ maximum-likelihood estimation (MLE) to select
the model θ that maximizes the likelihood:

ΘMLE(y0:L) = argmax
θ∈Θ

ℓ(y0:L|θ). (6)

MLE is one of the most general techniques in machine
learning. The resulting estimated distribution can be
used for a variety of other learning tasks, including clas-
sification [41].
Next, let’s consider in more detail how the agent mod-

els the process from which work is to be extracted. Note
that generally any such process can be described by a
hidden Markov model (HMM). Likewise, as the agent ob-
serves the process it must build its own model of the
process. To minimize dissipation the information en-
gine’s memory must use the predictive states of the input
process [17]. The agent’s memory dynamics and energy
landscape directly match a predictive model of Y θ

0:L [10].
The agent’s task is thus to match its internal model to
the process’ true model.
A HMM is defined by hidden states s and transitions

between them according to the probabilities:

T
(y)
s→s′ ≡ Pr(Yi = y, Si+1 = s′|Si = s), (7)

outputting a symbol y with the transition. Here, Yi and
Si label the random variables corresponding to the out-
put symbol and hidden state, respectively. y, s, s′ denote
their realizations.
There are many ways to predictively model a time se-

ries Y0:L. Among different procedures we choose mini-
mal, predictive HMMs called ϵ-machines; see App. A
along with examples there. For a given process there is
no alternative predictive HMM that requires fewer hid-
den states and ϵ-machines are sufficient for describing any
stochastic process giving rise to it [13], even if nonstation-
ary [10, 42]. In addition, they provide a prescription for
designing an information engine that harvests all avail-
able free energy from that process [17]. Thus, we choose
our set of candidate models Θ ≡ {θ} to be a subset of
the class of ϵ-machines.
Finding the engine that produces the most work from

given data is then equivalent to finding the engine whose
model produces that information with maximum likeli-
hood. Thus, as illustrated in Fig. 2 thermodynamic ma-
chine learning is equivalent to maximum likelihood es-
timation over predictive models [10]. The input system
encodes data, the information engine contains a model,
and the performance of that engine (work production)
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FIG. 2. Equivalence of thermodynamic machine learning and
maximum likelihood estimation over predictive models. 1)
MLE: Data (input information) is a realization of a random
variable, such as a sequence of bits. TML: information is real-
ized within a physical system, such as particles in partitioned
boxes, each of which encodes a bit. 2) MLE: A model of the
input information specifies the estimated probability of real-
izing data. TML: An efficient demon, agent, or controller of
the physical system that contains the input information must
have an internal model of its estimated input. 3) MLE: The
performance of the model for a particular input data is given
by the log-likelihood. TML: The performance of the efficient
agent is measured by work production. The latter is linearly
related to the log-likelihood. MLE and TML are equivalent
estimation processes.

scales proportionally to the log-likelihood. As illustrated
in Fig. 4, when performing thermodynamic learning on
a collection of engines with models Θ, we denote the
maximum-work model for input y0:L:

Θmax(y0:L) ≡ argmax
θ∈Θ

⟨W θ(y0:L)⟩. (8)

The equivalence between TML and MLE means that
the inferred models from both learning strategies are the
same:

Θmax(y0:L) = ΘMLE(y0:L). (9)

Finally, ϵ-machines can model any process and yield
the same work production as any predictive model, mean-
ing that it is sufficient to limit our model class Θ to them.
As described in App. A and Fig. 3, such machines are
described by a causal update map on the hidden states
(also called predictive states):

Si+1 = ϵ(Yi, Si), (10)

and edge-weights:

θ(y|s) = Pr(Yi = y|Si = s). (11)

These are the explicit parameters we must explore
through training [43]. The memory of the engine X
is a direct copy of its model’s predictive state space

S = {A, B}
<latexit sha1_base64="8Orx7Tl7j2e2/ayAiMiTsaputHk=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgQkpSBd0oVTcuK9oHNKFMppN26GQSZiZCCPFX3LhQxK0f4s6/cdJmoa0HBg7n3Ms9c7yIUaks69soLS2vrK6V1ysbm1vbO+buXkeGscCkjUMWip6HJGGUk7aiipFeJAgKPEa63uQm97uPREga8geVRMQN0IhTn2KktDQwq06A1Bgjlt5nF056dXztZAOzZtWtKeAisQtSAwVaA/PLGYY4DghXmCEp+7YVKTdFQlHMSFZxYkkihCdoRPqachQQ6abT8Bk81MoQ+qHQjys4VX9vpCiQMgk8PZlHlfNeLv7n9WPln7sp5VGsCMezQ37MoAph3gQcUkGwYokmCAuqs0I8RgJhpfuq6BLs+S8vkk6jbp/UG3enteZlUUcZ7IMDcARscAaa4Ba0QBtgkIBn8ArejCfjxXg3PmajJaPYqYI/MD5/AE1flIY=</latexit>

Y = {0, 1}
<latexit sha1_base64="8IdtWWsdCW8Vg+Tgy9elMO+odnA=">AAAB/HicbVDLSsNAFL2pr1pf0S7dBIvgQkpSBd0oBTcuK9iHNKFMppN26GQSZiZCCfFX3LhQxK0f4s6/cdJmoa0HBg7n3Ms9c/yYUals+9sorayurW+UNytb2zu7e+b+QUdGicCkjSMWiZ6PJGGUk7aiipFeLAgKfUa6/uQm97uPREga8Xs1jYkXohGnAcVIaWlgVt0QqTFGLH3IrtzUPnXcbGDW7Lo9g7VMnILUoEBrYH65wwgnIeEKMyRl37Fj5aVIKIoZySpuIkmM8ASNSF9TjkIivXQWPrOOtTK0gkjox5U1U39vpCiUchr6ejKPKhe9XPzP6ycquPRSyuNEEY7nh4KEWSqy8iasIRUEKzbVBGFBdVYLj5FAWOm+KroEZ/HLy6TTqDtn9cbdea15XdRRhkM4ghNw4AKacAstaAOGKTzDK7wZT8aL8W58zEdLRrFThT8wPn8AIr+Uag==</latexit>

s⇤ = A
<latexit sha1_base64="9JcxzyOOnwUhN4eZinLNtHLeJjw=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBHEQ9mtgl6UihePFdy20K4lm2bb0Gx2SbJCWfobvHhQxKs/yJv/xrTdg7Y+GHi8N8PMvCARXBvH+UZLyyura+uFjeLm1vbObmlvv6HjVFHm0VjEqhUQzQSXzDPcCNZKFCNRIFgzGN5O/OYTU5rH8sGMEuZHpC95yCkxVvL04+nVTbdUdirOFHiRuDkpQ456t/TV6cU0jZg0VBCt266TGD8jynAq2LjYSTVLCB2SPmtbKknEtJ9Njx3jY6v0cBgrW9Lgqfp7IiOR1qMosJ0RMQM9703E/7x2asJLP+MySQ2TdLYoTAU2MZ58jntcMWrEyBJCFbe3YjogilBj8ynaENz5lxdJo1pxzyrV+/Ny7TqPowCHcAQn4MIF1OAO6uABBQ7P8ApvSKIX9I4+Zq1LKJ85gD9Anz8DF44l</latexit>

✓ = {S, Y, s⇤, {✓(y|s)}y2Y,s2S , {✏(y, s)}y2Y,s2S}
<latexit sha1_base64="4wM07zk4fTDbW3pRmuSRrjvAFXc="></latexit>

✓(1|A) = 0.5, ✏(1, A) = A
<latexit sha1_base64="GjonQWaEj7MqyTjOzuVfTGQ820g=">AAACFHicbVA9SwNBEN3z2/gVtbRZDEKCIdz5gTZKgo1lBKOBXAh7m4lZ3Ns7dufEcOZH2PhXbCwUsbWw89+4iSnU+GDg8d4MM/OCWAqDrvvpTExOTc/Mzs1nFhaXlleyq2sXJko0hxqPZKTrATMghYIaCpRQjzWwMJBwGVyfDPzLG9BGROocezE0Q3alREdwhlZqZbd97AKyvHdXKdAj6pb2qY9wi2mR9qkPsREyUnmvWCkcVVrZnFtyh6DjxBuRHBmh2sp++O2IJyEo5JIZ0/DcGJsp0yi4hH7GTwzEjF+zK2hYqlgIppkOn+rTLau0aSfSthTSofpzImWhMb0wsJ0hw6756w3E/7xGgp3DZipUnCAo/r2ok0iKER0kRNtCA0fZs4RxLeytlHeZZhxtjhkbgvf35XFysVPydks7Z3u58vEojjmyQTZJnnjkgJTJKamSGuHknjySZ/LiPDhPzqvz9t064Yxm1skvOO9fzM2bgg==</latexit>

✓(0|A) = 0.5, ✏(0, A) = B
<latexit sha1_base64="9vHtbujsrY594rsvp7WRfEIf1uY=">AAACFHicbVDJSgNBEO1xN25Rj14ag5CghJmo6EVxuXiMYDSQCaGnUzFNenqG7hoxjPkIL/6KFw+KePXgzb+xsxzcHhQ83quiql4QS2HQdT+dsfGJyanpmdnM3PzC4lJ2eeXSRInmUOGRjHQ1YAakUFBBgRKqsQYWBhKugs5p37+6AW1EpC6wG0M9ZNdKtARnaKVGdtPHNiDLu3fHBXpA3eIu9RFuMd2iPepDbISMVN7dOi4cnDSyObfoDkD/Em9EcmSEciP74TcjnoSgkEtmTM1zY6ynTKPgEnoZPzEQM95h11CzVLEQTD0dPNWjG1Zp0lakbSmkA/X7RMpCY7phYDtDhm3z2+uL/3m1BFv79VSoOEFQfLiolUiKEe0nRJtCA0fZtYRxLeytlLeZZhxtjhkbgvf75b/kslT0toul853c0eEojhmyRtZJnnhkjxyRM1ImFcLJPXkkz+TFeXCenFfnbdg65oxmVskPOO9fyyGbgQ==</latexit>

✓(0|B) = 1.0, ✏(0, B) = A
<latexit sha1_base64="KVl8T4iwlRmw++NlgmYBayK6j38=">AAACFHicbVA9SwNBEN3zM8avqKXNYhASlHAXBW0iURtLBaNCLoS9zcQs2ds7dufEcOZH2PhXbCwUsbWw89+4iSnU+GDg8d4MM/OCWAqDrvvpTExOTc/MZuay8wuLS8u5ldULEyWaQ41HMtJXATMghYIaCpRwFWtgYSDhMugeD/zLG9BGROocezE0QnatRFtwhlZq5rZ87ACygnt3VKQV6pVc6iPcYrpN+9SH2AgZqYK7fVSsHDZzebfkDkHHiTcieTLCaTP34bcinoSgkEtmTN1zY2ykTKPgEvpZPzEQM95l11C3VLEQTCMdPtWnm1Zp0XakbSmkQ/XnRMpCY3phYDtDhh3z1xuI/3n1BNv7jVSoOEFQ/HtRO5EUIzpIiLaEBo6yZwnjWthbKe8wzTjaHLM2BO/vy+Pkolzydkrls9189WAUR4askw1SIB7ZI1VyQk5JjXByTx7JM3lxHpwn59V5+26dcEYza+QXnPcvxlObfg==</latexit>

✓(1|B) = 0.0, ✏(1, B) = B
<latexit sha1_base64="6KOqr4oJSyqGlVj5o9dRZ9F6feY=">AAACFXicbVDLSgMxFM34rPVVdekmWIQWSpmpgm4qpW5cVrAqdErJpLdtMJMZkjtiGfsTbvwVNy4UcSu4829Maxe+DgQO55zLzT1BLIVB1/1wZmbn5hcWM0vZ5ZXVtfXcxua5iRLNockjGenLgBmQQkETBUq4jDWwMJBwEVwdj/2La9BGROoMhzG0Q9ZXoic4Qyt1ciUfB4Cs4N3Wi7RK3bJLfYQbTEt0RH2IjZCRKnilerFK651c3gYmoH+JNyV5MkWjk3v3uxFPQlDIJTOm5bkxtlOmUXAJo6yfGIgZv2J9aFmqWAimnU6uGtFdq3RpL9L2KaQT9ftEykJjhmFgkyHDgfntjcX/vFaCvcN2KlScICj+taiXSIoRHVdEu0IDRzm0hHEt7F8pHzDNONois7YE7/fJf8l5peztlSun+/na0bSODNkmO6RAPHJAauSENEiTcHJHHsgTeXbunUfnxXn9is4405kt8gPO2ycsUpuq</latexit>

A B1 : ✓(1|A)

0 : ✓(0|A)

0 : ✓(0|B)

FIG. 3. Example ϵ-machine: The Even Process with start
state A is described by θ, which is composed of the causal
states S, outputs Y, start state s∗, topology Si+1 = ϵ(Yi, Si),
and edge-weights θ(Yi|Si). The Even Process produces se-
quences of zeros in even numbers. The hidden states evolve
according to ϵ(0, A) = B, ϵ(1, A) = A, ϵ(0, B) = A, and
transitions are taken with probabilities given by the edges
weights θ(1|A) = 0.5, θ(0|A) = 0.5, and θ(0|B) = 1.0. Out-
putting a 0 from B has zero probability θ(1|B) = 0.0, so we
leave ϵ(0, B) undefined. In this case, we chose the start state
s∗ = A. Altogether, we can describe this model with the set
θ = {S,Y, s∗, {θ(y|s)}y∈Y,s∈S , {ϵ(y, s)}y∈Y,s∈S}.

S. Once the maximum work model is found, we eval-
uate its complexity as the size of the engine’s memory:
C = ln |S| = ln |X |.

III. CONSTRAINED MEMORY WORK
MAXIMIZATION

Starting from the equivalence between work maximiza-
tion and MLE, the following details an algorithm for dis-
covering predictive models of training data y0:L via TML.
The class of ϵ-machines is a particularly appropriate
model class for learning as they can produce any process
Pr(Y0:∞) given sufficiently many memory states (causal
states) through the causal equivalence relation [12, 14].
Since ϵ-machines are the most general model class, po-
tentially any pattern is discoverable via TML.
However, the extreme generality of ϵ-machines comes

with a downside in learning. For any sequence y0:L ϵ-
machines include the process that produces it with unit
probability. This means that if we allow our engine arbi-
trarily large memory n = |X |, we can trivially maximize
work production W θ(y0:L). This corresponds to simply
storing the training data in the engine’s memory, rather
than trying to discover the underlying pattern. In this
case, any other word besides the training word would be
expected with zero likelihood, making this the extreme
limit of overfitting. This limiting case demonstrates that
there are learning algorithms for which double-descent
[18] does not apply. Moreover, it is natural to constrain
memory, because it is an informational resource.
We consider the maximum-work model from the set

Θn of ϵ-machines with n predictive states. This means
that the engine is limited to n memory states:

Θmax
n (y0:L) ≡ argmax

θ∈Θn

⟨W θ(y0:L)⟩. (12)
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y0:L
<latexit sha1_base64="Bn2mBDIJT3yhcvNxVDGImyJkljo=">AAAB7nicbVA9SwNBEJ3zM8avqKXNYhCswl0UFKugjYVFBPMByRH2NnvJkr29Y3dOCEd+hI2FIrb+Hjv/jZvkCk18MPB4b4aZeUEihUHX/XZWVtfWNzYLW8Xtnd29/dLBYdPEqWa8wWIZ63ZADZdC8QYKlLydaE6jQPJWMLqd+q0nro2I1SOOE+5HdKBEKBhFK7XGvcy9vp/0SmW34s5AlomXkzLkqPdKX91+zNKIK2SSGtPx3AT9jGoUTPJJsZsanlA2ogPesVTRiBs/m507IadW6ZMw1rYUkpn6eyKjkTHjKLCdEcWhWfSm4n9eJ8Xwys+ESlLkis0XhakkGJPp76QvNGcox5ZQpoW9lbAh1ZShTahoQ/AWX14mzWrFO69UHy7KtZs8jgIcwwmcgQeXUIM7qEMDGIzgGV7hzUmcF+fd+Zi3rjj5zBH8gfP5A+pej0o=</latexit>

a)
<latexit sha1_base64="9RR2EpUXe9GyHwPVw7YLX+t5W5U=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6xHHC/YgOlAgFo2ilB3reK5XdijsDWSZeTsqQo94rfXX7MUsjrpBJakzHcxP0M6pRMMknxW5qeELZiA54x1JFI278bHbphJxapU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDaz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpyiDcFbfHmZNKsV76JSvb8s127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDygjjRw=</latexit>

s⇤

A B

1 : 0.5 0 : 0.5

0 : 1.0

1 : 1.0

A0 : bP 1 : 1� bPb✓<latexit sha1_base64="mYHlqXAZ2AvsUS9u3vcSjB1Zt1Y=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTtDv4Ygj7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QMYrZAB</latexit>

y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

A0 : bP 1 : 1� bPb✓<latexit sha1_base64="mYHlqXAZ2AvsUS9u3vcSjB1Zt1Y=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTtDv4Ygj7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QMYrZAB</latexit>

s⇤

A B

1 : 0.5 0 : 0.5

0 : 1.0

1 : 1.0

⇥ = {✓}
<latexit sha1_base64="RTH4iUPBxIR5xVDhimmTwbSTP5A=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0M1gEVyWpgm6EohuXFXqDJpTJdNIOnUzCzIkQQn0VNy4UceuDuPNtnLZZaOsPAx//OYdz5g8SwTU4zre1tr6xubVd2inv7u0fHNpHxx0dp4qyNo1FrHoB0UxwydrAQbBeohiJAsG6weRuVu8+MqV5LFuQJcyPyEjykFMCxhrYFa81ZkBuvBx7MCPsTQd21ak5c+FVcAuookLNgf3lDWOaRkwCFUTrvusk4OdEAaeCTcteqllC6ISMWN+gJBHTfj4/forPjDPEYazMk4Dn7u+JnERaZ1FgOiMCY71cm5n/1fophNd+zmWSApN0sShMBYYYz5LAQ64YBZEZIFRxcyumY6IIBZNX2YTgLn95FTr1mntRqz9cVhu3RRwldIJO0Tly0RVqoHvURG1EUYae0St6s56sF+vd+li0rlnFTAX9kfX5AwemlF4=</latexit>

b)
<latexit sha1_base64="Tfd0Tp8CRxO49Qatqb9PR9su2yA=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0EJz3SmW34s5AlomXkzLkqPdKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZpdOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymb5M+V8iMGFtCmeL2VsKGVFFmbDhFG4K3+PIyaVYr3kWlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPHymojR0=</latexit>

MassW

MassW

MassW

s⇤

A B

1 : 0.5 0 : 0.5

0 : 1.0

1 : 1.0

y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

A0 : bP 1 : 1� bPb✓<latexit sha1_base64="mYHlqXAZ2AvsUS9u3vcSjB1Zt1Y=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3bpZhN3J0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2ilTtDv4Ygj7ZcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fja/d0rOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms+fJQGjOUE4soUwLeythI6opQxtRyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjCQ8Ayv8OY8Oi/Ou/OxaC04+cwx/IHz+QMYrZAB</latexit>

10101010

10101010

10101010

hW ✓1(y0:L)i
<latexit sha1_base64="G9Mc4SXjPFEt4lYEWCIYovMYrsg=">AAACDnicbVA9SwNBEN3zM8avqKXNYghoE+5UUKyCNhYWEcwH5OKxt5kki3t7x+6cEI78Ahv/io2FIrbWdv4bNx+FRh8MPN6bYWZemEhh0HW/nLn5hcWl5dxKfnVtfWOzsLVdN3GqOdR4LGPdDJkBKRTUUKCEZqKBRaGERnh3MfIb96CNiNUNDhJoR6ynRFdwhlYKCiVfMtWTQBu3mY99QBZ4w/1BkLlnV8MD6uuxGxSKbtkdg/4l3pQUyRTVoPDpd2KeRqCQS2ZMy3MTbGdMo+AShnk/NZAwfsd60LJUsQhMOxu/M6Qlq3RoN9a2FNKx+nMiY5Exgyi0nRHDvpn1RuJ/XivF7mk7EypJERSfLOqmkmJMR9nQjtDAUQ4sYVwLeyvlfaYZR5tg3obgzb78l9QPy95R+fD6uFg5n8aRI7tkj+wTj5yQCrkkVVIjnDyQJ/JCXp1H59l5c94nrXPOdGaH/ILz8Q0s1JuL</latexit>

hW ✓0(y0:L)i
<latexit sha1_base64="J53v1YJF21FVMVN9XpLCsW0JpyE=">AAACDnicbVA9SwNBEN3zM8avqKXNYgjEJtxFQbEK2lhYKBgj5OKxt5kkS/b2jt05IRz5BTb+FRsLRWyt7fw3bmIKTXww8Hhvhpl5YSKFQdf9cubmFxaXlnMr+dW19Y3Nwtb2jYlTzaHOYxnr25AZkEJBHQVKuE00sCiU0Aj7ZyO/cQ/aiFhd4yCBVsS6SnQEZ2iloFDyJVNdCbRxl/nYA2SBOywPgsw9uRjuU1+P3aBQdCvuGHSWeBNSJBNcBoVPvx3zNAKFXDJjmp6bYCtjGgWXMMz7qYGE8T7rQtNSxSIwrWz8zpCWrNKmnVjbUkjH6u+JjEXGDKLQdkYMe2baG4n/ec0UO8etTKgkRVD8Z1EnlRRjOsqGtoUGjnJgCeNa2Fsp7zHNONoE8zYEb/rlWXJTrXgHlerVYbF2OokjR3bJHikTjxyRGjknl6ROOHkgT+SFvDqPzrPz5rz/tM45k5kd8gfOxzcrPpuK</latexit>

hW ✓2(y0:L)i
<latexit sha1_base64="03njNnkB74k3oWk3IeWjxA3D4gc=">AAACDnicbVA9SwNBEN3zM8avqKXNYhC0CXdRUKyCNhYWEcwH5OKxt5kki3t7x+6cEI78Ahv/io2FIrbWdv4bNx+FRh8MPN6bYWZemEhh0HW/nLn5hcWl5dxKfnVtfWOzsLVdN3GqOdR4LGPdDJkBKRTUUKCEZqKBRaGERnh3MfIb96CNiNUNDhJoR6ynRFdwhlYKCvu+ZKongTZuMx/7gCwoDw8GQeaeXQ0Pqa/HblAouiV3DPqXeFNSJFNUg8Kn34l5GoFCLpkxLc9NsJ0xjYJLGOb91EDC+B3rQctSxSIw7Wz8zpDuW6VDu7G2pZCO1Z8TGYuMGUSh7YwY9s2sNxL/81opdk/bmVBJiqD4ZFE3lRRjOsqGdoQGjnJgCeNa2Fsp7zPNONoE8zYEb/blv6ReLnlHpfL1cbFyPo0jR3bJHjkgHjkhFXJJqqRGOHkgT+SFvDqPzrPz5rxPWuec6cwO+QXn4xsuapuM</latexit>

c)
<latexit sha1_base64="iIMZXI8VeklXy8ZSg669iUbih98=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6xHHC/YgOlAgFo2ilB3beK5XdijsDWSZeTsqQo94rfXX7MUsjrpBJakzHcxP0M6pRMMknxW5qeELZiA54x1JFI278bHbphJxapU/CWNtSSGbq74mMRsaMo8B2RhSHZtGbiv95nRTDaz8TKkmRKzZfFKaSYEymb5O+0JyhHFtCmRb2VsKGVFOGNpyiDcFbfHmZNKsV76JSvb8s127yOApwDCdwBh5cQQ3uoA4NYBDCM7zCmzNyXpx352PeuuLkM0fwB87nDystjR4=</latexit>

y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

⇥max(y0:L)
<latexit sha1_base64="5ivZAp1V3auJAgTctk2qn8WE0Ww=">AAACA3icbVDJSgNBEO2JW4xb1JteBoMQL2EmCoqnoBcPHiJkg0wMPZ1K0qRnobtGMgwBL/6KFw+KePUnvPk3dpaDJj4oeLxXRVU9NxRcoWV9G6ml5ZXVtfR6ZmNza3snu7tXU0EkGVRZIALZcKkCwX2oIkcBjVAC9VwBdXdwPfbrDyAVD/wKxiG0PNrzeZczilpqZw+cSh+Q3jsIQ0w8Ohzl43ZiXd6OTtrZnFWwJjAXiT0jOTJDuZ39cjoBizzwkQmqVNO2QmwlVCJnAkYZJ1IQUjagPWhq6lMPVCuZ/DAyj7XSMbuB1OWjOVF/TyTUUyr2XN3pUeyreW8s/uc1I+xetBLuhxGCz6aLupEwMTDHgZgdLoGhiDWhTHJ9q8n6VFKGOraMDsGef3mR1IoF+7RQvDvLla5mcaTJITkieWKTc1IiN6RMqoSRR/JMXsmb8WS8GO/Gx7Q1Zcxm9skfGJ8/yiCXmQ==</latexit>

d)
<latexit sha1_base64="MaxM/I+JdjiHgUc7n7sfBBAYRzs=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDabTbt0swm7E6GU/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKUw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmiTTjDdYIhPdDqjhUijeQIGSt1PNaRxI3gqGt1O/9cS1EYl6xFHK/Zj2lYgEo2ilh/C8Vyq7FXcGsky8nJQhR71X+uqGCctirpBJakzHc1P0x1SjYJJPit3M8JSyIe3zjqWKxtz449mlE3JqlZBEibalkMzU3xNjGhszigPbGVMcmEVvKv7ndTKMrv2xUGmGXLH5oiiTBBMyfZuEQnOGcmQJZVrYWwkbUE0Z2nCKNgRv8eVl0qxWvItK9f6yXLvJ4yjAMZzAGXhwBTW4gzo0gEEEz/AKb87QeXHenY9564qTzxzBHzifPyyyjR8=</latexit>

10001011

Black Box

y0
0:L0

<latexit sha1_base64="eY7UMCNN7KiYCDdLBPEsEg63rfM=">AAAB8HicbVA9SwNBEJ2LXzF+RS1tFoPEKtxFQbEK2lhYRDAfkhxhb7OXLNndO3b3hHDkV9hYKGLrz7Hz37hJrtDEBwOP92aYmRfEnGnjut9ObmV1bX0jv1nY2t7Z3SvuHzR1lChCGyTikWoHWFPOJG0YZjhtx4piEXDaCkY3U7/1RJVmkXww45j6Ag8kCxnBxkqP43Ivda/uypNeseRW3BnQMvEyUoIM9V7xq9uPSCKoNIRjrTueGxs/xcowwumk0E00jTEZ4QHtWCqxoNpPZwdP0IlV+iiMlC1p0Ez9PZFiofVYBLZTYDPUi95U/M/rJCa89FMm48RQSeaLwoQjE6Hp96jPFCWGjy3BRDF7KyJDrDAxNqOCDcFbfHmZNKsV76xSvT8v1a6zOPJwBMdwCh5cQA1uoQ4NICDgGV7hzVHOi/PufMxbc042cwh/4Hz+AK5Bj6w=</latexit>

e)
<latexit sha1_base64="qroba8n745mqm37aGNltw36sS1w=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hoduq3nlBpHstHM07Qj+hA8pAzaqz0gOe9UtmtuDOQZeLlpAw56r3SV7cfszRCaZigWnc8NzF+RpXhTOCk2E01JpSN6AA7lkoaofaz2aUTcmqVPgljZUsaMlN/T2Q00nocBbYzomaoF72p+J/XSU147WdcJqlByeaLwlQQE5Pp26TPFTIjxpZQpri9lbAhVZQZG07RhuAtvrxMmtWKd1Gp3l+Wazd5HAU4hhM4Aw+uoAZ3UIcGMAjhGV7hzRk5L8678zFvXXHymSP4A+fzBy43jSA=</latexit>

MassW
y2:L�1 : 1.0

s0 s1

s2sL�1

y0 : 1.0

y1 : 1.0yL�1 : 1.0

10001011

hW⇥max(y0:L)(y0
0:L0)i

<latexit sha1_base64="YBMUzPIpHWnqqxsCfO0WzPgcU18="></latexit>

f)
<latexit sha1_base64="OlLBaJMWC5GS1e52tzdL80cisR4=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSLopSRV0GPRi8cq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6xHHC/YgOlAgFo2ilh/C8Vyq7FXcGsky8nJQhR71X+ur2Y5ZGXCGT1JiO5yboZ1SjYJJPit3U8ISyER3wjqWKRtz42ezSCTm1Sp+EsbalkMzU3xMZjYwZR4HtjCgOzaI3Ff/zOimG134mVJIiV2y+KEwlwZhM3yZ9oTlDObaEMi3srYQNqaYMbThFG4K3+PIyaVYr3kWlen9Zrt3kcRTgGE7gDDy4ghrcQR0awCCEZ3iFN2fkvDjvzse8dcXJZ47gD5zPHy+8jSE=</latexit>

Training Data
<latexit sha1_base64="VBvhAWwQRbn6njxEzJFXpG2C46Q=">AAAB/XicbVDJSgNBEO1xjXEbl5uXxiB4CjMxoMeAHjxGyAZJCDWdTtKkp2forhHjEPwVLx4U8ep/ePNv7CwHTXxQ8Hiviqp6QSyFQc/7dlZW19Y3NjNb2e2d3b199+CwZqJEM15lkYx0IwDDpVC8igIlb8SaQxhIXg+G1xO/fs+1EZGq4Cjm7RD6SvQEA7RSxz1uIX/AtKJBKKH69AYQxh035+W9Kegy8eckR+Yod9yvVjdiScgVMgnGNH0vxnYKGgWTfJxtJYbHwIbQ501LFYTctNPp9WN6ZpUu7UXalkI6VX9PpBAaMwoD2xkCDsyiNxH/85oJ9q7aqVBxglyx2aJeIilGdBIF7QrNGcqRJcC0sLdSNgANDG1gWRuCv/jyMqkV8v5FvnBXzJWK8zgy5IScknPik0tSIrekTKqEkUfyTF7Jm/PkvDjvzsesdcWZzxyRP3A+fwC4ZpVY</latexit>

Ensemble of

Information Engines
<latexit sha1_base64="8ZSzz835g/rgimTXrvmZfsZhuYM=">AAACG3icbVBNS8NAEN3Ur1q/qh69LBbFU0lqQY8FKeitgv2AppTNdtIu3WzC7kYsof/Di3/FiwdFPAke/Ddu0xy09cHA470ZZuZ5EWdK2/a3lVtZXVvfyG8WtrZ3dveK+wctFcaSQpOGPJQdjyjgTEBTM82hE0kggceh7Y2vZn77HqRiobjTkwh6ARkK5jNKtJH6xcqpq+FBJ3WhYDaEQ39acF2cyTfCD2WQ9uK6GJolatovluyynQIvEycjJZSh0S9+uoOQxgEITTlRquvYke4lRGpGOZh1sYKI0DEZQtdQQQJQvST9bYpPjDLA5gpTQuNU/T2RkECpSeCZTnPnSC16M/E/rxtr/7KXMBHFGgSdL/JjjnWIZ0HhAZNANZ8YQqhk5lZMR0QSqk2cBROCs/jyMmlVys55uXJbLdWqWRx5dISO0Rly0AWqoWvUQE1E0SN6Rq/ozXqyXqx362PemrOymUP0B9bXDz3noYQ=</latexit>

Maximum-Work

Information Engine
<latexit sha1_base64="QqHZVCJcTd342JSEERQujm664Fo=">AAACG3icbVDLSgMxFM3UV62vUZdugkVxY5mpBV0WRNCFUME+oDOUTJq2oUlmSDLSMvQ/3Pgrblwo4kpw4d+YTmehrQcuHM65l3vvCSJGlXacbyu3tLyyupZfL2xsbm3v2Lt7DRXGEpM6DlkoWwFShFFB6ppqRlqRJIgHjDSD4eXUbz4QqWgo7vU4Ij5HfUF7FCNtpI5dPvY0GenkFo0oj/lpM5TDScHzYKbfiF4oedoMr0TfbJl07KJTclLAReJmpAgy1Dr2p9cNccyJ0JghpdquE2k/QVJTzIjZFisSITxEfdI2VCBOlJ+kv03gkVG60BxhSmiYqr8nEsSVGvPAdJozB2rem4r/ee1Y9y78hIoo1kTg2aJezKAO4TQo2KWSYM3GhiAsqbkV4gGSCGsTZ8GE4M6/vEga5ZJ7VirfVYrVShZHHhyAQ3ACXHAOquAa1EAdYPAInsEreLOerBfr3fqYteasbGYf/IH19QNs4KGf</latexit>

Thermodynamic

Machine Learning
<latexit sha1_base64="t206TbI1/q7kVGdfnL6UDIA/d0k=">AAACGnicbVA9SwNBEN2L3/ErammzGBSrcBcDWgZsLBQUzAckIextJsmSvb1jd048jvwOG/+KjYUidmLjv3ETr9DEBwuP92Z2Zp4fSWHQdb+c3MLi0vLK6lp+fWNza7uws1s3Yaw51HgoQ930mQEpFNRQoIRmpIEFvoSGPzqf+I070EaE6haTCDoBGyjRF5yhlboF76iNcI/p7RB0EPYSxQLBx/l2m2bGFeND+ze9BKaVUINxt1B0S+4UdJ54GSmSDNfdwke7F/I4AIVcMmNanhthJ2UaBZdgZ8UGIsZHbAAtS+0GYDrp9LQxPbRKj/ZDbZ9COlV/d6QsMCYJfFsZMByaWW8i/ue1YuyfdVKhohhB8Z9B/VhSDOkkJ9oTGjjKxBLGtbC7Uj5kmnG0aeZtCN7syfOkXi55J6XyTaVYrWRxrJJ9ckCOiUdOSZVckGtSI5w8kCfyQl6dR+fZeXPef0pzTtazR/7A+fwGwDOhRA==</latexit>

Test Data
<latexit sha1_base64="VvxcZ6FkUjl17JhUePDmOc7gOHA=">AAAB+XicbVDLSgNBEJz1GeNr1aOXwSB4CrtR0GNQDx4j5AXJEmYnvcmQ2QczvcGw5E+8eFDEq3/izb9xkuxBEwsaiqpuurv8RAqNjvNtra1vbG5tF3aKu3v7B4f20XFTx6ni0OCxjFXbZxqkiKCBAiW0EwUs9CW0/NHdzG+NQWkRR3WcJOCFbBCJQHCGRurZdhfhCbM6aKT3DNm0Z5ecsjMHXSVuTkokR61nf3X7MU9DiJBLpnXHdRL0MqZQcAnTYjfVkDA+YgPoGBqxELSXzS+f0nOj9GkQK1MR0rn6eyJjodaT0DedIcOhXvZm4n9eJ8XgxstElKQIEV8sClJJMaazGGhfKOAoJ4YwroS5lfIhU4yjCatoQnCXX14lzUrZvSxXHq9K1ds8jgI5JWfkgrjkmlTJA6mRBuFkTJ7JK3mzMuvFerc+Fq1rVj5zQv7A+vwBmoWTog==</latexit>

Thermodynamic Testing
<latexit sha1_base64="7AnjokxiC4FpCANngCelG8QuLgs=">AAACBXicbVA9SwNBEN2LXzF+nVpqsRgEq3AXBS2DNpYR8gVJCHubSbJkb+/YnRPDkcbGv2JjoYit/8HOf+Pmo9DEBwOP92aYmRfEUhj0vG8ns7K6tr6R3cxtbe/s7rn7BzUTJZpDlUcy0o2AGZBCQRUFSmjEGlgYSKgHw5uJX78HbUSkKjiKoR2yvhI9wRlaqeMetxAeMK0MQIdRd6RYKDitgEGh+uOOm/cK3hR0mfhzkidzlDvuV6sb8SQEhVwyY5q+F2M7ZRoFlzDOtRIDMeND1oempXYbmHY6/WJMT63Spb1I21JIp+rviZSFxozCwHaGDAdm0ZuI/3nNBHtX7VSoOEFQfLaol0iKEZ1EQrtCA0c5soRxLeytlA+YZhxtcDkbgr/48jKpFQv+eaF4d5EvXc/jyJIjckLOiE8uSYnckjKpEk4eyTN5JW/Ok/PivDsfs9aMM585JH/gfP4AfJGZMg==</latexit>

FIG. 4. Thermodynamic machine learning discovers the maximum-work information engine. This is followed by thermodynamic
testing to validate its capacity to harvest energy using previously-unseen data: a) We start with training data produced from a
black box. b) Each candidate information engine from our ensemble has an internal model, represented faintly by the ϵ-machine
within their red body. c) We search through the engines to find that with the best model by determining how much work each
produces from the training data. d) Thermodynamic machine learning converges on the maximum-work engine. e) We take
further test data from the black box of our environment. f) We feed the test data into our selected engine and track the work
production to evaluate the effectiveness of the engine’s model at capturing the process generated by the black box.

This engine produces work during training equivalent to:

⟨Wmax
n (y0:L)⟩ ≡ max

θ∈Θn

⟨W θ(y0:L)⟩. (13)

This is the training we execute throughout our develop-
ment here: Find the maximum-work n-state engine that
corresponds to the maximum-likelihood model from the
class of predictive n-state HMMs. Unlike other training
algorithms—that rely on the convergence of numerical
estimators—this training is essentially analytic. Given
our chosen class of models, as long as we successfully
enumerate all accessible topologies, we directly find the
maximum-work engine among the candidates.

Recall that the outcomes of many machine learning al-
gorithms change based on how the learning parameters
are selected and whether local maxima can be escaped.
In contrast, the TML algorithm always arrives at the
same model for the same input data and definition of

work production. The following explains how this is im-
plemented.
The challenge of finding the maximum-work model

from such a general class of processes may at first seem
like a daunting optimization process over the high dimen-
sional space of symbol-labeled stochastic matrices that
specify an ϵ-machine’s Hidden Markov Model (HMM).
For general classical and quantum HMMs, evaluating the
likelihood of y0:L requires a series of L linear operations
[44]. However, the properties of unifilarity allow for a
useful simplified expression for the work production in
terms of the ϵ-map and edge-weights, as shown in Ap-
pendix D:

β⟨W θ(y0:L)⟩ = L ln |Y|+ ln

L−1∏

i=0

θ(yi|ϵ(y0:i, s∗)). (14)

For a particular topology ϵ, start state s∗, and input word
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A

B

C

E

D

0 : 0.5

1 : 0.5

0 : 0.9

1 : 0.1

0 : 0.9

1 : 0.10 : 0.1

1 : 0.9

0 : 0.9

1 : 0.1

A B1 : 0.5

0 : 0.5

0 : 1.0

A B1 : 0.5

0 : 0.5

0:0.9
1:0.1

Five State Process
<latexit sha1_base64="BiwILzKnPintOveso9YOrH47oKs=">AAACAnicbVDJSgNBEO2JW4xb1JN4aQyCpzATA3oMCOIxolkgGUJPpyZp0rPQXRMMQ/Dir3jxoIhXv8Kbf2NnOWjig4LHe1VU1fNiKTTa9reVWVldW9/Ibua2tnd29/L7B3UdJYpDjUcyUk2PaZAihBoKlNCMFbDAk9DwBlcTvzEEpUUU3uMoBjdgvVD4gjM0Uid/1EZ4wPRaDIHeIUOgVRVx0HrcyRfsoj0FXSbOnBTIHNVO/qvdjXgSQIhcMq1bjh2jmzKFgksY59qJhpjxAetBy9CQBaDddPrCmJ4apUv9SJkKkU7V3xMpC7QeBZ7pDBj29aI3Ef/zWgn6l24qwjhBCPlskZ9IihGd5EG7QgFHOTKEcSXMrZT3mWIcTWo5E4Kz+PIyqZeKznmxdFsuVMrzOLLkmJyQM+KQC1IhN6RKaoSTR/JMXsmb9WS9WO/Wx6w1Y81nDskfWJ8/X0KXXg==</latexit> Even Process

<latexit sha1_base64="Gf5ZRfDKtx+DkxctBOyQqjcEw+g=">AAAB/HicbVDLSgNBEJyNrxhfqzl6GQyCp7AbA3oMiOAxgnlAEsLspJMMmZ1dZnqDYYm/4sWDIl79EG/+jZPHQRMLGoqqbrq7glgKg5737WQ2Nre2d7K7ub39g8Mj9/ikbqJEc6jxSEa6GTADUiiooUAJzVgDCwMJjWB0M/MbY9BGROoBJzF0QjZQoi84Qyt13Xwb4RHT2zEoWtURB2OmXbfgFb056Drxl6RAlqh23a92L+JJCAq5ZMa0fC/GTso0Ci5hmmsnBmLGR2wALUsVC8F00vnxU3pulR7tR9qWQjpXf0+kLDRmEga2M2Q4NKveTPzPayXYv+6kQsUJguKLRf1EUozoLAnaExo4yokljGthb6V8yDTjaPPK2RD81ZfXSb1U9C+LpftyoVJexpElp+SMXBCfXJEKuSNVUiOcTMgzeSVvzpPz4rw7H4vWjLOcyZM/cD5/ABuplQU=</latexit>

Noisy Even Process
<latexit sha1_base64="WxOcYF0ZE6FOzeT10UDhMw4Rgok=">AAACAnicbVDLSgNBEJyNrxhfUU/iZTAInsJuDOhREMGTRDAqJEuYnfSaIbMzy0yvGJbgxV/x4kERr36FN//GyePgq6ChqOqmuytKpbDo+59eYWZ2bn6huFhaWl5ZXSuvb1xanRkOTa6lNtcRsyCFgiYKlHCdGmBJJOEq6h+P/KtbMFZodYGDFMKE3SgRC87QSZ3yVhvhDvMzLeyAntyCog2jOVg77JQrftUfg/4lwZRUyBSNTvmj3dU8S0Ahl8zaVuCnGObMoOAShqV2ZiFlvM9uoOWoYgnYMB+/MKS7TunSWBtXCulY/T6Rs8TaQRK5zoRhz/72RuJ/XivD+DDMhUozBMUni+JMUtR0lAftCgMc5cARxo1wt1LeY4ZxdKmVXAjB75f/kstaNdiv1s7rlaP6NI4i2SY7ZI8E5IAckVPSIE3CyT15JM/kxXvwnrxX723SWvCmM5vkB7z3L4DDl3M=</latexit>

FIG. 5. Example ϵ-machines: the “Five-State Process,” which
is a randomly generated process with five causal states and
full support, the “Even Process,” which produces sequences
of 0s in even numbers, and the “Noisy Even Process” which
adds some noise to the Even Process such that it has full
support.

y0:L, we can analytically find the maximum-work edge-
weights by counting the number of times that the input
y is received by predictive state s due to the input-driven
dynamics of the predictive state:

N(y, s|s∗, ϵ, y0:L) ≡
L−1∑

i=0

δy,yi
δs,ϵ(y0:i,s∗). (15)

As shown in App. D, the work production can be
rewritten:

β⟨W θ(y0:L)⟩ = L ln |Y| (16)

+
∑

s,y

N(y, s|s∗, ϵ, y0:L) ln θ(y|s).

The resulting maximum-work edge-weights are derived
using the method of Lagrange multipliers. They are sim-
ply the fraction of times that predictive state s receives
y when driven by y0:L:

Θmax
s∗,ϵ,y0:L

(y|s) = N(y, s|s∗, ϵ, y0:L)∑
y′ N(y′, s|s∗, ϵ, y0:L)

. (17)

This is purely a frequentist estimate of the edge-weights
based on how often each input visits each predictive
causal state. This thermodynamically motivated engine
design directly reflects the results of training a trans-
former, as described in Ref. [45].

Returning to analytically finding the maximum-
likelihood model and maximum-work engine with nmem-
ory states, this reduces to checking every allowed topol-
ogy [43]. In Fig. 6 we do this exactly for n ∈ {1, 2, 3}
for a word y0:100, for which we train on all intermedi-
ate length strings {y0:L}L∈{1,2,···99,100}. The word was

generated from the Five-State ϵ-machine shown in Fig.
5. Since we are limited to models θ with three or fewer
causal states and the underlying model θ′ has five, we
have technically misspecified our model class [46].
We consider the work production rate of the maxi-

mum work model β⟨Wmax(y0:L)⟩/L in Fig. 6, since it
determines how much energy each symbol contributes on
average during training. Taking the limit L → ∞, this
should approach ⟨W θ⟩∞—the average work extraction
per bit for the engine, where θ is the engine’s model.
While the next section derives an explicit expression

for ⟨W θ⟩∞, for now we discuss the length-L work produc-
tion rate of the maximum-work engine. This is plotted
with respect to three regions of asymptotic functionality:

1. Dud: An information engine that has nonpositive
work production rate is a Dud, because it produces
no useful energy.

2. Engine: An information engine that produces pos-
itive work is a functional engine.

3. Negative entropy production (Σ < 0): Σ denotes
the total entropy production in the thermal envi-
ronment and information bearing degrees of free-
dom combined [35]. If the engine produces more
work per bit than an engine that estimates a true
model ⟨W θ′⟩∞, then it has extracted more energy
than is available in the form of free energy per sym-
bol. If it continues at this work production rate,
the total entropy production will be negative on
average and violate the Second Law of thermody-
namics.

We also plot a dashed black line at β⟨W θ⟩ = ln 2, which
is the Landauer benefit of randomizing a bit [28].
Figure 6 shows that all the maximum-work information

engines produce positive work and do not exceed Lan-
dauer’s bound. This is because it is always possible to
find an engine that gains energy by interacting with a sin-
gular realization of the true model (the data). We also see
that early in training (for short length strings L <∼ 20)
the training work rate often achieves the kBT ln 2 Lan-
dauer limit on work production. This corresponds to
discovering a predictive model that deterministically pro-
duces the training sequence with unit probability [47].
However, this is well into the regime of asymptotic Sec-
ond Law violation if the true source is anything other
than a deterministic repetition of the training string,
meaning that entropy production for these instances is
negative. This is possible since the data is a single re-
alization: negative entropy fluctuations are allowed as
long as the detailed fluctuation theorem is satisfied and
entropy is nondecreasing on average [33].
As the training length increases in Fig. 6, a general

trend appears: The training work-rate slowly ramps up,
interspersed by sudden sharp dips. These dips happen
at roughly the same point for all three curves (n = 1,
n = 2, and n = 3). The slow ramps of increasing work
rate correspond to the slow accumulation of low-suprisal
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L (training word length)
<latexit sha1_base64="A5hvd65KLdgHqIWMb91gwKla9+Y=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GITbiLgikDNhYWEcwHJCHsbSbJkr29Y3dODUdKG/+KjYUitv4EO/+Nm49CEx8MPN6bYWaeH0lh0HW/naXlldW19dRGenNre2c3s7dfNWGsOVR4KENd95kBKRRUUKCEeqSBBb6Emj+4HPu1O9BGhOoWhxG0AtZTois4Qyu1M0fXTYQHTGgONRNKqB69D3WHSlA97J+O2pmsm3cnoIvEm5EsmaHcznw1OyGPA1DIJTOm4bkRthKmUXAJo3QzNhAxPmA9aFiqWACmlUweGdETq3RoN9S2FNKJ+nsiYYExw8C3nQHDvpn3xuJ/XiPGbrGVCBXFCIpPF3VjSTGk41RoR2jgKIeWMK6FvZXyPtOMo80ubUPw5l9eJNVC3jvLF27Os6XiLI4UOSTHJEc8ckFK5IqUSYVw8kieySt5c56cF+fd+Zi2LjmzmQPyB87nD2XVmYs=</latexit>

L (training word length)
<latexit sha1_base64="A5hvd65KLdgHqIWMb91gwKla9+Y=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GITbiLgikDNhYWEcwHJCHsbSbJkr29Y3dODUdKG/+KjYUitv4EO/+Nm49CEx8MPN6bYWaeH0lh0HW/naXlldW19dRGenNre2c3s7dfNWGsOVR4KENd95kBKRRUUKCEeqSBBb6Emj+4HPu1O9BGhOoWhxG0AtZTois4Qyu1M0fXTYQHTGgONRNKqB69D3WHSlA97J+O2pmsm3cnoIvEm5EsmaHcznw1OyGPA1DIJTOm4bkRthKmUXAJo3QzNhAxPmA9aFiqWACmlUweGdETq3RoN9S2FNKJ+nsiYYExw8C3nQHDvpn3xuJ/XiPGbrGVCBXFCIpPF3VjSTGk41RoR2jgKIeWMK6FvZXyPtOMo80ubUPw5l9eJNVC3jvLF27Os6XiLI4UOSTHJEc8ckFK5IqUSYVw8kieySt5c56cF+fd+Zi2LjmzmQPyB87nD2XVmYs=</latexit>

Training Work Rate
<latexit sha1_base64="DkRxpuV0Vk5gjrGE8o0hIJTlzZ0=">AAACAnicbVDLSgNBEJz1GeNr1ZN4GQyCp7AbBT0GvXiMkhckIcxOOsmQ2dllplcMS/Dir3jxoIhXv8Kbf+PkcdDEgoaiqpvuriCWwqDnfTtLyyura+uZjezm1vbOrru3XzVRojlUeCQjXQ+YASkUVFCghHqsgYWBhFowuB77tXvQRkSqjMMYWiHrKdEVnKGV2u5hE+EB07JmQgnVo7VID+gdQxi13ZyX9yagi8SfkRyZodR2v5qdiCchKOSSGdPwvRhbKdMouIRRtpkYiBkfsB40LFUsBNNKJy+M6IlVOrQbaVsK6UT9PZGy0JhhGNjOkGHfzHtj8T+vkWD3spUKFScIik8XdRNJMaLjPGhHaOAoh5YwroW9lfI+04yjTS1rQ/DnX14k1ULeP8sXbs9zxatZHBlyRI7JKfHJBSmSG1IiFcLJI3kmr+TNeXJenHfnY9q65MxmDsgfOJ8/aGiXbQ==</latexit>

e�hW
✓0 i1

<latexit sha1_base64="INzRPR+OZL8BRmiJXOxAqiyEeaU="></latexit>

e�hW
max
n (y0:L)i/L

<latexit sha1_base64="Eq2c5m4+mfx4EDK5M5p5MGZLFVI="></latexit>
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n = 2
<latexit sha1_base64="ySDP3IgYao7GlSX52id8+ex0Edo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPcibWr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWrepdVGv3l5W6m8dRhBM4hXPw4ArqcAcNaAKDITzDK7w5wnlx3p2PRWvByWeO4Q+czx/GI41n</latexit>

n = 3
<latexit sha1_base64="9h+tFtGKlXHawNe2R1ZLUqIKOgU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQS9CwYvHirYW2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etU2casZbLJax7gTUcCkUb6FAyTuJ5jQKJH8Mxjcz//GJayNi9YCThPsRHSoRCkbRSvfqut4vV9yqOwdZJV5OKpCj2S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfuqUnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMMrPxMqSZErtlgUppJgTGZ/k4HQnKGcWEKZFvZWwkZUU4Y2nZINwVt+eZW0a1WvXq3dXVQabh5HEU7gFM7Bg0towC00oQUMhvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8Ax6eNaA==</latexit>

n = 1
<latexit sha1_base64="biCRZOxXxWpAdHa0rhoX/n/Gqg8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6UHdeP1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz2M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0mrVvUuqrX7y0rdzeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/En41m</latexit>

e�hW
⇥max

n (y0:L)i1
<latexit sha1_base64="zah+Gx1b0RiVfk7wV+BijnhP0Vc="></latexit>

Engine
<latexit sha1_base64="TsG6b3uef7ApilL7lSZ2vZSHM1M=">AAAB9HicbVDLSgMxFL3js9ZX1aWbYBFclZkq6LIogssK9gHtUDJp2oZmMmNyp1iGfocbF4q49WPc+Tem7Sy09UDgcM493JsTxFIYdN1vZ2V1bX1jM7eV397Z3dsvHBzWTZRoxmsskpFuBtRwKRSvoUDJm7HmNAwkbwTDm6nfGHFtRKQecBxzP6R9JXqCUbSS30b+hOmt6tv4pFMouiV3BrJMvIwUIUO1U/hqdyOWhFwhk9SYlufG6KdUo2CST/LtxPCYsiHt85aliobc+Ons6Ak5tUqX9CJtn0IyU38nUhoaMw4DOxlSHJhFbyr+57US7F35qVBxglyx+aJeIglGZNoA6QrNGcqxJZRpYW8lbEA1ZWh7ytsSvMUvL5N6ueSdl8r3F8XKdVZHDo7hBM7Ag0uowB1UoQYMHuEZXuHNGTkvzrvzMR9dcbLMEfyB8/kDSfySbw==</latexit>

Dud
<latexit sha1_base64="fvXHu3HpASvsJVPTSNP2iaAvPJ4=">AAAB8XicbVBNS8NAEN3Ur1q/qh69BIvgqSRV0GNRDx4r2A9sQ9lsJu3SzSbsTsQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8w8PxFco+N8W4WV1bX1jeJmaWt7Z3evvH/Q0nGqGDRZLGLV8akGwSU0kaOATqKARr6Atj+6nvrtR1Cax/Iexwl4ER1IHnJG0UgPPYQnzG7SYNIvV5yqM4O9TNycVEiORr/81QtilkYgkQmqddd1EvQyqpAzAZNSL9WQUDaiA+gaKmkE2stmF0/sE6MEdhgrUxLtmfp7IqOR1uPIN50RxaFe9Kbif143xfDSy7hMUgTJ5ovCVNgY29P37YArYCjGhlCmuLnVZkOqKEMTUsmE4C6+vExatap7Vq3dnVfqV3kcRXJEjskpcckFqZNb0iBNwogkz+SVvFnaerHerY95a8HKZw7JH1ifP/LtkRg=</latexit>

e�hW
✓0 i1

<latexit sha1_base64="INzRPR+OZL8BRmiJXOxAqiyEeaU="></latexit>
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n = 1
<latexit sha1_base64="biCRZOxXxWpAdHa0rhoX/n/Gqg8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh4MVjRfsBbSib7aZdutmE3YlQQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFyRSGHTdb6ewtr6xuVXcLu3s7u0flA+PWiZONeNNFstYdwJquBSKN1Gg5J1EcxoFkreD8e3Mbz9xbUSsHnGScD+iQyVCwSha6UHdeP1yxa26c5BV4uWkAjka/fJXbxCzNOIKmaTGdD03QT+jGgWTfFrqpYYnlI3pkHctVTTixs/mp07JmVUGJIy1LYVkrv6eyGhkzCQKbGdEcWSWvZn4n9dNMbz2M6GSFLlii0VhKgnGZPY3GQjNGcqJJZRpYW8lbEQ1ZWjTKdkQvOWXV0mrVvUuqrX7y0rdzeMowgmcwjl4cAV1uIMGNIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/En41m</latexit>

n = 3
<latexit sha1_base64="9h+tFtGKlXHawNe2R1ZLUqIKOgU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQS9CwYvHirYW2lA22027dLMJuxOhhP4ELx4U8eov8ua/cdvmoK0PBh7vzTAzL0ikMOi6305hbX1jc6u4XdrZ3ds/KB8etU2casZbLJax7gTUcCkUb6FAyTuJ5jQKJH8Mxjcz//GJayNi9YCThPsRHSoRCkbRSvfqut4vV9yqOwdZJV5OKpCj2S9/9QYxSyOukElqTNdzE/QzqlEwyaelXmp4QtmYDnnXUkUjbvxsfuqUnFllQMJY21JI5urviYxGxkyiwHZGFEdm2ZuJ/3ndFMMrPxMqSZErtlgUppJgTGZ/k4HQnKGcWEKZFvZWwkZUU4Y2nZINwVt+eZW0a1WvXq3dXVQabh5HEU7gFM7Bg0towC00oQUMhvAMr/DmSOfFeXc+Fq0FJ585hj9wPn8Ax6eNaA==</latexit>

n = 2
<latexit sha1_base64="ySDP3IgYao7GlSX52id8+ex0Edo=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh4MVjRfsBbSib7aRdutmE3Y1QQn+CFw+KePUXefPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKoZNFotYdQKqUXCJTcONwE6ikEaBwHYwvp357SdUmsfy0UwS9CM6lDzkjBorPcibWr9ccavuHGSVeDmpQI5Gv/zVG8QsjVAaJqjWXc9NjJ9RZTgTOC31Uo0JZWM6xK6lkkao/Wx+6pScWWVAwljZkobM1d8TGY20nkSB7YyoGellbyb+53VTE177GZdJalCyxaIwFcTEZPY3GXCFzIiJJZQpbm8lbEQVZcamU7IheMsvr5JWrepdVGv3l5W6m8dRhBM4hXPw4ArqcAcNaAKDITzDK7w5wnlx3p2PRWvByWeO4Q+czx/GI41n</latexit>

⌃ < 0
<latexit sha1_base64="2op5RMiqh7t/GDfgWzz/IXZ2XdU=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe6ioIVF0MYyovnA5Ah7m71kye7esbsnhCP/wsZCEVv/jZ3/xs3lCk18MPB4b4aZeUHMmTau++0UVlbX1jeKm6Wt7Z3dvfL+QUtHiSK0SSIeqU6ANeVM0qZhhtNOrCgWAaftYHwz89tPVGkWyQcziakv8FCykBFsrPTYu2dDgdEVcvvlilt1M6Bl4uWkAjka/fJXbxCRRFBpCMdadz03Nn6KlWGE02mpl2gaYzLGQ9q1VGJBtZ9mF0/RiVUGKIyULWlQpv6eSLHQeiIC2ymwGelFbyb+53UTE176KZNxYqgk80VhwpGJ0Ox9NGCKEsMnlmCimL0VkRFWmBgbUsmG4C2+vExatap3Vq3dnVfq13kcRTiCYzgFDy6gDrfQgCYQkPAMr/DmaOfFeXc+5q0FJ585hD9wPn8AD2uP2w==</latexit>

0.0
<latexit sha1_base64="RgdAuAedIOvmT4d/7P1kAvLhTOo=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvHisaD+gXUo2zbah2eySzApl6U/w4kERr/4ib/4b03YP2vog4fHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPbhVd1Cu2H8Bsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42WLVGbmwypCEsbZPIVmovzsyGhkzjQJbGVEcm1VvLv7n9VIMb/xMqCRFrthyUJhKgjGZ302GQnOGcmoJZVrYXQkbU00Z2nRKNgRv9eR10q5Vvatq7b5eadTzOIpwBudwCR5cQwPuoAktYDCCZ3iFN0c6L86787EsLTh5zyn8gfP5A08QjRw=</latexit>

0.5
<latexit sha1_base64="CFocVmGrH+6WIL5NbudyDhBTCDE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBWpI0h</latexit>

1.5
<latexit sha1_base64="aNI/6ak9AMvZW1BpbZ7OUWuTWkg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+9e9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKo0i</latexit>

1.0
<latexit sha1_base64="AZGZQgEIbMdhIvFzN/KXJvOO+GI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau6g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBQlo0d</latexit>

2.0
<latexit sha1_base64="8y/zNXYVk6iubwazc2nOIsWaNmk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD7WqOyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSHI0e</latexit>

20
<latexit sha1_base64="pzvojpp3M9V/Vd5kM/qH+WV9q68=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimGN34mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6adeq3lW1dl+vNOp5HEU4g3O4BA+uoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+cPjOY=</latexit> 40

<latexit sha1_base64="/bOlIvhYtFwIUvqIODQUUYY69BE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpoe4OyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFpfOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6adeq3lW1dl+vNOp5HEU4g3O4BA+uoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+oZjOg=</latexit>

60
<latexit sha1_base64="NsVrlhdhEDPms/IT48T0XW2T8/8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6rHgxWMV+wFtKJvtpl262YTdiVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSw5XbL5XdijsHWSVeTsqQo9EvffUGMUsjrpBJakzXcxP0M6pRMMmnxV5qeELZmA5511JFI278bH7plJxbZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDGz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpyiDcFbfnmVtKoV77JSva+V67U8jgKcwhlcgAfXUIc7aEATGITwDK/w5oydF+fd+Vi0rjn5zAn8gfP5A+0jjOo=</latexit>

80
<latexit sha1_base64="mitjknrCAbKxZpQC1JuhHR8Cpmo=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz0UHcHpbJbcRcg68TLSRlyNAelr/4wZmmE0jBBte55bmL8jCrDmcBZsZ9qTCib0BH2LJU0Qu1ni0tn5NIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5qw7mdcJqlByZaLwlQQE5P522TIFTIjppZQpri9lbAxVZQZG07RhuCtvrxO2tWKd12p3tfKjVoeRwHO4QKuwIMbaMAdNKEFDEJ4hld4cybOi/PufCxbN5x85gz+wPn8AfAtjOw=</latexit> 100

<latexit sha1_base64="y+QEyENDVwiMT5Yfd8HfKDbgRmM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD57rDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP1OgjR8=</latexit>

0
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FIG. 6. Thermodynamic Overfitting: The work rate converges quickly on the training data (left), but this hides the divergent
energy dissipation during testing (right) that corresponds to thermodynamic overfitting. Work production from training data
increases as the number of the engine’s predictive states n increases. However, we see that asymptotic work production
during testing is minimal (−∞) for small amounts of training data, especially for more complex engines, which corresponds
to overfitting. For reference, we plot (i) the grey dashed line for zero work production β⟨W θ⟩∞ = 0, (ii) the orange dashed

line for work production that corresponds to correctly estimating the true model β⟨W θ′⟩∞), and (iii) the black dotted line for
β⟨W θ(y0:L)⟩/L = ln 2 is the maximum work that can be harvested per bit from a single sequence. In the grey region below
the grey dashed line, the engine is unable to harvest work on average, so it is a “Dud”. In the green region just above the
grey dashed line, positive work is produced, effectively functioning as an “Engine”. Last, in the yellow region above the orange
dashed line, we labeled the region with Σ < 0 to indicate a negative entropy fluctuation.

symbols, where we can evaluate the surprisal of the next
symbol − ln Pr(Y θ

L = yL|Y θ
0:L = y0:L) via the probabil-

ity conditioned on the past sequence. The ensuing dip
corresponds to breaking the sequence with a rare high-
surprisal element, significantly increasing the estimated
input entropy rate and reducing the work rate.

Figure 6 also shows that memory size significantly
affects work production. There is a consistent ther-
modynamic advantage to additional memory in train-
ing. Work production increases as memory increases
⟨Wmax

n+1 (y0:L)⟩ ≥ ⟨Wmax
n (y0:L)⟩. This is as expected, be-

cause every n-state model can be described using n or
more states.

The thermodynamic advantage of higher memory par-
allels the thermodynamic Principle of Requisite Com-
plexity [17]—an engine’s memory must match the pre-
dictive complexity of its fuel to optimally leverage all
correlations. The challenge of harvesting energy from an
information source θ′ closely parallels the challenge of
predicting that same source, and more memory yields
better prediction of temporally correlated information
[48]. The advantage of larger memory is especially pro-
nounced for short training lengths, where we see that
3-state machines can produce work at the limit of the
Second Law for far longer training lengths.

One might infer from the advantage of additional mem-
ory in training that more memory is always thermody-
namically advantageous. However, we will now explore a
more nuanced picture of the costs and benefits of engine
complexity by analyzing the effectiveness of the engine
harvesting energy from further inputs from the informa-
tion source.

IV. ASYMPTOTIC WORK HARVESTING AND
OVERFITTING

After training to identify the maximum-work informa-
tion engine, we examine its thermodynamic performance
on test data as shown in Fig. 4. The purpose of training
is to find an engine whose internal model approximates
the true model θ′ that produced the training data. TML
has found a “good model” if the resulting engine is able
to effectively produce work when it receives further in-
puts from the true source. Thus, we consider the average
work that would be produced in the testing stage.
If the ϵ-machine of the true input process is described

by:

θ′ = {S ′,Y, s∗′
, {θ′(y|s′)}y∈Y,s′∈S′ , {ϵ′(y, s′)}y∈Y,s′∈S′},

then an efficient information engine with internal model:

θ = {S,Y, s∗, {θ(y|s)}y∈Y,s∈S , {ϵ(y, s)}y∈Y,s∈S},

will on average produce work over L time steps:

β⟨W θ⟩0:L =
∑

y0:L

Pr(Y θ′
= y0:L) lnPr(Y

θ = y0:L)

+ L ln |Y|.
(18)

Y θ′
0:L is the random variable of the actual input process

over length L. The average work produced during the
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Lth time step is:

β⟨W θ⟩L ≡ β⟨W θ⟩0:L+1 − β⟨W θ⟩0:L. (19)

We consider the asymptotic rate of work production:

⟨W θ⟩∞ ≡ lim
L→∞

⟨W θ⟩L, (20)

as the measure of an engine’s effectiveness.

Theorem 1. The asymptotic work rate for an efficient
engine with internal predictive model θ when harvesting
information from a source with predictive model θ′ is:

β⟨W θ⟩∞ = ln |Y|+
∑

s,s′,y

πs,s′θ
′(y|s′) ln θ(y|s). (21)

Here, πs,s′ is the steady-state of the joint hidden states
S ⊗ S ′ if the causal update of θ is driven by θ′:

πs1,s′1 =
∑

s0,s′0,y

δs1,ϵ(s0,y)δs′1,ϵ′(s′0,y)θ
′(y|s′0)πs0,s′0 . (22)

Proof. See Appendix B.

Using the expression in Thm. 1, we can calculate the
rate of entropy production (dissipated work) [29] by com-
paring the work rate to the rate of nonequilibrium free
energy change:

⟨Σθ⟩∞/kB = β(−⟨W θ⟩∞ −∆FNEQ
∞ ). (23)

This is the amount of free energy wasted per symbol,
which quantifies the irreversibility of the information en-
gine. As shown in App. E, the entropy production can
be reduced to the average relative entropy between the
next-input prediction of the true model’s θ′ hidden state
s′ and the prediction of the estimated model’s θ hidden
state s:

⟨Σθ⟩∞/kB =
∑

s,s′

πs,s′DKL(Y
θ′
i |S′

i = s′||Y θ
i |Si = s),

(24)

where:

DKL(X
′|Z ′ = z′||X|Z = z) ≡
∑

x

Pr(X ′ = x|Z = z′) ln
Pr(X ′ = x|Z ′ = z′)
Pr(X = x|Z = z)

denotes the relative entropy between the distribution on
X ′ induced by the condition that Z ′ realizes z′ and the
distribution on X induced by the condition that Z re-
alizes the element z. Such relative entropies appear as
the additional dissipation incurred by misestimating the
input distribution [49, 50]. If a learning process refines
and improves the estimator θ, its divergence from the ac-
tual process Y θ′

0:L should diminish, monitoring how much
learning reduces entropy production [15, 51].

Figure 6 plots the asymptotic work rate for the
maximum-work models {Θmax

n (y0:L)}L∈{1,2,··· ,99,100}
that result from training on the words
{y0:L}L∈{1,2,··· ,99,100} appearing in y0:100 which was
randomly generated by the Five-State model shown in
Fig. 5. The result is compared to the engine’s maximum
possible work rate with the true model ⟨W θ′⟩∞. The
difference between these work rates gives the entropy
production rate.
Again, we decompose the regions of functionality into

Dud (negative work production), Engine (positive work
production), and Σ < 0 (Second Law violation). We
see that all learned engines respect the Second Law and
extract less work than if they had estimated the true
model θ′. The upper bound for engines is the work rate
that results from guessing the true model, as this is the
difference in entropy rates between inputs and outputs.
According to the Information Processing Second Law of
thermodynamics, this entropy difference is the accessible
free energy per symbol and bounds the work production
[39].
Figure 6 also shows a thermodynamic advantage in the

testing work rate for engines with larger memories, if
trained on long words. While it is unclear how close to
the optimal n-state engine these results are, we see that
thermodynamic learning discovers enough of the hidden
temporal structure to harvest much of the available free
energy. In fact, the three-state information engine nearly
achieves the thermodynamic limit of perfect efficiency for
training length L =∼ 100. Rate-distortion theory [52–
54] provides a prescription for the most predictive model
given a limitation on available memory.
This noted, training engines with additional memory

produces less effective engines for short training words.
In fact, the maximum-work three-state engine produces
−∞ work in testing for training lengths up to L ≈ 50.
Divergent dissipated work in Fig. 6 corresponds to over-
fitting, where the number of available model parameters
is much larger than can be reasonably deduced from fre-
quentist estimates from the data. Each memory state
must make a prediction of its input. For short training
words and larger memories, it becomes more probable
that one of the memory states will not receive any copies
of one of the input symbols N(y, s|s∗, ϵ, y0:L) = 0. In
this case, the engine estimates θ(y|s) = 0, which comes
at the cost of negative divergent work production if such
an observation is actually possible for the input process
θ′ [49, 50]. The size of the available parameter space
within even 3-state models is large enough that it re-
alizes the main feature of overfitting for this particular
training word—good performance on training data, while
failing to effectively predict and harvest energy from test
data. There is an asymptotic benefit to memory, but
there are also dire costs to using an excessively complex
engine when training data does not justify it.

In this way, we identified thermodynamic overfitting,
showing that it is a considerable hurdle for TML. We now
turn to resolve this challenge.
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V. THERMODYNAMIC GENERALIZATION
AND REGULARIZATION

Overfitting is commonly encountered in machine learn-
ing, as models with many degrees of freedom can encode a
dataset explicitly in model parameters [55]. To circum-
vent it, it is commonplace to implement regularization
techniques that allow models to generalize and better
predict unseen data. These strategies include restrictions
that limit the model complexity that can be discovered
through training. See, for example, “dropout” in deep
neural networks [56] and regularizers that add an explicit
penalty to model complexity to modify the performance
measure [19, 20].

The following considers two physically-motivated
methods of thermodynamic regularization:

1. Autocorrection: An engine cannot start synchro-
nized with the true predictive state of the input.
Through the influence of the input symbols on the
engine’s predictive state dynamics, the engine must
autocorrect in order to synchronize its estimated
predictive state. Not surprisingly, there is a tran-
sient energy cost as the engine autocorrects its pre-
dictive state and approaches its steady-state dy-
namics [57].

2. Engine Initialization: There is an energy cost to
initializing the energy landscape of a predictive in-
formation engine.

We will now show that autocorrection incurs an addi-
tional cost to complex models with unnecessarily distinct
predictions from each memory state. In addition, we find
that the cost of engine initialization leads to Bayesian up-
dates of the edge-weights according to Laplace’s rule of
succession [58].

Let C(θ) denote the energy penalty of initializing an
engine with model θ. It functions as a regularizer. If
we also include the cost of autocorrecting from an initial
distribution p(s0) ≡ Pr(S0 = s0), as shown in App. D,
the average work production can be expressed:

β⟨W θ
G(y0:L)⟩ = L ln |Y| − C(θ)

+
∑

s0

p(s0) lnPr(Y
θ
0:L = y0:L|S0 = s0),

where Pr(Y θ
0:L = y0:L|S0 = s0) is the probability of

model θ producing y0:L when starting from predictive
state s0. As with the case of unregularized TML, we can
re-express the work production by tracking the state dy-
namics induced within the predictive states by the input
word. Again, we need only count the number of times
N(y, s|s0, ϵ, y0:L) that y is input to predictive state s for
every the initial state s0, then we obtain the work pro-

duction:

β⟨W θ
G(y0:L)⟩ = L ln |Y| − C(θ) (25)

+
∑

s0,s,y

p(s0)N(y, s|s0, ϵ, y0:L) ln θ(y|s).

The penalty C(θ) for model θ incurred through train-
ing is motivated by physical constraints, such as the en-
ergetic cost of initializing the model. If TML evaluates a
model that is too complex and costly to initialize, then
that cost should counteract the energetic benefit of pre-
dicting the training word. This echoes the minimum
description length principle, in which the benefit gained
through prediction is offset by the cost of describing the
model [59]. In this spirit, we introduce an energy penalty
of preparing the edge-weights θ(y|s) of a particular model
θ.
The penalty originates from the fact that equilibrium

probabilities π are directly related to energies via:

βE(z) = βF eq − lnπ(z).

The equilibrium free energy −βF eq ≡ ln
∑

z e
−βE(z) is

the upper limit on work that can be produced from an
equilibrium distribution. The equilibrium distribution is
the necessary starting point for an efficient quasistatic
transformation of information [17, 36, 60]. This means
that if we prepare a distribution q(z) that differs from
the initial equilibrium distribution, we can calculate the
dissipated work ⟨Wdiss⟩ as it partially relaxes to q′(z) via
a difference in relative entropies [29, 49, 50]:

β⟨Wdiss⟩ = DKL(q||π)−DKL(q
′|π).

The dissipation associated with preparing every edge-
weight of the model θ should contribute to a Thermo-
dynamic Regularizer.
As discussed in App. D, preparing the edge-weight

θ(y|s) of a particular combination of predictive state s
and input y incurs the dissipated work of:

β⟨W prepare
diss (s, y)⟩ = − ln θ(y|s).

We propose that the cost of implementing a model is
proportional to the dissipation associated with preparing
every edge-weight:

C(θ) = α
∑

s,y

β⟨W prepare
diss ⟩

= −α
∑

s,y

ln θ(y|s),

where α is a regularization parameter of our choosing.
For the parameter α = 1, this is the total energetic ex-
cess beyond the free energy for each combination engine
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memory state and input:

C(θ) =
∑

s,y

β(Eθ(s, y)− F θ(s)).

We associate this additional cost with examining the re-
laxation to check the estimated probability of every edge-
weight. This is a thermodynamic regularizer in that the
penalty originates from a thermodynamic implementa-
tion of the engine with model θ.
The resulting regularized work production is

β⟨W θ
p,α,ϵ(y0:L)⟩ = L ln |Y| − α⟨W prepare

diss ⟩ (26)

+
∑

s0

p(s0)N(y, s|s0, ϵ, y0:L) ln θ(y|s).

This work production can be maximized analytically.

Theorem 2. The maximum-work edge-weights of an en-
gine with input y0:L, topology ϵ, and regularization pa-
rameters α and p can be analytically calculated by track-
ing the dynamics of the ϵ-map from each start state:

Θmax
p,α,ϵ,y0:L

(y|s) =
∑

s0
p(s0)(α+N(y, s|s0, ϵ, y0:L))∑

y′,s0
p(s0)(α+N(y′, s|s0, ϵ, y0:L))

.

Proof. See App. D

Theorem 2 gives a shortcut to regularized TML.
Once given the topology of a candidate information en-
gine, we need only track the memory dynamics and di-
rectly calculate the maximum-work edge-weights from
Θmax

p,α,ϵ,y0:L
(y|s). Thus, given a memory constraint, we

scan through the available engine topologies and select
that which produces the most work. While the set of
topologies grows super-exponentially with memory, it is
vastly simpler than discovering the edge-weights through
numerical optimization of edge-weights.

A. Autocorrection

When harvesting temporal correlations from a time se-
ries, the engine may start out of sync with the input pro-
cess. As a result, it must autocorrect to the predictive
states input. Autocorrection requires additional energy
[57], as does synchronizing with the inputs [61]. To ad-
dress this, consider the average work production if the
engine starts in distribution p(s) ≡ Pr(Xθ

0 = s) over its
memory states. Appendix C shows that the resulting av-
erage work production is the weighted log-likelihood of

each predictive state:

β⟨W θ
AC(y0:L)⟩

= L ln |Y|+
∑

s

p(s) lnPr(Y θ
0:L = y0:L|Sθ

0 = s)

= L ln |Y|+
∑

s

p(s) ln

L−1∏

i=0

θ(yi|ϵ(y0:i, s)).

As an example, consider the case where the initial dis-
tribution over memory states is uniform p(s) = 1/|X |.
Rather than finding the n-state model that maximizes
the work production Θmax

n (y0:N ), we find the model that
produces maximum work when we take into account the
cost of autocorrection:

ΘAC
n (y0:L) ≡ argmax

θ∈Θn

⟨W θ
AC(y0:L)⟩. (27)

This sets us up to introduce a thermodynamic com-
plexity measure for autocorrection. Note that requiring
the agent to autocorrect introduces unavoidable energy
inefficiencies that are not present in the unregularized
MLE/TML strategy. Given an initial density over the
input’s predictive states p(s0) = Pr(S′

0 = s0), we have
the true input distribution:

Pr(Y θ′
0:L) =

∑

s0

p(s0) Pr(Y
θ′
0:L|S0 = s0).

The average entropy production is the difference between
the average work production and the change in free en-
ergy:

⟨Σθ
AC⟩0:L/kB = β(−⟨W θ

AC⟩0:L −∆FNEQ
0:L )

=
∑

s0

p(s0)DKL(Y
θ′
0:L||Y θ

0:L|S0 = s0).

The average dissipation is proportional to the average
divergence between the actual input and the estimated
input from each predictive state of the estimated model
θ.

Even if the agent correctly guesses the underlying ϵ-
machine model, such that the state transitions ϵ′ = ϵ
and the edge-weights θ′(y|s) = θ(y|s) are the same and
the prediction from each causal state is the same:

Pr(Y θ′
0:L|S′

0 = s0) = Pr(Y θ
0:L|S0 = s0), (28)

the agent can still produce entropy due to the lack of
model synchronisation.

The entropy produced through autocorrection is a new
model complexity measure. Specifically, the complexity
is proportional to the cost of autocorrecting to the correct
predictive states of the process from an initially uniform
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distribution over all predictive states:

CAC(θ, L) ≡
∑

s0
DKL(Y

θ′
0:L||Y θ′

0:L|S′
0 = s0)

|S| .

Previous explorations of correlation-powered information
engines show that they must autocorrect to synchronize
with their inputs, incurring a thermodynamic cost along
the way [57].

The autocorrection cost CAC(θ, L) differs from a mea-
sure of stored information like statistical complexity Cµ

[13]. On the one hand, we can have many different pos-
sible configurations with the latter, with nearly identi-
cal predictions, but the difference between predictions
of each causal state is immaterial to the complexity
measure. On the other hand, the complexity measure
CAC(θ, L) reflects the thermodynamic cost of choosing a
model that anticipates wildly divergent futures from dif-
ferent predictive states.

There are cases in which we know this will approach
a finite quantity in the asymptotic limit L → ∞. (For

instance, when Y θ′
0:∞ has finite Markov order.) In such

cases, we can refine the complexity measure to be the
thermodynamic cost of exactly synchronizing to the in-
put process:

CAC(θ) ≡ lim
L→∞

CAC(θ, L)

=

∑
s0
DKL(Y

θ′
0:∞||Y θ′

0:∞|S′
0 = s0)

|S| .

We define CAC(θ) to be the autocorrection complexity.
The entropy production associated with autocorrec-

tion can only be minimized to zero if the engine is re-
stricted to start in a single predictive state. Relative
entropies are all non-negative and zero if and only if
Pr(Y θ′

0:∞) = Pr(Y θ
0:∞|S0 = s0). This means that for

all predictive states s0 with nonzero p(s0), to minimize

entropy production it must be true that Pr(Y θ′
0:∞) =

Pr(Y θ
0:∞|S0 = s0). However, by the definition of causal

states, different memory states must give rise to differ-
ent future predictions. Thus, zero dissipation is impossi-
ble unless the initial distribution is a unique start state
p(s0) = δs0,s∗ .

B. Bayesian Edge-Weights

We introduce another regularization technique by al-
lowing the agent’s memory to start in a single start state
p(s) = δs,s∗ , but insisting on a complexity cost that is
proportional to the work dissipated by initializing every
edge-weight C(θ) = ⟨W prepare

diss ⟩ (α = 1). Applying Thm.
2, the resulting maximum-work edge-weights are given
by:

Θmax
δs,s∗ ,1,ϵ,y0:L

(y|s) = 1 +N(y, s|s∗, ϵ, y0:L)
|Y|+∑

y′ N(y′, s|s∗, ϵ, y0:L)
.

This is simply Laplace’s rule of succession when Yt is a
binary variable [58]. It follows from considering a uni-
form prior over the inputs for each causal state, then
using Bayes’ theorem to update the distribution using
input counts N(y, s|s∗, ϵ, y0:L) for each causal state. The
generalization of this to larger alphabets Y also comes
from Bayesian inference applied to a prior given by a |Y|-
dimensional uniform distribution (Dirichlet distribution)
over the possible edge-weights [58].

C. Combined Regularization

If we choose to both incur a cost of initializing the
edge-weights (α = 1) and a cost of autocorrection (p(s) =
1/|S|), then we obtain a “combined” regularization strat-
egy for which the maximum-work edge-weights are:

Θmax
1/|Y|,1,ϵ,y0:L

(y|s) =
∑

s0
(1 +N(y, s|s0, ϵ, y0:L))∑

y′,s0
(1 +N(y′, s|s0, ϵ, y0:L))

.

(29)

as shown in App. D.
The following numerically compares the advantages of

each regularization strategy:

1. MLE (α = 0, p(s) = δs,s∗): Unregularized, where
we simply maximize the work production, which
yields the same inference as Maximum Likelihood
Estimation.

2. BAYES (α = 1, p(s) = δs,s∗): We incur the cost
of initializing edge-weights, resulting in Bayesian
updates of the edge-weights.

3. AC (α = 0, p(s) = 1/|S|): We incur the cost of
autocorrection, meaning that divergent predictions
from different causal states must be strongly justi-
fied by data.

4. CMBD (α = 1, p(s) = 1/|S|): We combine
the costs of autocorrection and initializing edge-
weights.

VI. TESTING GENERALIZATION
STRATEGIES

As we attempt to determine the effectiveness of ther-
modynamic learning with an additional work penalty
from complexity, it is worth noting that our original mea-
sure of testing performance for our model (the asymptotic
work rate ⟨W θ⟩∞) is unchanged. As long as the ma-
chines are ergodic, the initial distribution p(s) doesn’t
affect the steady-state distribution πs,s′ in Thm. 1. In
addition, the complexity costs C(θ) are transient, and
don’t affect the asymptotic dynamics. Thus, we can ex-
actly calculate the asymptotic performance of regular-
ized maximum-work models using Thm. 1, just as be-
fore. In the following, we evaluate the performance of
the four different generalization strategies by calculating



12

0.5 1.0 1.5 2.0

0.5

1.0

1.5

2.0
✓0 = five state

<latexit sha1_base64="uSTcAtwuSP9m8ohB2wgJGVfcUh4=">AAACBHicbVDJSgNBEO2JW4zbqMdcGoPoKczEgF6EgBePEcwCSQg9nZqkSc9Cd00wDDl48Ve8eFDEqx/hzb+xsxw08UHB470qqup5sRQaHefbyqytb2xuZbdzO7t7+wf24VFdR4niUOORjFTTYxqkCKGGAiU0YwUs8CQ0vOHN1G+MQGkRhfc4jqETsH4ofMEZGqlr59s4AGRn9Jq2ER4w9cUIqEaGMOnaBafozEBXibsgBbJAtWt/tXsRTwIIkUumdct1YuykTKHgEia5dqIhZnzI+tAyNGQB6E46e2JCT43So36kTIVIZ+rviZQFWo8Dz3QGDAd62ZuK/3mtBP2rTirCOEEI+XyRn0iKEZ0mQntCAUc5NoRxJcytlA+YYhxNbjkTgrv88iqpl4ruRbF0Vy5Uyos4siRPTsg5ccklqZBbUiU1wskjeSav5M16sl6sd+tj3pqxFjPH5A+szx82ZJfJ</latexit>

n = 3
<latexit sha1_base64="Qpylave/JsPtWhp/GtaEwy0nZno=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewmAb0IAS8eI5oHJEuYnfQmQ2Znl5lZIYR8ghcPinj1i7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LRzNJ0I/oUPKQM2qs9CBvqv1iyS27C5B14mWkBBka/eJXbxCzNEJpmKBadz03Mf6UKsOZwFmhl2pMKBvTIXYtlTRC7U8Xp87IhVUGJIyVLWnIQv09MaWR1pMosJ0RNSO96s3F/7xuasJrf8plkhqUbLkoTAUxMZn/TQZcITNiYgllittbCRtRRZmx6RRsCN7qy+ukVSl71XLlvlaq17I48nAG53AJHlxBHe6gAU1gMIRneIU3RzgvzrvzsWzNOdnMKfyB8/kDyNuNbA==</latexit>

L = 50
<latexit sha1_base64="ABvZyjq3GEeoCkmZ0xUykZKf/Cc=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5iRBshYGNhEcF8QHKEvc1esmR379jdE8KRv2BjoYitf8jOf+NecoUmPhh4vDfDzLwg5kwb1/12CmvrG5tbxe3Szu7e/kH58Kito0QR2iIRj1Q3wJpyJmnLMMNpN1YUi4DTTjC5zfzOE1WaRfLRTGPqCzySLGQEm0y6v7l0B+WKW3XnQKvEy0kFcjQH5a/+MCKJoNIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepxIJqP53fOkNnVhmiMFK2pEFz9fdEioXWUxHYToHNWC97mfif10tMeO2nTMaJoZIsFoUJRyZC2eNoyBQlhk8twUQxeysiY6wwMTaekg3BW355lbRrVe+iWnuoVxr1PI4inMApnIMHV9CAO2hCCwiM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAGjI2G</latexit>

samples = 200
<latexit sha1_base64="N3yIlA+9bjw9Z3Wq3CHtZhEE2ks=">AAAB+3icbVBNS8NAEN34WetXrEcvwSJ4Kkkt6EUoePFYwX5AG8pmO2mXbjZhdyItoX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMCxLBNbrut7WxubW9s1vYK+4fHB4d2yello5TxaDJYhGrTkA1CC6hiRwFdBIFNAoEtIPx3dxvP4HSPJaPOE3Aj+hQ8pAzikbq26UewgQzTaNEgJ7dVl23b5fdiruAs068nJRJjkbf/uoNYpZGIJEJqnXXcxP0M6qQMwGzYi/VkFA2pkPoGippBNrPFrfPnAujDJwwVqYkOgv190RGI62nUWA6I4ojverNxf+8borhjZ9xmaQIki0XhalwMHbmQTgDroChmBpCmeLmVoeNqKIMTVxFE4K3+vI6aVUr3lWl+lAr12t5HAVyRs7JJfHINamTe9IgTcLIhDyTV/JmzawX6936WLZuWPnMKfkD6/MHwc2UMg==</latexit>

MLE - p(s) = �s,s⇤ , ↵ = 0 :
<latexit sha1_base64="KbqJ0P2o3CdUvzrH9GKXHIGtErQ="></latexit>

BAYES - p(s) = �s,s⇤ , ↵ = 1 :
<latexit sha1_base64="rAmb0MeJy+kZ0la1XsUzciSh+ZM="></latexit>

AC - p(s) =
1

n
, ↵ = 0 :

<latexit sha1_base64="R3heDwyiIPtXvn63mzeVNkhMNIY=">AAACIHicbVBNS8NAEN34WetX1aOXxSIoaElqoSIUKl48KlgtNKFstpt26WYTdidiCfkpXvwrXjwoojf9NW7bHPx6MPB4b4aZeX4suAbb/rBmZufmFxYLS8XlldW19dLG5rWOEkVZi0YiUm2faCa4ZC3gIFg7VoyEvmA3/vBs7N/cMqV5JK9gFDMvJH3JA04JGKlbqrvA7iA9PcOHOIv39H7DDRShqZOlMpt6BzjDLhHxgDTsqYJPsm6pbFfsCfBf4uSkjHJcdEvvbi+iScgkUEG07jh2DF5KFHAqWFZ0E81iQoekzzqGShIy7aWTBzO8a5QeDiJlSgKeqN8nUhJqPQp90xkSGOjf3lj8z+skEBx7KZdxAkzS6aIgERgiPE4L97hiFMTIEEIVN7diOiAmIDCZFk0Izu+X/5LrasU5qlQva+VmLY+jgLbRDtpDDqqjJjpHF6iFKLpHj+gZvVgP1pP1ar1NW2esfGYL/YD1+QWNTaKQ</latexit>

CMBD: - p(s) =
1

n
, ↵ = 1 :

<latexit sha1_base64="kMXkJmhB/Iy2qRC+zNTvcHroq5E="></latexit>

e�hW
max
n (y0:L)i/L

<latexit sha1_base64="kQlb1ilWQ51pEelIBen2n+qR5rM="></latexit>

e�
hW

⇥
m

a
x

n
(
y
0
:L

)
i 1

<latexit sha1_base64="kPk6Eenvxk6NWYKXrFJo5Sk8hXk="></latexit>

e�hW
✓0 i1

<latexit sha1_base64="k6ZdqpRtY14ac0/st6xk167/5P0=">AAACFXicbZBNS8NAEIY39bt+VT16WSyiBymJCnoUvHisYFuhiWGznbRLN5uwOxFK6J/w4l/x4kERr4I3/43b2INfLyy8PDPD7LxRJoVB1/1wKjOzc/MLi0vV5ZXVtfXaxmbbpLnm0OKpTPV1xAxIoaCFAiVcZxpYEknoRMPzSb1zC9qIVF3hKIMgYX0lYsEZWhTWDuCm8CNARn3JVF8C7ViAA0v2xtTXJQt9oWIcjcNa3W24pehf401NnUzVDGvvfi/leQIKuWTGdD03w6BgGgWXMK76uYGM8SHrQ9daxRIwQVFeNaa7lvRonGr7FNKSfp8oWGLMKIlsZ8JwYH7XJvC/WjfH+DQohMpyBMW/FsW5pJjSSUS0JzRwlCNrGNfC/pXyAdOMow2yakPwfp/817QPG95R4/DyuH52PI1jkWyTHbJPPHJCzsgFaZIW4eSOPJAn8uzcO4/Oi/P61VpxpjNb5Iect0/eCJ87</latexit>

e�hW
✓0 i1

<latexit sha1_base64="k6ZdqpRtY14ac0/st6xk167/5P0=">AAACFXicbZBNS8NAEIY39bt+VT16WSyiBymJCnoUvHisYFuhiWGznbRLN5uwOxFK6J/w4l/x4kERr4I3/43b2INfLyy8PDPD7LxRJoVB1/1wKjOzc/MLi0vV5ZXVtfXaxmbbpLnm0OKpTPV1xAxIoaCFAiVcZxpYEknoRMPzSb1zC9qIVF3hKIMgYX0lYsEZWhTWDuCm8CNARn3JVF8C7ViAA0v2xtTXJQt9oWIcjcNa3W24pehf401NnUzVDGvvfi/leQIKuWTGdD03w6BgGgWXMK76uYGM8SHrQ9daxRIwQVFeNaa7lvRonGr7FNKSfp8oWGLMKIlsZ8JwYH7XJvC/WjfH+DQohMpyBMW/FsW5pJjSSUS0JzRwlCNrGNfC/pXyAdOMow2yakPwfp/817QPG95R4/DyuH52PI1jkWyTHbJPPHJCzsgFaZIW4eSOPJAn8uzcO4/Oi/P61VpxpjNb5Iect0/eCJ87</latexit>

2.0
<latexit sha1_base64="8y/zNXYVk6iubwazc2nOIsWaNmk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD7WqOyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSHI0e</latexit>

0.0
<latexit sha1_base64="RgdAuAedIOvmT4d/7P1kAvLhTOo=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvHisaD+gXUo2zbah2eySzApl6U/w4kERr/4ib/4b03YP2vog4fHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPbhVd1Cu2H8Bsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42WLVGbmwypCEsbZPIVmovzsyGhkzjQJbGVEcm1VvLv7n9VIMb/xMqCRFrthyUJhKgjGZ302GQnOGcmoJZVrYXQkbU00Z2nRKNgRv9eR10q5Vvatq7b5eadTzOIpwBudwCR5cQwPuoAktYDCCZ3iFN0c6L86787EsLTh5zyn8gfP5A08QjRw=</latexit> 0.5

<latexit sha1_base64="CFocVmGrH+6WIL5NbudyDhBTCDE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBWpI0h</latexit>

0.5
<latexit sha1_base64="CFocVmGrH+6WIL5NbudyDhBTCDE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBWpI0h</latexit>

1.5
<latexit sha1_base64="aNI/6ak9AMvZW1BpbZ7OUWuTWkg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+9e9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKo0i</latexit>

1.0
<latexit sha1_base64="AZGZQgEIbMdhIvFzN/KXJvOO+GI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau6g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBQlo0d</latexit>

2.0
<latexit sha1_base64="8y/zNXYVk6iubwazc2nOIsWaNmk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD7WqOyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSHI0e</latexit>

1.5
<latexit sha1_base64="aNI/6ak9AMvZW1BpbZ7OUWuTWkg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+9e9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKo0i</latexit>1.0

<latexit sha1_base64="AZGZQgEIbMdhIvFzN/KXJvOO+GI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau6g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBQlo0d</latexit>

Training Work Rate
<latexit sha1_base64="DkRxpuV0Vk5gjrGE8o0hIJTlzZ0=">AAACAnicbVDLSgNBEJz1GeNr1ZN4GQyCp7AbBT0GvXiMkhckIcxOOsmQ2dllplcMS/Dir3jxoIhXv8Kbf+PkcdDEgoaiqpvuriCWwqDnfTtLyyura+uZjezm1vbOrru3XzVRojlUeCQjXQ+YASkUVFCghHqsgYWBhFowuB77tXvQRkSqjMMYWiHrKdEVnKGV2u5hE+EB07JmQgnVo7VID+gdQxi13ZyX9yagi8SfkRyZodR2v5qdiCchKOSSGdPwvRhbKdMouIRRtpkYiBkfsB40LFUsBNNKJy+M6IlVOrQbaVsK6UT9PZGy0JhhGNjOkGHfzHtj8T+vkWD3spUKFScIik8XdRNJMaLjPGhHaOAoh5YwroW9lfI+04yjTS1rQ/DnX14k1ULeP8sXbs9zxatZHBlyRI7JKfHJBSmSG1IiFcLJI3kmr+TNeXJenHfnY9q65MxmDsgfOJ8/aGiXbQ==</latexit>

C(✓) = �
X

s,y

ln ✓(y|s)
<latexit sha1_base64="zP2oGMKGzO7GKox5OPOw3vuiT9M=">AAACEHicbVDLSgNBEJyNrxhfUY9eBoOYgIbdKOhFCObiMYJ5QDaE2ckkGTI7u8z0CsuaT/Dir3jxoIhXj978GyePgyYWNBRV3XR3eaHgGmz720otLa+srqXXMxubW9s72d29ug4iRVmNBiJQTY9oJrhkNeAgWDNUjPieYA1vWBn7jXumNA/kHcQha/ukL3mPUwJG6mSPK3kXBgxI4QqfujryO4k+iUfYFRJPjXz8oAu4k83ZRXsCvEicGcmhGaqd7JfbDWjkMwlUEK1bjh1COyEKOBVslHEjzUJCh6TPWoZK4jPdTiYPjfCRUbq4FyhTEvBE/T2REF/r2PdMp09goOe9sfif14qgd9lOuAwjYJJOF/UigSHA43RwlytGQcSGEKq4uRXTAVGEgskwY0Jw5l9eJPVS0Tkrlm7Pc+XrWRxpdIAOUR456AKV0Q2qohqi6BE9o1f0Zj1ZL9a79TFtTVmzmX30B9bnD4j4m6Y=</latexit>

T
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e

<latexit sha1_base64="uNvXHyrUc2B3vVhknULpouTmi58=">AAACAXicbVDLSgNBEJz1GeNr1YvgZTAInsJuFPQY9OIxSl6QhDA76SRDZmeXmV4xLPHir3jxoIhX/8Kbf+PkcdDEgoaiqpvuriCWwqDnfTtLyyura+uZjezm1vbOrru3XzVRojlUeCQjXQ+YASkUVFCghHqsgYWBhFowuB77tXvQRkSqjMMYWiHrKdEVnKGV2u5hE+EB0zIYFKpHa5Ee0DuGMGq7OS/vTUAXiT8jOTJDqe1+NTsRT0JQyCUzpuF7MbZSplFwCaNsMzEQMz5gPWhYqlgIppVOPhjRE6t0aDfSthTSifp7ImWhMcMwsJ0hw76Z98bif14jwe5lKxUqThAUny7qJpJiRMdx0I7QwFEOLWFcC3sr5X2mGUcbWtaG4M+/vEiqhbx/li/cnueKV7M4MuSIHJNT4pMLUiQ3pEQqhJNH8kxeyZvz5Lw4787HtHXJmc0ckD9wPn8Aq1iXBQ==</latexit>

FIG. 7. Ensemble performance of thermodynamic regularization in training compared to testing: For the input process θ′ we
randomly sample 200 length L = 50 words and train 3-state information engines on each to find the exponential training work

rate eβ⟨W
max
n=3 (y0:L)⟩/L and the exponential testing work rate eβ⟨W

Θmax
n=3(y0:L)⟩∞ for each regularization strategy: MLE (orange),

BAYES (red), AC (purple), and CMBD (blue). The ovals are centered around the average work rates of these 200 samples, and
their dimensions are given by the variance of the work rates. The dashed black lines represent work rates of zero along each

dimension, and the blue lines represent the theoretical limit on the asymptotic work rate, given by eβ⟨W
θ′ ⟩. The strict MLE

strategy performs best in training, but worst in testing. The CMBD strategy performs worst in training and best in testing.

the maximum-work model

Θmax
n (y0:L) ≡ argmax

θ∈Θn

⟨W θ
G(y0:L)⟩, (30)

then evaluating the testing work rate ⟨WΘmax
n (y0:L)⟩∞.

A. Ensemble Performance of Regularized
Thermodynamic Learning

The performance of thermodynamic learning from in-
dividual words as shown in Fig. 6 gives some insight into
how patterns are discovered. However, we see enough
variety in random word realizations in App. F that we
must look at ensemble averages to determine whether
Thermodynamic Regularization effectively generalizes.

Take the process generated by the Five-State model
shown in Fig. 5 as our true source. This process re-
quires five or more memory states for perfect prediction,
while we have at most three memory states available.
Examining learning from this process elucidates the case
where there is a force towards more engine complexity,
but practical constraints of overfitting limit complexity.

This illustrates how thermodynamic learning performs
when the accessible model class is misspecified by not
including sufficient memory states to fully capture the
process.
Figure 7 plots the asymptotic testing work rate against

the training work rate for engines with memory size n = 3
from 200 different words of length 50 generated from the
Five-State model. Plotted against the theoretical limit
on the work rate β⟨W θ′⟩∞, we see how close the learned
engines are to optimal. Note that the work rates are
exponentiated, so that the graph can accommodate in-
finitely divergent outcomes. We identify the behaviour of
the ensemble of words by plotting an oval whose center
is our numerical estimate of the average work rates for
the learning process:

(⟨x⟩, ⟨y⟩)
=

(
⟨eβ⟨Wmax

n=3 (y0:L)⟩/L⟩Y θ′
0:L

, ⟨eβ⟨WΘmax
n=3(y0:L)⟩∞⟩Y θ′

0:L

)
,

and whose radial dimensions are given by the variance of
the exponential work rates:
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↵ = 1
<latexit sha1_base64="un0ND/FJx6xOg2RgH8dAsrwzyI0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh4MVjBfsBbSiT7aZdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gSomeCSNQ03gnUSxTAKBGsH49uZ335iSvNYPphJwvwIh5KHnKKxUqeHIhnhjdcvV9yqOwdZJV5OKpCj0S9/9QYxTSMmDRWodddzE+NnqAyngk1LvVSzBOkYh6xrqcSIaT+b3zslZ1YZkDBWtqQhc/X3RIaR1pMosJ0RmpFe9mbif143NeG1n3GZpIZJulgUpoKYmMyeJwOuGDViYglSxe2thI5QITU2opINwVt+eZW0alXvolq7v6zUa3kcRTiBUzgHD66gDnfQgCZQEPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDfaWPjg==</latexit>

p(s) = �s,s⇤
<latexit sha1_base64="tlfWxrOGduRcHi7s9R+tFwQdAfA=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQRUpSBd0IBTcuK9gHtDFMJpN26OTBzI0QQv0VNy4UceuHuPNvnD4W2nrgwuGce7n3Hi8RXIFlfRuFldW19Y3iZmlre2d3z9w/aKs4lZS1aCxi2fWIYoJHrAUcBOsmkpHQE6zjjW4mfueRScXj6B6yhDkhGUQ84JSAllyznFTVyXXfZwKIm6sz9XA6ds2KVbOmwMvEnpMKmqPpml99P6ZpyCKggijVs60EnJxI4FSwcamfKpYQOiID1tM0IiFTTj49foyPteLjIJa6IsBT9fdETkKlstDTnSGBoVr0JuJ/Xi+F4MrJeZSkwCI6WxSkAkOMJ0lgn0tGQWSaECq5vhXTIZGEgs6rpEOwF19eJu16zT6v1e8uKo36PI4iOkRHqIpsdIka6BY1UQtRlKFn9IrejCfjxXg3PmatBWM+U0Z/YHz+AMFKlCU=</latexit>

✓0 = five state
<latexit sha1_base64="SYorDSfbHjoqAHNfaZCKPkm7ujo=">AAACAnicbVDJSgNBEO1xjXGLehIvjUH0FGaioBch4MVjBLNAZgg9nZqkSc9Cd00wDMGLv+LFgyJe/Qpv/o2d5aCJDwoe71VRVc9PpNBo29/W0vLK6tp6biO/ubW9s1vY26/rOFUcajyWsWr6TIMUEdRQoIRmooCFvoSG378Z+40BKC3i6B6HCXgh60YiEJyhkdqFQxd7gOz02kV4wCwQA6AaGcKoXSjaJXsCukicGSmSGartwpfbiXkaQoRcMq1bjp2glzGFgksY5d1UQ8J4n3WhZWjEQtBeNnlhRE+M0qFBrExFSCfq74mMhVoPQ990hgx7et4bi/95rRSDKy8TUZIiRHy6KEglxZiO86AdoYCjHBrCuBLmVsp7TDGOJrW8CcGZf3mR1Msl57xUvrsoVsqzOHLkiByTM+KQS1Iht6RKaoSTR/JMXsmb9WS9WO/Wx7R1yZrNHJA/sD5/AIBkl3M=</latexit>

samples = 200
<latexit sha1_base64="sYlgNwbJtjEES27CcyOajocNEiA=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0mioBeh4MVjBfsBbSib7aRduvlgdyItIX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zM8xPBFdr2t1Ha2Nza3invVvb2Dw6PzONqW8WpZNBisYhl16cKBI+ghRwFdBMJNPQFdPzJ3dzvPIFUPI4ecZaAF9JRxAPOKGppYFb7CFPMFA0TASq/dW17YNbsur2AtU6cgtRIgebA/OoPY5aGECETVKmeYyfoZVQiZwLySj9VkFA2oSPoaRrREJSXLW7PrXOtDK0glroitBbq74mMhkrNQl93hhTHatWbi/95vRSDGy/jUZIiRGy5KEiFhbE1D8IacgkMxUwTyiTXt1psTCVlqOOq6BCc1ZfXSdutO5d19+Gq1nCLOMrklJyRC+KQa9Ig96RJWoSRKXkmr+TNyI0X4934WLaWjGLmhPyB8fkDwTOUMA==</latexit>

p(s) =
1

n
<latexit sha1_base64="c3h/2gvVYcanj6jBzTZ8M7snWdc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkpSBb0IBS8eK9gPaEPZbDft0s0m7G4KJeSfePGgiFf/iTf/jds0B219MPB4b4aZeX7MmdKO822VNja3tnfKu5W9/YPDI/v4pKOiRBLaJhGPZM/HinImaFszzWkvlhSHPqddf3q/8LszKhWLxJOex9QL8ViwgBGsjTS07bimLu8GgcQkdbNUZEO76tSdHGiduAWpQoHW0P4ajCKShFRowrFSfdeJtZdiqRnhNKsMEkVjTKZ4TPuGChxS5aX55Rm6MMoIBZE0JTTK1d8TKQ6Vmoe+6QyxnqhVbyH+5/UTHdx6KRNxoqkgy0VBwpGO0CIGNGKSEs3nhmAimbkVkQk2KWgTVsWE4K6+vE46jbp7VW88XlebjSKOMpzBOdTAhRtowgO0oA0EZvAMr/BmpdaL9W59LFtLVjFzCn9gff4ABEyTNw==</latexit>

n = 1
<latexit sha1_base64="a6nahihcaSRzVb35xpDDiDHUj2w=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6EUoePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5aCYJ+hEdSh5yRo2VHuSN1y+V3Yo7B1klXk7KkKPRL331BjFLI5SGCap113MT42dUGc4ETou9VGNC2ZgOsWuppBFqP5ufOiXnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHpFG0I3vLLq6RVrXiXlep9rVyv5XEU4BTO4AI8uII63EEDmsBgCM/wCm+OcF6cd+dj0brm5DMn8AfO5w/F041q</latexit>

n = 2
<latexit sha1_base64="fAQ1oNt3XbzaEGYLn1nbOxh/yqY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6EUoePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5aCYJ+hEdSh5yRo2VHuRNtV8quxV3DrJKvJyUIUejX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dUrOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdoQvOWXV0mrWvEuK9X7Wrley+MowCmcwQV4cAV1uIMGNIHBEJ7hFd4c4bw4787HonXNyWdO4A+czx/HV41r</latexit>

n = 3
<latexit sha1_base64="Qpylave/JsPtWhp/GtaEwy0nZno=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewmAb0IAS8eI5oHJEuYnfQmQ2Znl5lZIYR8ghcPinj1i7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LRzNJ0I/oUPKQM2qs9CBvqv1iyS27C5B14mWkBBka/eJXbxCzNEJpmKBadz03Mf6UKsOZwFmhl2pMKBvTIXYtlTRC7U8Xp87IhVUGJIyVLWnIQv09MaWR1pMosJ0RNSO96s3F/7xuasJrf8plkhqUbLkoTAUxMZn/TQZcITNiYgllittbCRtRRZmx6RRsCN7qy+ukVSl71XLlvlaq17I48nAG53AJHlxBHe6gAU1gMIRneIU3RzgvzrvzsWzNOdnMKfyB8/kDyNuNbA==</latexit>
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L (training word length)
<latexit sha1_base64="A5hvd65KLdgHqIWMb91gwKla9+Y=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GITbiLgikDNhYWEcwHJCHsbSbJkr29Y3dODUdKG/+KjYUitv4EO/+Nm49CEx8MPN6bYWaeH0lh0HW/naXlldW19dRGenNre2c3s7dfNWGsOVR4KENd95kBKRRUUKCEeqSBBb6Emj+4HPu1O9BGhOoWhxG0AtZTois4Qyu1M0fXTYQHTGgONRNKqB69D3WHSlA97J+O2pmsm3cnoIvEm5EsmaHcznw1OyGPA1DIJTOm4bkRthKmUXAJo3QzNhAxPmA9aFiqWACmlUweGdETq3RoN9S2FNKJ+nsiYYExw8C3nQHDvpn3xuJ/XiPGbrGVCBXFCIpPF3VjSTGk41RoR2jgKIeWMK6FvZXyPtOMo80ubUPw5l9eJNVC3jvLF27Os6XiLI4UOSTHJEc8ckFK5IqUSYVw8kieySt5c56cF+fd+Zi2LjmzmQPyB87nD2XVmYs=</latexit>
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e�hW
✓0 i1

<latexit sha1_base64="INzRPR+OZL8BRmiJXOxAqiyEeaU="></latexit>

0 20 40 60 80 100 120
0.0

0.5

1.0

1.5

2.0

0 20 40 60 80 100 120
0.0

0.5

1.0

1.5

2.0

↵ = 0
<latexit sha1_base64="HRBTkn/EvyP/+uZgeJBWePhyWMk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh4MVjBfsBbSiT7aZdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gSomeCSNQ03gnUSxTAKBGsH49uZ335iSvNYPphJwvwIh5KHnKKxUqeHIhnhjdsvV9yqOwdZJV5OKpCj0S9/9QYxTSMmDRWodddzE+NnqAyngk1LvVSzBOkYh6xrqcSIaT+b3zslZ1YZkDBWtqQhc/X3RIaR1pMosJ0RmpFe9mbif143NeG1n3GZpIZJulgUpoKYmMyeJwOuGDViYglSxe2thI5QITU2opINwVt+eZW0alXvolq7v6zUa3kcRTiBUzgHD66gDnfQgCZQEPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDfCGPjQ==</latexit>

0.0
<latexit sha1_base64="RgdAuAedIOvmT4d/7P1kAvLhTOo=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvHisaD+gXUo2zbah2eySzApl6U/w4kERr/4ib/4b03YP2vog4fHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPbhVd1Cu2H8Bsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42WLVGbmwypCEsbZPIVmovzsyGhkzjQJbGVEcm1VvLv7n9VIMb/xMqCRFrthyUJhKgjGZ302GQnOGcmoJZVrYXQkbU00Z2nRKNgRv9eR10q5Vvatq7b5eadTzOIpwBudwCR5cQwPuoAktYDCCZ3iFN0c6L86787EsLTh5zyn8gfP5A08QjRw=</latexit>

0.5
<latexit sha1_base64="CFocVmGrH+6WIL5NbudyDhBTCDE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBWpI0h</latexit>

1.5
<latexit sha1_base64="aNI/6ak9AMvZW1BpbZ7OUWuTWkg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+9e9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKo0i</latexit>

1.0
<latexit sha1_base64="AZGZQgEIbMdhIvFzN/KXJvOO+GI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau6g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBQlo0d</latexit>

2.0
<latexit sha1_base64="8y/zNXYVk6iubwazc2nOIsWaNmk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD7WqOyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSHI0e</latexit>

20
<latexit sha1_base64="pzvojpp3M9V/Vd5kM/qH+WV9q68=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimGN34mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6adeq3lW1dl+vNOp5HEU4g3O4BA+uoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+cPjOY=</latexit> 40

<latexit sha1_base64="/bOlIvhYtFwIUvqIODQUUYY69BE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpoe4OyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFpfOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6adeq3lW1dl+vNOp5HEU4g3O4BA+uoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+oZjOg=</latexit>

60
<latexit sha1_base64="NsVrlhdhEDPms/IT48T0XW2T8/8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6rHgxWMV+wFtKJvtpl262YTdiVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSw5XbL5XdijsHWSVeTsqQo9EvffUGMUsjrpBJakzXcxP0M6pRMMmnxV5qeELZmA5511JFI278bH7plJxbZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDGz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpyiDcFbfnmVtKoV77JSva+V67U8jgKcwhlcgAfXUIc7aEATGITwDK/w5oydF+fd+Vi0rjn5zAn8gfP5A+0jjOo=</latexit>

80
<latexit sha1_base64="mitjknrCAbKxZpQC1JuhHR8Cpmo=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz0UHcHpbJbcRcg68TLSRlyNAelr/4wZmmE0jBBte55bmL8jCrDmcBZsZ9qTCib0BH2LJU0Qu1ni0tn5NIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5qw7mdcJqlByZaLwlQQE5P522TIFTIjppZQpri9lbAxVZQZG07RhuCtvrxO2tWKd12p3tfKjVoeRwHO4QKuwIMbaMAdNKEFDEJ4hld4cybOi/PufCxbN5x85gz+wPn8AfAtjOw=</latexit>

100
<latexit sha1_base64="y+QEyENDVwiMT5Yfd8HfKDbgRmM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD57rDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP1OgjR8=</latexit>

0
<latexit sha1_base64="buqwqt41l27EsUXgHsXg9xH5Lpw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AdjGMqg==</latexit> 120

<latexit sha1_base64="UXyUItlCqzy/dFwJClgd8QN5FSU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau5g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBWqo0h</latexit>

0.0
<latexit sha1_base64="RgdAuAedIOvmT4d/7P1kAvLhTOo=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvHisaD+gXUo2zbah2eySzApl6U/w4kERr/4ib/4b03YP2vog4fHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPbhVd1Cu2H8Bsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42WLVGbmwypCEsbZPIVmovzsyGhkzjQJbGVEcm1VvLv7n9VIMb/xMqCRFrthyUJhKgjGZ302GQnOGcmoJZVrYXQkbU00Z2nRKNgRv9eR10q5Vvatq7b5eadTzOIpwBudwCR5cQwPuoAktYDCCZ3iFN0c6L86787EsLTh5zyn8gfP5A08QjRw=</latexit>

0.5
<latexit sha1_base64="CFocVmGrH+6WIL5NbudyDhBTCDE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBWpI0h</latexit>

1.5
<latexit sha1_base64="aNI/6ak9AMvZW1BpbZ7OUWuTWkg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+9e9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKo0i</latexit>

1.0
<latexit sha1_base64="AZGZQgEIbMdhIvFzN/KXJvOO+GI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau6g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBQlo0d</latexit>

2.0
<latexit sha1_base64="8y/zNXYVk6iubwazc2nOIsWaNmk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD7WqOyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSHI0e</latexit>

20
<latexit sha1_base64="pzvojpp3M9V/Vd5kM/qH+WV9q68=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimGN34mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6adeq3lW1dl+vNOp5HEU4g3O4BA+uoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+cPjOY=</latexit> 40

<latexit sha1_base64="/bOlIvhYtFwIUvqIODQUUYY69BE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpoe4OyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFpfOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6adeq3lW1dl+vNOp5HEU4g3O4BA+uoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+oZjOg=</latexit>

60
<latexit sha1_base64="NsVrlhdhEDPms/IT48T0XW2T8/8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6rHgxWMV+wFtKJvtpl262YTdiVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSw5XbL5XdijsHWSVeTsqQo9EvffUGMUsjrpBJakzXcxP0M6pRMMmnxV5qeELZmA5511JFI278bH7plJxbZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDGz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpyiDcFbfnmVtKoV77JSva+V67U8jgKcwhlcgAfXUIc7aEATGITwDK/w5oydF+fd+Vi0rjn5zAn8gfP5A+0jjOo=</latexit>

80
<latexit sha1_base64="mitjknrCAbKxZpQC1JuhHR8Cpmo=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz0UHcHpbJbcRcg68TLSRlyNAelr/4wZmmE0jBBte55bmL8jCrDmcBZsZ9qTCib0BH2LJU0Qu1ni0tn5NIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5qw7mdcJqlByZaLwlQQE5P522TIFTIjppZQpri9lbAxVZQZG07RhuCtvrxO2tWKd12p3tfKjVoeRwHO4QKuwIMbaMAdNKEFDEJ4hld4cybOi/PufCxbN5x85gz+wPn8AfAtjOw=</latexit>

100
<latexit sha1_base64="y+QEyENDVwiMT5Yfd8HfKDbgRmM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD57rDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP1OgjR8=</latexit>

0
<latexit sha1_base64="buqwqt41l27EsUXgHsXg9xH5Lpw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AdjGMqg==</latexit> 120

<latexit sha1_base64="UXyUItlCqzy/dFwJClgd8QN5FSU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau5g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBWqo0h</latexit>

0.0
<latexit sha1_base64="RgdAuAedIOvmT4d/7P1kAvLhTOo=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvHisaD+gXUo2zbah2eySzApl6U/w4kERr/4ib/4b03YP2vog4fHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPbhVd1Cu2H8Bsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42WLVGbmwypCEsbZPIVmovzsyGhkzjQJbGVEcm1VvLv7n9VIMb/xMqCRFrthyUJhKgjGZ302GQnOGcmoJZVrYXQkbU00Z2nRKNgRv9eR10q5Vvatq7b5eadTzOIpwBudwCR5cQwPuoAktYDCCZ3iFN0c6L86787EsLTh5zyn8gfP5A08QjRw=</latexit>

0.5
<latexit sha1_base64="CFocVmGrH+6WIL5NbudyDhBTCDE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBWpI0h</latexit>

1.5
<latexit sha1_base64="aNI/6ak9AMvZW1BpbZ7OUWuTWkg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+9e9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKo0i</latexit>

1.0
<latexit sha1_base64="AZGZQgEIbMdhIvFzN/KXJvOO+GI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau6g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBQlo0d</latexit>

2.0
<latexit sha1_base64="8y/zNXYVk6iubwazc2nOIsWaNmk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD7WqOyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSHI0e</latexit>

20
<latexit sha1_base64="pzvojpp3M9V/Vd5kM/qH+WV9q68=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimGN34mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6adeq3lW1dl+vNOp5HEU4g3O4BA+uoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+cPjOY=</latexit> 40

<latexit sha1_base64="/bOlIvhYtFwIUvqIODQUUYY69BE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpoe4OyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFpfOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6adeq3lW1dl+vNOp5HEU4g3O4BA+uoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+oZjOg=</latexit>

60
<latexit sha1_base64="NsVrlhdhEDPms/IT48T0XW2T8/8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6rHgxWMV+wFtKJvtpl262YTdiVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSw5XbL5XdijsHWSVeTsqQo9EvffUGMUsjrpBJakzXcxP0M6pRMMmnxV5qeELZmA5511JFI278bH7plJxbZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDGz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpyiDcFbfnmVtKoV77JSva+V67U8jgKcwhlcgAfXUIc7aEATGITwDK/w5oydF+fd+Vi0rjn5zAn8gfP5A+0jjOo=</latexit>

80
<latexit sha1_base64="mitjknrCAbKxZpQC1JuhHR8Cpmo=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz0UHcHpbJbcRcg68TLSRlyNAelr/4wZmmE0jBBte55bmL8jCrDmcBZsZ9qTCib0BH2LJU0Qu1ni0tn5NIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5qw7mdcJqlByZaLwlQQE5P522TIFTIjppZQpri9lbAxVZQZG07RhuCtvrxO2tWKd12p3tfKjVoeRwHO4QKuwIMbaMAdNKEFDEJ4hld4cybOi/PufCxbN5x85gz+wPn8AfAtjOw=</latexit>

100
<latexit sha1_base64="y+QEyENDVwiMT5Yfd8HfKDbgRmM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD57rDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP1OgjR8=</latexit>

0
<latexit sha1_base64="buqwqt41l27EsUXgHsXg9xH5Lpw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AdjGMqg==</latexit> 120

<latexit sha1_base64="UXyUItlCqzy/dFwJClgd8QN5FSU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau5g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBWqo0h</latexit>

0.0
<latexit sha1_base64="RgdAuAedIOvmT4d/7P1kAvLhTOo=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvHisaD+gXUo2zbah2eySzApl6U/w4kERr/4ib/4b03YP2vog4fHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPbhVd1Cu2H8Bsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42WLVGbmwypCEsbZPIVmovzsyGhkzjQJbGVEcm1VvLv7n9VIMb/xMqCRFrthyUJhKgjGZ302GQnOGcmoJZVrYXQkbU00Z2nRKNgRv9eR10q5Vvatq7b5eadTzOIpwBudwCR5cQwPuoAktYDCCZ3iFN0c6L86787EsLTh5zyn8gfP5A08QjRw=</latexit>

0.5
<latexit sha1_base64="CFocVmGrH+6WIL5NbudyDhBTCDE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBWpI0h</latexit>

1.5
<latexit sha1_base64="aNI/6ak9AMvZW1BpbZ7OUWuTWkg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+9e9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKo0i</latexit>

1.0
<latexit sha1_base64="AZGZQgEIbMdhIvFzN/KXJvOO+GI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau6g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBQlo0d</latexit>

2.0
<latexit sha1_base64="8y/zNXYVk6iubwazc2nOIsWaNmk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD7WqOyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSHI0e</latexit>

20
<latexit sha1_base64="pzvojpp3M9V/Vd5kM/qH+WV9q68=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimGN34mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6adeq3lW1dl+vNOp5HEU4g3O4BA+uoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+cPjOY=</latexit> 40

<latexit sha1_base64="/bOlIvhYtFwIUvqIODQUUYY69BE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpoe4OyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFpfOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6adeq3lW1dl+vNOp5HEU4g3O4BA+uoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+oZjOg=</latexit>
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FIG. 8. CMBD regularization mitigates overfitting: The average and variance of the exponential asymptotic testing work rate
that results from the four different learning strategies. We generate 200 words from the Five-State process for each length
L ∈ {4, 8, 16, 32, 64, 128}, then train on each using MLE, BAYES, AC, and CMBD. The unregularized thermodynamic machine
learning does an extremely poor job of discovering the underlying pattern in the word for large memories. The BAYES method
does well for small memories, but has poor performance for large memories, because of the large variance. Using AC instead
helps, but leads to divergent dissipation for small training sets. For MLE, BAYES, and AC, there is an advantage to using a
small amount of memory, for small data. The CMBD strategy, by contrast, doesn’t seem to have this suffer from using more
memory, suggesting that it effectively mitigates overfitting for this case.

(var(x), var(y)) =

(
var

(
eβ⟨W

max
n=3 (y0:L)/L⟩

)
Y θ′
0:L

, var
(
eβ⟨W

Θmax
n=3(y0:L)⟩∞

)
Y θ′
0:L

)
.

This uses the notation:

⟨f(x)⟩X ≡
∑

x

Pr(X = x)f(x)

var(f(x))X ≡
∑

x

Pr(X = x)(f(x)− ⟨f(x)⟩)2.

To interpret Fig. 7, note that it plots the average and
variance of the exponential work eW to accommodate
cases of extreme overfitting, with infinite dissipation and
−∞ work. If any elements of our training sample overfit
in this way, then the resulting estimated average ⟨W ⟩
and variance var(W ) of the work would diverge. For the

case where α = 0, this is always a possibility, since a
given training word may not realize a transition that is
allowed by the input process.
We estimate a rough average from the plot via Jensen’s

inequality:

e⟨W ⟩ ≤ ⟨eW ⟩.

Equality is only satisfied when the work always realizes
the average. This means that as the variance of the dis-
tribution increases, so should the difference below the
average exponential ⟨eW ⟩. Thus, when reading the fig-
ure, both higher average and lower variance correspond
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to better engine performance.
We see that the training work rate is often above the

theoretical limit set but ⟨W θ′⟩∞, but the testing work
rate is always below it, as should be the case. We also
see that a higher training work rate seems to correspond
to worse testing performance. Beyond this, we focus on
the testing work rate in the following analysis.

For the Five-State process, we see that the stan-
dard MLE technique without regularization badly over-
fits. The average exponential asymptotic work rate after
learning is well below unity. This reflects the fact that
many realizations dissipate infinite work. The BAYES
strategy, by contrast, improves on this work rate. How-
ever, the variance is lower, and the average is higher for
the AC and CMBD techniques, implying better test data
performance for these two regularization strategies. The
CMBD strategy does best of all.

Figure 8 shows the performance of different regular-
ization strategies in greater detail by considering vary-
ing lengths. For each length L ∈ {4, 8, 16, 32, 64, 128},
we randomly generate 200 words from the Five-State
model and train on that model using MLE, BAYES,
AC, and CMBD regularization. We also compare dif-
ferent memory sizes for the information engine. We see
that all strategies are relatively effective for engines with
small memories. However, for engines with three memory
states, unregularized MLE results in divergent dissipa-
tion even for long training words. We see better perfor-
mance in BAYES and AC training, but for short words,
we still see an advantage to training on models with less
memory. However, the CMBD technique seems to derive
a consistent advantage from additional memory. This
suggests that the CMBD regularization technique could
be used to reliably discover complex patterns from small
amounts of data.

Appendix G goes into a similar analysis of the “Even
Process” and “Noisy Even Process”. These are interest-
ing since the true source is not misspecified by the candi-
date model class. In both cases, since two memory states
are sufficient to predict the process the n = 3 curve lies
at or below the n = 2 for all samples, extracting less work
on average. Thus, we still see a cost to having an engine
that is more complex than necessary for this two-state
input. However, CMBD regularization does the best in
mitigating overfitting for larger engines.

VII. SUMMARY

Thermodynamics mandates both a drive towards com-
plexity and an impetus for simplicity. In this article,
we see this through the lens of thermodynamic machine
learning (TML), which discovers patterns in data by
maximizing work production.

Our framework implies a fundamental energy dissipa-
tion cost when an engine’s internal model deviates from
that of the true underlying distribution. To minimize
this mismatch, an information engine must be at least as

complex as the input - illustrating the principle of Req-
uisite Complexity [17, 62]. Our first contribution is an
exact expression for the asymptotic work rate of the in-
formation engine (see Thm. 1), allowing us to directly
evaluate the effectiveness of an engine in utilizing a par-
ticular information fuel.
Next, we greatly simplified the search for the

maximum-work engine by analytically deriving the en-
gine parameters in Thm. 2. This allowed us to imple-
ment TML over a wide class of engines, and demonstrate
that solely maximizing work harvested from training data
can lead to overfitting, with potentially dire energetic
consequences (as seen in Fig. 6). Moreover, this risk in-
creases as engines scale in complexity. While the work
production improves uniformly with engine memory dur-
ing training, the resulting information engine anticipates
phantom causal relations that are not present during test-
ing. In extreme cases, such agents become immensely
dissipative on unexpected inputs, and work dissipation
can diverge towards infinity — the key signature of ther-
modynamic overfitting.
Our final contribution involves introducing two ther-

modynamically means of regularization. The first adds a
cost to initializing the information engine’s edge-weights
that is proportional to the dissipated work arising from
relaxing to equilibrium with the prediction of each mem-
ory state. The second includes the cost of auto-correction
- the energetic cost of discovering the correct predictive
state when the engine starts out of sync with its infor-
mation fuel. Combining the two techniques, we intro-
duced analytical methods to construct regularized infor-
mation engines that perform significantly better in har-
nessing free energy outside the training phase (see in Figs.
7 and 8). In fact, our resulting engines perform simi-
larly during testing and training phases, indicating that
they have effectively mitigated overfitting. Meanwhile,
the correspondence between work cost and maximum-
likelihood estimation (MLE) together with the consis-
tency of MLE [58], imply our agents converge to the
correct model in the long-time limit. We thus illustrate
how thermodynamic considerations can lead to effective
means of pattern discovery without the risk of overfitting.

VIII. OUTLOOK

Our results provide natural links between thermody-
namics and machine learning and, in this way, establish
a number of interesting connections worth further inves-
tigation. On a technical side, many of the results may be
recast in the language of Fisher Information. Consider
an ensemble of training words selected from the true dis-
tribution Pr(Y θ′

0:L = y0:L). The variance in the estima-
tor Θmax

n (y0:L) can be bounded by using the Cramér-Rao
bound. Asymptotically, this quantity scales linearly with
word-length L, with the constant multiplier being the
Fisher information rate [63, 64]. Maximum-likelihood es-
timators are asymptotically efficient, and so achieve this
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rate of learning with sufficient data [65]. Since the regu-
larized TML methods presented here match MLE in the
asymptotic limit, the variance of estimated parameters
will follow the optimal 1/L scaling determined by the
Fisher information rate.

Meanwhile, calculating the maximum-work engine
edge-weights shown in Thm. 2 strongly echoes reservoir
computing in its computational simplicity [66]. Reservoir
computing leverages the inherent information processing
of a complex system—the reservoir—driving it with time-
series data. The only training that happens through this
process occurs via an output layer, which homes in on
the subdynamics of the reservoir that carry the relevant
temporal correlations from the input sequence. This pro-
cess is computationally simple, corresponding to a matrix
inverse, with the weights of the output layers parallel-
ing the edge-weights θ(y|s) of the predictive machine in
TML. The question of what makes an effective reservoir
remains open [67], with only heuristic design guides (e.g.,
good reservoirs are often thought to be on the “edge of
chaos” [68]). It has been shown that the most effective
reservoirs are deterministic (i.e., unifilar) [69]. An en-
gine’s memory, viewed as a reservoir, satisfies this con-
dition. Our framework may thus help provide thermo-
dynamic guiding principles for finding effective reservoir
computers.

More broadly, state-of-the-art time-series prediction
and manipulation generally involve the use of recurrent
neural networks (RNNs) [22] and transformers [23]. In
RNNs, the process of training is generally computation-
ally intensive [70], and recent works have suggested im-
proved performance when such training makes use of
causal discovery techniques in ϵ-machines [71]. Mean-
while, transformer functionality is rooted in “next token
prediction”: finding a function that maps past inputs of
some context length to a probability for the next “token”
(input) [72, 73]. Recent results showed that Transform-
ers are indeed universal predictors, recovering a mapping
from past inputs to hidden states and edge-weights [45].
The ϵ-map along with the edge-weights does just this,
with the advantage that it does not require infinitely
large memory to exactly model infinite Markov-order
processes. Such processes would require infinite context-
length for a Transformer to exactly predict them. By
contrast, the memory states of a prediction engine can
capture information contained in inputs arbitrarily far
in the past with relatively small memory for many non-
Markovian processes [54]. As such, our methodologies
may well provide new tools to tackle the unsustainable
energetic cost of current AI models.

Finally, information is ultimately quantum-
mechanical—leading to recurrent quantum models
and quantum reservoir computers [8, 74, 75]. Our
thermodynamic toolkit thus provides a physical means
to compare quantum and classical models operationally.
Indeed, relations between work dissipation and imperfect
modelling extend to the quantum regime [76]. Mean-
while, there is mounting evidence that such quantum

machines can exhibit certain target behaviours in vari-
ous contexts — stochastic modelling, string generation,
adaptive strategies — while using less memory than
any classical counterparts [47, 77–80]. In stochastic
modelling, such memory advantages induce energetic
advantages [81], while model memory can bound gener-
alisation error in classification tasks [82]. It would thus
be exciting to determine how thermodynamic overfitting
applies to quantum models, and thus determine whether
the pressure for energetically efficient learning naturally
motivates quantum-enhanced artificial intelligence.
We see an encouraging, evolving picture of how ther-

modynamic resources govern the emergence of predictive
agents. On the one hand, maximizing the energy ex-
tracted from information corresponds to discovering the
maximum-likelihood predictive model of that informa-
tion. However, reckless energy extraction leads to overly-
precise probability estimates, resulting in elevated ener-
getic cost downstream. Fortunately, physical constraints,
such as the cost of instantiating the information engine
and autocorrecting to the correct predictive state, pre-
vent such glaring pitfalls. It appears that nature con-
spires to bring about predictive machines through ther-
modynamic resource optimization.
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Appendix A: Predictive Models

The predictive models encoded within an efficient information engine are Hidden Markov Models (HMMs). Specif-
ically, they are edge-emitting such that they generate sequences through symbol-labeled transition matrices over
hidden states S:

T
(y)
s→s′ ≡ Pr(Yi = y, Si+1 = s′|Si = s).

Predictive models are a subclass of HMMs such that the hidden states contain no information about the future beyond
that which can be determined from the past: [17]

I[St;
−→
Y t|
←−
Y t] = 0.

The hidden states are called predictive states, because they contain all information in the past relevant for predicting
the future. If we additionally require that a process’s model memory is minimal, then we obtain the ϵ-machine: the
minimal predictive generator of that process [14]. The predictive states of this minimal machine are often referred to
as causal states, because they describe the past’s causal influence on the future.

The predictive complexity is described by the memory resources associated with the stationary causal state distri-
bution Pr(St). The ϵ-machine is the predictive model whose hidden states minimize the α-Rényi entropy Hα[St] for
all α values [80]. α = 1 characterizes the statistical complexity [13]:

Cµ ≡ H1[St]

= −
∑

s

Pr(St = s) lnPr(St = s),

which is the channel capacity (measured in Nats) necessary to communicate from past to future. By comparison,
α = 0 yields is the topological predictive complexity:

H0[St] = ln |S|,

which is the log of the number of hidden states necessary to predictively model the process. H0[St] is the measure
that is most directly relevant in designing information engines, because it determines the number of memory states
that an engine must have in order to efficiently harvest information.

The ϵ-machine’s minimal causal states are determined by a causal equivalence relation [12]. As a result, they have
the convenient property of unifilarity [83], which means that the next causal state Si+1 is uniquely specified by the
current one Si and its output Yi by an ϵ-map:

Si+1 = ϵ(Yi, Si).

This is also known as the topology of the ϵ-machine [43]. In addition, an ϵ-machine has a unique start causal state s∗.
In the case of a bi-infinite process Y−∞:∞ which is stationary, this reflects the belief state of having seen nothing so
far, but in the non-stationary semi-infinite Y0:∞ case, s∗ is simply the sufficient statistic of the (non-existent) past
about the future [10].

Unifilarity and a unique start state s0 guarantee that an output sequence y0:i will lead to a unique causal state:

si = ϵ(y0:i, s0),

where we’ve re-used the update map notation, defining:

ϵ(y0:i, s0) ≡ ϵ(yi−1, · · · ϵ(y1, ϵ(y0, s0)) · · · ).

Because of the isomorphism between the information engine and its ϵ-machine model, the engine’s memory state xi

will be the same function of its input xi = ϵ(y0:i, s
∗). Thus, we can see an efficient engine’s memory dynamics as an

input-conditioned deterministic dynamical system, paralleling efficient reservoir computers [69].
Unifilarity means that we can characterize any ϵ-machine in terms of its topology, start state, and edge-weights,

as shown in the example of the Even Process in Fig. 3. For a particular topology, the edge-weights θ(y|s) are the
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probability of outputting y from causal state s:

θ(y|s) ≡ T
(y)
s→ϵ(y,s)

= Pr(Y θ
i = y|Si = s).

This meaningfully simplifies the task of Thermodynamic Machine Learning.
Finally, ϵ-machines can produce any process and yield the same likelihood as any predictive model, meaning that

it is sufficient to limit our model class Θ to these models. Such machines are described by a causal update map on
the predictive states and edge-weights, meaning these are the explicit parameters we must explore through training.

Appendix B: Asymptotic Work Rate: Derivation

The work produced by an efficient engine with model θ at the Lth time step can be expressed:

β⟨W θ⟩L ≡ β⟨W θ⟩0:L+1 − β⟨W θ⟩0:L
= ln |Y|+

∑

y0:L+1

Pr(Y θ′
0:L+1 = y0:L+1) lnPr(Y

θ
0:L+1 = y0:L+1)−

∑

y0:L

Pr(Y θ′
0:L = y0:L) lnPr(Y

θ
0:L = y0:L)

= ln |Y|+
∑

y0:L+1

Pr(Y θ′
0:L+1 = y0:L+1) lnPr(Y

θ
0:L+1 = y0:L+1)−

∑

y0:L+1

Pr(Y θ′
0:L+1 = y0:L+1) lnPr(Y

θ
0:L = y0:L)

= ln |Y|+
∑

y0:L+1

Pr(Y θ′
0:L+1 = y0:L+1) ln

Pr(Y θ
0:L+1 = y0:L+1)

Pr(Y θ
0:L = y0:L)

= ln |Y|+
∑

y0:L+1

Pr(Y θ′
0:L+1 = y0:L+1) lnPr(Y

θ
L = yL|Y θ

0:L = y0:L).

Using the fact that, for the model θ, the edge-weights are related to output probabilities:

θ(yL|ϵ(y0:L)) = Pr(Y θ
L = yL|Y θ

0:L = y0:L),

we can express the asymptotic work production:

β⟨W θ⟩L = ln |Y|+
∑

y0:L+1

Pr(Y θ′
0:L+1 = y0:L+1) ln θ(yL|ϵ(y0:L)).

Another way of expressing this is to say the probability of the agent’s causal state s at time L given the past inputs
is Pr(SL = s|Y θ′

0:L = y0:L) = δs,ϵ(y0:L), so that the work production can be expressed:

β⟨W θ⟩L = ln |Y|+
∑

y0:L+1

Pr(Y θ′
0:L+1 = y0:L+1) ln θ(yL|ϵ(y0:L))

= ln |Y|+
∑

y0:L+1,s

Pr(Y θ′
0:L+1 = y0:L+1)δs,ϵ(y0:L) ln θ(yL|ϵ(y0:L))

= ln |Y|+
∑

y0:L+1,s

Pr(SL = s, Y θ′
0:L+1 = y0:L+1) ln θ(yL|s).

The causal states of the input’s ϵ-machine are given by the random variables S′
L, so we express the asymptotic work:

β⟨W θ⟩L = ln |Y|+
∑

y0:L+1,s,s′

Pr(SL = s, S′
L = s′, Y θ′

L = yL, Y
θ′
0:L = y0:L) ln θ(yL|s)

= ln |Y|+
∑

yL,s,s′

Pr(SL = s, S′
L = s′, Y θ′

L = yL) ln θ(yL|s)

= ln |Y|+
∑

y,s,s′

Pr(SL = s, S′
L = s′)θ′(yL|s′) ln θ(yL|s).
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If we take the asymptotic limit, we obtain the steady-state distribution over the causal states of the input ϵ-machine
driving the estimated ϵ-machine:

πs,s′ ≡ lim
L→∞

Pr(SL = s, S′
L = s′),

which can be found by solving the steady-state equation:

πs1,s′1 =
∑

s0,s′0,y

δs1,ϵ(s0,y)δs′1,ϵ′(s′0,y)θ
′(y|s′0)πs0,s′0 .

Thus, we obtain the expression for the asymptotic work rate:

β⟨W θ⟩∞ = ln |Y|+
∑

s,s′,y

πs,s′θ
′(y|s′) ln θ(y|s).

Appendix C: Work Production From Distributed Start State

Reference [10] primarily considers the work production from a particular start-state. However, it also includes an
equation for the work production when the hidden state starts in a distribution Pr(X0 = x0), given in Eq. (G1):

β⟨W θ(y0:L)⟩ =
∑

x0

Pr(X0 = x0) ln

L−1∏

i=0

θ(yi|ϵ(y0:i, x0)) + L ln |Y|+
∑

x0

Pr(X0 = x0) ln
Pr(Xθ

0 = x0)

Pr(Xθ
L = ϵ(y0:L, x0))

,

where Pr(Xθ
i ) is the estimated distribution of the agent memory X at time i, and Pr(Xi) is the actual distribution at

the same time. This is the average work that is produced from the initial memory distribution Pr(X0) if one applies
an efficient information engine based on the model θ.

However, we should note that operating on the input string will transform the memory distribution from Pr(X0 =
x0) to Pr(XL = xL) =

∑
y0:L,x0

Pr(X0 = x0, Y0:L = y0:L)δxL,ϵ(y0:L,x0), which the agent will estimate as transforming

from Pr(Xθ
0 = x0) to Pr(Xθ

L = xL) =
∑

y0:L,x0
Pr(Xθ

0 = x0, Y
θ
0:L = y0:L)δxL,ϵ(y0:L,x0). To reset the protocol, we will

reset to our estimated initial memory distribution Pr(Xθ
0 ), which will involve an efficient transformation for which

(according to Thm. 1 of Ref. [10]) the work production for input and output will be:

⟨W (xL → x′)⟩ = ln
Pr(Xθ

L = xL)

Pr(Xθ
0 = x′)

.

Note that at the beginning of the reset, the distribution over X is given by:

Pr(Xθ
L = xL|Y θ

0:L = y0:L) ≡
∑

x0

Pr(X0 = x0)δxL,ϵ(y0:L,x0).

After the reset, the distribution is Pr(Xθ
0 = x′), and because we quasistatically evolve to the post-reset distribution,

the final distribution is independent of the distribution before reset, meaning that the average work production is:

∑

xL,x′

Pr(Xθ
L = xL|Y θ

0:L = y0:L) Pr(X
θ
0 = x′)⟨W (xL → x′)⟩

=
∑

xL,x′

Pr(Xθ
L = xL|Y θ

0:L = y0:L) Pr(X
θ
0 = x′) lnPr(Xθ

L = xL)−
∑

xL,x′

Pr(Xθ
L = xL|Y θ

0:L = y0:L) Pr(X
θ
0 = x′) lnPr(Xθ

0 = x′)

=
∑

xL

Pr(Xθ
L = xL|Y θ

0:L = y0:L) lnPr(X
θ
L = xL)−

∑

x′

Pr(Xθ
0 = x′) lnPr(Xθ

0 = x′)

=
∑

xL

∑

x0

Pr(X0 = x0)δxL,ϵ(y0:L,x0) ln Pr(X
θ
L = xL)−

∑

x′

Pr(Xθ
0 = x′) lnPr(Xθ

0 = x′)

=
∑

x0

Pr(X0 = x0) lnPr(X
θ
L = ϵ(y0:L, x0))−

∑

x0

Pr(Xθ
0 = x0) lnPr(X

θ
0 = x0).
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When we add this reset cost to the work benefit of harvesting energy, we find the total work production:

β⟨W θ(y0:L)⟩ =
∑

x0

Pr(X0 = x0) Pr(Y
θ
0:L = y0:L|S0 = x0) + L ln |Y|+

∑

x0

(Pr(X0 = x0)− Pr(Xθ
0 = x0)) lnPr(X

θ
0 = x0),

where the probability of input y0:L given the initial state causal state is:

Pr(Y θ
0:L = y0:L|S0 = x0) =

L−1∏

i=0

θ(yi|ϵ(y0:i, x0)).

Let us posit that the agent correctly estimates the initial distribution to be p(s0), such that:

p(x0) = Pr(X0 = x0) = Pr(Xθ
0 = x0),

either because it prepares the initial memory distribution, or has reliably measured it in the past. Finally, since
X = S, we can express the work production on this distributed state:

β⟨W θ(y0:L)⟩ =
∑

x0

p(s0) Pr(Y
θ
0:L = y0:L|S0 = s0) + L ln |Y|,

which is purely a function of underlying ϵ-machine model θ.

Appendix D: Maximum Work Edge-Weights

For a given engine topology ϵ, a particular initial distribution p(s), and an additional energy cost of initializing the
machine C(θ), the work production from a particular input string y0:L is:

β⟨W θ
G(y0:L)⟩ = L ln |Y| − C(θ) +

∑

s0

p(s0) lnPr(Y
θ
0:L = y0:L|S0 = s0)

= L ln |Y| − C(θ) +
∑

s

p(s0) ln

L−1∏

i=0

θ(yi|ϵ(y0:i, s0)).

Here, the subscript G indicates that this work production is modified in an attempt to make maximum-work training
generalize. We find the edge-weights for this topology by counting the input-memory state combinations of the engine
when driven by y0:L. N(y, s|s0, ϵ, y0:L) is the number of times predictive memory state s receives input y given that
an engine with topology ϵ started in s0 and received input word y0:L. This allows us to rewrite the work production:

β⟨W θ
G(y0:L)⟩ = L ln |Y| − C(θ) +

∑

s0

p(s0) ln

L−1∏

i=0

θ(yi|ϵ(y0:i, s0))

= L ln |Y| − C(θ) +
∑

s0

p(s0)
∑

s′,y′

N(y, s|s∗, ϵ, y0:L) ln θ(y′|s′).

We can find the resulting maximum-work edge-weights by taking the set of constraints:

gs′(θ) ≡
∑

y′

θ(y′|s′) = 1,
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and solving:

∂θ(y|s)β⟨W θ
G(y0:L)⟩ =

∑

s′

λs′∂θ(y|s)gs′(θ)

−∂θ(y|s)C(θ) +
∑

s0,s′,y′

p(s0)
N(y, s|s0, ϵ, y0:L)

θ(y′|s′) δsy,s′y′ =
∑

s′

λs′
∑

y′

δsy,s′y′

−∂θ(y|s)C(θ) +

∑
s0
p(s0)N(y, s|s0, ϵ, y0:L)

θ(y|s) = λs

∑
s0
p(s0)N(y, s|s0, ϵ, y0:L)− θ(y|s)∂θ(y|s)C(θ)

λs
= θ(y|s)

∑
s0
p(s0)(N(y, s|s0, ϵ, y0:L)− θ(y|s)∂θ(y|s)C(θ))

λs
= θ(y|s).

The constraint of normalized edge-weights
∑

y θ(y|s) allows us to solve for λs as the normalization constant:

∑

y′,s0

p(s0)(N(y, s|s0, ϵ, y0:L)− θ(y′|s)∂θ(y′|s)C(θ)) = λs.

The resulting maximum-work edge-weights Θmax
p,ϵ,y0:L

(y|s) are the solution to the recursive relation:

θ(y|s) =
∑

s0
p(s0)(N(y, s|s0, ϵ, y0:L)− θ(y|s)∂θ(y|s)C(θ))∑

y′,s0
p(s0)(N(y′, s|s0, ϵ, y0:L)− θ(y′|s)∂θ(y′|s)C(θ))

.

Here, we consider the cost:

C(θ) = −α
∑

y′,s′

ln θ(y′|s′) + const.,

such that:

−∂θ(y|s)C(θ) =
α

θ(y|s) ,

and we can remove the dependence on the right-hand side of the equation. Our resulting solution for edge-weights is:

Θmax
p,α,ϵ,y0:L

(y|s) =
∑

s0
p(s0)(α+N(y, s|s0, ϵ, y0:L))∑

y′,s0
p(s0)(α+N(y′, s|s0, ϵ, y0:L))

.

Note that if we are implementing the transformation quasistatically, the distribution θ(y|s) must be the equilibrium
distribution over Y when conditioned on the engine memory state s. If we have the initial energy landscape E(y, s),
then the equilibrium distribution is:

π(y, s) = eβ(F
eq−E(y,s)),

meaning:

θ(y|s) = πθ(y, s)

πθ(s)

=
e−βEθ(y,s)

∑
y e

−βEθ(y,s)
,

where πθ(s) ≡∑
y π

θ(y, s) is the marginal equilibrium distribution over the agent memory.

Note that we can also write the metastable free energy [29, 84, 85], of the memory state s:

βF θ(s) = − ln
∑

y

e−βEθ(y,s).
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We can express the edge-weights in terms of the free energy of memory state s and the initial energy of:

θ(y|s) = eβ(F
θ(s)−Eθ(s,y)).

Thus, the cost can be expressed as the thermodynamic quantity:

C(θ) = −α
∑

y′,s′

ln θ(y′|s′)

= α
∑

y′,s′

β(Eθ(s, y)− F θ(s)).

If we incur a cost that is proportional to the total energetic excess beyond the free energy for each memory state,
then we will find the solution for the edge-weights given by Θmax

p,α,ϵ,y0:L
(y|s).

This can be recovered by considering the cost of initializing every edge-weight and relaxing into equilibrium with
every predictive state s. Mechanically, this relates to the fact that the energy of a state is related to its equilibrium
distribution:

E(z) = F eq − ln Pr(Zeq = z).

At the beginning of a quasistatic protocol, the energy landscape must be in equilibrium with the estimated distribution,
meaning that:

E(y, s) = F eq − ln θ(y|s)π(s),

where π(s) = Pr(Seq = s). For each state, we must initialize it. This corresponds to confining the state to y and s,
then letting it relax to equilibrium with output distribution θ(y|s). The amount of work dissipated in this relaxation
is the change in nonequilibrium addition to free energy, which is the relative entropy:

⟨Wdiss(y, s)⟩ = DKL(δy,y′δs,s′ ||θ(y′|s′)π(s))−DKL(θ(y
′|s′′)δs,s′ ||θ(y′|s′)π(s′))

=
∑

s′y′

δy,y′δs,s′ ln
δy,y′δs,s′

θ(y′|s′)π(s′) −
∑

s′y′

θ(y′|s′)δs,s′ ln
θ(y′|s′)δs,s′
θ(y′|s′)π(s′)

= − ln θ(y|s)π(s)−
∑

y′

θ(y′|s) ln 1

π(s)

= − ln θ(y|s)π(s) + lnπ(s)

= − ln θ(y|s).

If we incur this dissipation for every combination of predictive state and input, then the total dissipated work is:

⟨W prepare
diss ⟩ = −

∑

s,y

ln θ(y|s).

Thus, our cost is proportional to our original cost function C(θ), meaning that we can set:

C(θ) = α⟨W prepare
diss ⟩,

to solve for the the same maximum-work edge-weights Θmax
p,α,ϵ,y0:L

(y|s) described in Eq. (D1).
We investigate four cases:

1. Without any attempt at generalization, we choose α = 0 and a peaked initial distribution p(s0) = δs0,s∗ , then
we obtain the standard likelihood expression for work:

β⟨W θ
G(y0:L)⟩ = L ln |Y|+ lnPr(Y0:L = y0:L|S0 = s∗) (D1)

= L ln |Y|+ ln

L−1∏

i=0

θ(yi|ϵ(y0:i, s∗)).



22

which produces the familiar MLE estimate for the edge-weights:

Θmax
δs,s∗ ,0,ϵ,y0:L

(y|s) = N(y, s|s∗, ϵ, y0:L)∑
y′ N(y′, s|s∗, ϵ, y0:L)

.

2. If we attempt to generalize through autocorrection, we choose a uniform initial state p(s) = 1/|S| and zero
contribution from the complexity cost α = 0, yielding the work production:

β⟨W θ
G(y0:L)⟩ = L ln |Y|+ 1

|S|
∑

s0

ln Pr(Y0:L = y0:L|S0 = s0).

The modified edge-weight estimator includes the contributions from every start state:

Θmax
1/|S|,0,ϵ,y0:L

(y|s) =
∑

s0
N(y, s|s0, ϵ, y0:L)∑

y′,s0
N(y′, s|s0, ϵ, y0:L)

. (D2)

3. We might also try to generalize by only adding a cost from the dissipation of initializing the system at α = 1,
while allowing a unique start state p(s) = δs,s∗ , such that the work production is:

β⟨W θ
G(y0:L)⟩ = lnPr(Y0:L = y0:L|S0 = s∗) + L ln |Y| − |Y|

∑

s′

β⟨W θ
diss(s

′)⟩.

The resulting maximum-work estimator is:

Θmax
δs,s∗ ,1,ϵ,y0:L

(y|s) = 1 +N(y, s|s∗, ϵ, y0:L)
|Y|+∑

y′ N(y′, s|s∗, ϵ, y0:L)
.

This is precisely Laplace’s rule of succession applied to each causal state, which is the result of Bayesian updating
from a uniform distribution over output probabilities.

4. Last, we combine the complexity cost α = 1 with the cost of autocorrection p(s) = 1/|S| such that the work
production is:

β⟨W θ
G(y0:L)⟩ =

1

|Y|
∑

s

ln Pr(Y0:L = y0:L|S0 = s0) + L ln |Y| − |Y|
∑

s′

β⟨W θ
diss(s

′)⟩.

The maximum-work edge-weights combine the benefits of both generalization strategies:

Θmax
1/|Y|,1,ϵ,y0:L

(y|s) =
∑

s0
(1 +N(y, s|s0, ϵ, y0:L))∑

y′,s0
(1 +N(y′, s|s0, ϵ, y0:L))

.

Appendix E: Entropy Production as Divergence

We monitor engine inefficiency via entropy production (dissipated work) [29]. This is the net work invested
minus the change in nonequilibrium free energy:

⟨Σθ⟩0:L/kB = β(−⟨W θ⟩0:L −∆FNEQ
0:L ).

Because an information reservoir has equal energy for all configurations, the contributions to the nonequilibrium
free energy are only informational:

β∆FNEQ
0:L = −∆H0:L

= H[Y θ′
0:L]− L ln |Y|
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where H[Z] ≡ −∑
z Pr(Z = z) lnPr(Z = z) is the Shannon entropy of of random variable Z measured in Nats.

The average work, by contrast, is:

⟨W θ⟩0:L = L ln |Y|+
∑

y0:L

Pr(Y θ′
0:L = y0:L) lnPr(Y

θ
0:L = y0:L).

Adding these terms together, we get the relative entropy between the true input process Y θ′
0:L and the estimated

process Y θ
0:L:

⟨Σθ⟩0:L/kB =
∑

y0:L

Pr(Y θ′
0:L = y0:L) ln

Pr(Y θ′
0:L = y0:L)

Pr(Y θ
0:L = y0:L)

≡ DKL(Y
θ′
0:L||Y θ

0:L),

which is the additional dissipation that is incurred by misestimating the input distribution [49, 50].

If a learning process refines and improves the estimator θ, its divergence from the actual process Y θ′
0:L should

diminish, reflecting the idea that learning reduces entropy production [15, 51]. The consistency of MLE guar-
antees that, as long as the true process can be described by one of the available models, the learning process
will discover the true distribution [58, 86]. Thus, given a sufficiently large class of ϵ-machines to select from,
thermodynamic machine learning will discover the hidden process and minimize the average entropy production
to zero for future inputs.

For an information engine harvesting energy from an information reservoir, the asymptotic rate of change in
free energy is the difference between the entropy rates of the input process and output process [39]:

β∆FNEQ
∞ ≡ lim

L→∞
β(∆FNEQ

0:L+1 −∆FNEQ
0:L )

= hθ′
µ − ln |Y|.

Here, the entropy rate hθ′
µ of the inputs can be directly calculated from its ϵ-machine [13]:

hθ′
µ = −

∑

s′,y

π′
s′θ

′(y|s′) ln θ′(y|s′),

where π′
s =

∑
s πs,s′ is the steady-state distribution of the true ϵ-machine’s causal states. As a result, the

asymptotic entropy production rate can be expressed as the average divergence between the edge-weights:

⟨Σθ⟩∞/kB = β(−⟨W θ⟩∞ −∆FNEQ
∞ )

=
∑

s,s′,y

πs,s′θ
′(y|s′) ln θ′(y|s′)

θ(y|s)

=
∑

s,s′

πs,s′DKL(Y
θ′
i |S′

i = s′||Y θ
i |Si = s).

Here:

DKL(Y
θ′
i |S′

t = s′||Y θ
i |Si = s) ≡

∑

y

Pr(Y θ′
i = y|S′

i = s′) ln
Pr(Y θ′

i = y|S′
i = s′)

Pr(Y θ
i = y|Si = s)

is the divergence between the prediction of the next input from state memory state s in model θ and the
prediction from memory state s′ in model θ′.

Appendix F: Training and Testing Individual Words

As an illustrative example, consider two training words of length 100 generated from the Five-State ma-
chine shown in Fig. 5. Figure 9 shows the resulting (exponentiated) maximum training work production
rate eβ⟨W

max
n (y0:L)⟩/L (solid lines) for memory sizes n ∈ {1, 2, 3} when we train on length-1 to length-100 for
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two different training words. The dashed lines show the (exponentiated) asymptotic work production rate

eβ⟨W
Θmax

n (y0:L)⟩∞ , representing our performance in testing.

In the upper-left corner of each diagram, we see the result of un-regularized work-maximization (α = 0 and
p(s) = δs,s∗), which yields improved work production in training with greater memory. But, it dangerously
overfits, dissipating divergent work for large model memories.

By contrast, we see in the upper right corners that when α = 1 and p(s) = δs,s∗ , leading to Bayesian estimates
of edge-weights, the model doesn’t divergently overfit. For some training words (word 1 of Fig. 9), we see that
the model learns how to extract almost all available work for the large-memory case (n = 3). However, other
training words (word 2 of Fig. 9) show that, even though the model doesn’t divergently overfit, it dissipates
considerable energy, producing negative work on average for the large-memory case.

The case of autocorrection in the bottom left, when α = 0 and p(s) = 1/|S|, leads to error mitigation as
well. There is still divergent dissipation for very short training words shown in Fig. 9, but the thermodynamic
learning appears to discover useful patterns in the input data, with a growing advantage for larger memories.
This suggests that autocorrection mitigates overfitting for complex processes.

Finally, in the bottom right (α = 1 and p(s) = 1/|S|), where we have combined regularization strategies to
both require autocorrection and a complexity cost in initializing the model, we see that overfitting appears to
be largely mitigated. Generalizing in this way appears to allow us to add memory without adding considerable
risk of overfitting. This is promising, as we would like to be able to perform thermodynamic learning with much
more complex ϵ-machine models to discover complex patterns in data without the risk of projecting structure
onto the data that isn’t there.

On the whole, it appears that the result of training varies considerably depending on the training word. This is
as expected for short word lengths, as the same word can come from many different processes. For this reason,
we now explore in more detail as we vary across ensembles of training words.

Appendix G: Learning the Even Process and Noisy Even Process

In contrast to the “Five-State Process,” the “Even Process” and “Noisy Even Process” require only two states
for perfect prediction, so they reveal the case when we have more memory accessible (n = 3) than is strictly
necessary. In this case, the true model is contained within our class of model candidates.

The “Noisy Even Process” is an interesting case for the same reason, but it has full support in the possible words
that it can produce. A good learning algorithm should robustly learn patterns that may contain rare fluctuations
and noise, and the “Noisy Even Process” behaves much like the “Even process,” but its rare fluctuations are
extremely important to thermodynamic behavior [87].

In Fig 10, we compare the training work rate to the testing work rate for 200 samples for all three processes. We
see in all cases that the MLE strategy works best for training data and words for test data, while the CMBD
method works worst for training and best for testing. However, the relative effectiveness of the BAYES and
AC method changes based on which true process is being sampled. This suggests that autocorrection serves to
address some features of processes, while Bayesian edge-weight updates serve to address others.

The even process appears to be easy to learn for all cases, as seen in Fig. 11. The unregularized MLE strategy
appears to do worst, because its variance is the highest while its average is comparable to the regularized
learning techniques. BAYES, AC, and CMBD all appear to have comparable results for the testing work rate,
with BAYES perhaps performing the best. In this case, unlike for the Five-State process, we get to see what
happens when our model has enough memory to fully capture the pattern in the data. Interestingly, additional
memory then comes at a cost for all regularization techniques, which can be identified by noting that the
blue curve (n = 3) lies at or below the purple curve (n = 2). This may be because of the fact that allowing
three memory states simply creates more opportunity for overfitting when the process is fully described by two
predictive states. However, the CMBD strategy seems to mostly mitigate the overfitting, because the blue curve
is very close to the purple one.

Figure 12 shows that the noisy even process appears to be much more difficult to learn than the even process. We
hypothesize that this is because we need to include words that are rare fluctuations to fully see the support of the
process. When a model doesn’t anticipate those words, it results in overfitting and negative work production.
We see that the unregularized MLE and AC techniques encounter this problem frequently. By contrast, the
BAYES and CMBD strategies seem to discover the underlying pattern after training on length-128. However,
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<latexit sha1_base64="c3h/2gvVYcanj6jBzTZ8M7snWdc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkpSBb0IBS8eK9gPaEPZbDft0s0m7G4KJeSfePGgiFf/iTf/jds0B219MPB4b4aZeX7MmdKO822VNja3tnfKu5W9/YPDI/v4pKOiRBLaJhGPZM/HinImaFszzWkvlhSHPqddf3q/8LszKhWLxJOex9QL8ViwgBGsjTS07bimLu8GgcQkdbNUZEO76tSdHGiduAWpQoHW0P4ajCKShFRowrFSfdeJtZdiqRnhNKsMEkVjTKZ4TPuGChxS5aX55Rm6MMoIBZE0JTTK1d8TKQ6Vmoe+6QyxnqhVbyH+5/UTHdx6KRNxoqkgy0VBwpGO0CIGNGKSEs3nhmAimbkVkQk2KWgTVsWE4K6+vE46jbp7VW88XlebjSKOMpzBOdTAhRtowgO0oA0EZvAMr/BmpdaL9W59LFtLVjFzCn9gff4ABEyTNw==</latexit>

e�hW
✓0 i1

<latexit sha1_base64="INzRPR+OZL8BRmiJXOxAqiyEeaU="></latexit>

↵ = 0
<latexit sha1_base64="HRBTkn/EvyP/+uZgeJBWePhyWMk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh4MVjBfsBbSiT7aZdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gSomeCSNQ03gnUSxTAKBGsH49uZ335iSvNYPphJwvwIh5KHnKKxUqeHIhnhjdsvV9yqOwdZJV5OKpCj0S9/9QYxTSMmDRWodddzE+NnqAyngk1LvVSzBOkYh6xrqcSIaT+b3zslZ1YZkDBWtqQhc/X3RIaR1pMosJ0RmpFe9mbif143NeG1n3GZpIZJulgUpoKYmMyeJwOuGDViYglSxe2thI5QITU2opINwVt+eZW0alXvolq7v6zUa3kcRTiBUzgHD66gDnfQgCZQEPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDfCGPjQ==</latexit>

↵ = 1
<latexit sha1_base64="un0ND/FJx6xOg2RgH8dAsrwzyI0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh4MVjBfsBbSiT7aZdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gSomeCSNQ03gnUSxTAKBGsH49uZ335iSvNYPphJwvwIh5KHnKKxUqeHIhnhjdcvV9yqOwdZJV5OKpCj0S9/9QYxTSMmDRWodddzE+NnqAyngk1LvVSzBOkYh6xrqcSIaT+b3zslZ1YZkDBWtqQhc/X3RIaR1pMosJ0RmpFe9mbif143NeG1n3GZpIZJulgUpoKYmMyeJwOuGDViYglSxe2thI5QITU2opINwVt+eZW0alXvolq7v6zUa3kcRTiBUzgHD66gDnfQgCZQEPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDfaWPjg==</latexit>

p(s) = �s,s⇤
<latexit sha1_base64="tlfWxrOGduRcHi7s9R+tFwQdAfA=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQRUpSBd0IBTcuK9gHtDFMJpN26OTBzI0QQv0VNy4UceuHuPNvnD4W2nrgwuGce7n3Hi8RXIFlfRuFldW19Y3iZmlre2d3z9w/aKs4lZS1aCxi2fWIYoJHrAUcBOsmkpHQE6zjjW4mfueRScXj6B6yhDkhGUQ84JSAllyznFTVyXXfZwKIm6sz9XA6ds2KVbOmwMvEnpMKmqPpml99P6ZpyCKggijVs60EnJxI4FSwcamfKpYQOiID1tM0IiFTTj49foyPteLjIJa6IsBT9fdETkKlstDTnSGBoVr0JuJ/Xi+F4MrJeZSkwCI6WxSkAkOMJ0lgn0tGQWSaECq5vhXTIZGEgs6rpEOwF19eJu16zT6v1e8uKo36PI4iOkRHqIpsdIka6BY1UQtRlKFn9IrejCfjxXg3PmatBWM+U0Z/YHz+AMFKlCU=</latexit>

p(s) =
1

n
<latexit sha1_base64="c3h/2gvVYcanj6jBzTZ8M7snWdc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkpSBb0IBS8eK9gPaEPZbDft0s0m7G4KJeSfePGgiFf/iTf/jds0B219MPB4b4aZeX7MmdKO822VNja3tnfKu5W9/YPDI/v4pKOiRBLaJhGPZM/HinImaFszzWkvlhSHPqddf3q/8LszKhWLxJOex9QL8ViwgBGsjTS07bimLu8GgcQkdbNUZEO76tSdHGiduAWpQoHW0P4ajCKShFRowrFSfdeJtZdiqRnhNKsMEkVjTKZ4TPuGChxS5aX55Rm6MMoIBZE0JTTK1d8TKQ6Vmoe+6QyxnqhVbyH+5/UTHdx6KRNxoqkgy0VBwpGO0CIGNGKSEs3nhmAimbkVkQk2KWgTVsWE4K6+vE46jbp7VW88XlebjSKOMpzBOdTAhRtowgO0oA0EZvAMr/BmpdaL9W59LFtLVjFzCn9gff4ABEyTNw==</latexit>

n = 1
<latexit sha1_base64="a6nahihcaSRzVb35xpDDiDHUj2w=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6EUoePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5aCYJ+hEdSh5yRo2VHuSN1y+V3Yo7B1klXk7KkKPRL331BjFLI5SGCap113MT42dUGc4ETou9VGNC2ZgOsWuppBFqP5ufOiXnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHpFG0I3vLLq6RVrXiXlep9rVyv5XEU4BTO4AI8uII63EEDmsBgCM/wCm+OcF6cd+dj0brm5DMn8AfO5w/F041q</latexit>

n = 2
<latexit sha1_base64="fAQ1oNt3XbzaEGYLn1nbOxh/yqY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6EUoePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5aCYJ+hEdSh5yRo2VHuRNtV8quxV3DrJKvJyUIUejX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dUrOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdoQvOWXV0mrWvEuK9X7Wrley+MowCmcwQV4cAV1uIMGNIHBEJ7hFd4c4bw4787HonXNyWdO4A+czx/HV41r</latexit>

n = 3
<latexit sha1_base64="Qpylave/JsPtWhp/GtaEwy0nZno=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewmAb0IAS8eI5oHJEuYnfQmQ2Znl5lZIYR8ghcPinj1i7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LRzNJ0I/oUPKQM2qs9CBvqv1iyS27C5B14mWkBBka/eJXbxCzNEJpmKBadz03Mf6UKsOZwFmhl2pMKBvTIXYtlTRC7U8Xp87IhVUGJIyVLWnIQv09MaWR1pMosJ0RNSO96s3F/7xuasJrf8plkhqUbLkoTAUxMZn/TQZcITNiYgllittbCRtRRZmx6RRsCN7qy+ukVSl71XLlvlaq17I48nAG53AJHlxBHe6gAU1gMIRneIU3RzgvzrvzsWzNOdnMKfyB8/kDyNuNbA==</latexit>

e�hW
⇥max

n (y0:L)i1
<latexit sha1_base64="zah+Gx1b0RiVfk7wV+BijnhP0Vc="></latexit>

↵ = 0
<latexit sha1_base64="HRBTkn/EvyP/+uZgeJBWePhyWMk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh4MVjBfsBbSiT7aZdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gSomeCSNQ03gnUSxTAKBGsH49uZ335iSvNYPphJwvwIh5KHnKKxUqeHIhnhjdsvV9yqOwdZJV5OKpCj0S9/9QYxTSMmDRWodddzE+NnqAyngk1LvVSzBOkYh6xrqcSIaT+b3zslZ1YZkDBWtqQhc/X3RIaR1pMosJ0RmpFe9mbif143NeG1n3GZpIZJulgUpoKYmMyeJwOuGDViYglSxe2thI5QITU2opINwVt+eZW0alXvolq7v6zUa3kcRTiBUzgHD66gDnfQgCZQEPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDfCGPjQ==</latexit>

word 1
<latexit sha1_base64="ot2STR2ONw9Y7+eru57eMtb747g=">AAAB9HicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxWMF+wHtUrLZbBuaTdZktlqW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvSAQ34Lrfzsrq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbATFMcMkawEGwdqIZiQPBWsHwZuq3RkwbruQ9jBPmx6QvecQpASv5XWBPkD0qHWJv0iuV3Yo7A14mXk7KKEe9V/rqhoqmMZNABTGm47kJ+BnRwKlgk2I3NSwhdEj6rGOpJDEzfjY7eoJPrRLiSGlbEvBM/T2RkdiYcRzYzpjAwCx6U/E/r5NCdOVnXCYpMEnni6JUYFB4mgAOuWYUxNgSQjW3t2I6IJpQsDkVbQje4svLpFmteOeV6t1FuXadx1FAx+gEnSEPXaIaukV11EAUPaBn9IrenJHz4rw7H/PWFSefOUJ/4Hz+ANvHkiY=</latexit>

word 2
<latexit sha1_base64="nXL/+MDHYhwuynKA4j++mCIfsxA=">AAAB9HicbVBNSwMxEM36WetX1aOXYBE8ld0q6LHoxWMF+wHtUrLZbBuaTdZktlqW/g4vHhTx6o/x5r8xbfegrQ8GHu/NMDMvSAQ34Lrfzsrq2vrGZmGruL2zu7dfOjhsGpVqyhpUCaXbATFMcMkawEGwdqIZiQPBWsHwZuq3RkwbruQ9jBPmx6QvecQpASv5XWBPkD0qHeLqpFcquxV3BrxMvJyUUY56r/TVDRVNYyaBCmJMx3MT8DOigVPBJsVualhC6JD0WcdSSWJm/Gx29ASfWiXEkdK2JOCZ+nsiI7Ex4ziwnTGBgVn0puJ/XieF6MrPuExSYJLOF0WpwKDwNAEccs0oiLElhGpub8V0QDShYHMq2hC8xZeXSbNa8c4r1buLcu06j6OAjtEJOkMeukQ1dIvqqIEoekDP6BW9OSPnxXl3PuatK04+c4T+wPn8Ad1Mkic=</latexit>
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Testing Work Rate
<latexit sha1_base64="uNvXHyrUc2B3vVhknULpouTmi58=">AAACAXicbVDLSgNBEJz1GeNr1YvgZTAInsJuFPQY9OIxSl6QhDA76SRDZmeXmV4xLPHir3jxoIhX/8Kbf+PkcdDEgoaiqpvuriCWwqDnfTtLyyura+uZjezm1vbOrru3XzVRojlUeCQjXQ+YASkUVFCghHqsgYWBhFowuB77tXvQRkSqjMMYWiHrKdEVnKGV2u5hE+EB0zIYFKpHa5Ee0DuGMGq7OS/vTUAXiT8jOTJDqe1+NTsRT0JQyCUzpuF7MbZSplFwCaNsMzEQMz5gPWhYqlgIppVOPhjRE6t0aDfSthTSifp7ImWhMcMwsJ0hw76Z98bif14jwe5lKxUqThAUny7qJpJiRMdx0I7QwFEOLWFcC3sr5X2mGUcbWtaG4M+/vEiqhbx/li/cnueKV7M4MuSIHJNT4pMLUiQ3pEQqhJNH8kxeyZvz5Lw4787HtHXJmc0ckD9wPn8Aq1iXBQ==</latexit>

FIG. 9. The top and bottom correspond to two different training words (“word 1” and “word 2”) from the “Five-State” ϵ-
machine. We plot testing work rate with four different regularization strategies: 1) Unregularized TML (α = 0 and p(s) = δs,s∗)
2) Autocorrection (α = 0 and p(s) = 1/|S|) 3) Bayesian complexity cost (α = 1 and p(s) = δs,s∗) 4) Combined (α = 1 and
p(s) = 1/|S|).
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✓0 = five state
<latexit sha1_base64="uSTcAtwuSP9m8ohB2wgJGVfcUh4=">AAACBHicbVDJSgNBEO2JW4zbqMdcGoPoKczEgF6EgBePEcwCSQg9nZqkSc9Cd00wDDl48Ve8eFDEqx/hzb+xsxw08UHB470qqup5sRQaHefbyqytb2xuZbdzO7t7+wf24VFdR4niUOORjFTTYxqkCKGGAiU0YwUs8CQ0vOHN1G+MQGkRhfc4jqETsH4ofMEZGqlr59s4AGRn9Jq2ER4w9cUIqEaGMOnaBafozEBXibsgBbJAtWt/tXsRTwIIkUumdct1YuykTKHgEia5dqIhZnzI+tAyNGQB6E46e2JCT43So36kTIVIZ+rviZQFWo8Dz3QGDAd62ZuK/3mtBP2rTirCOEEI+XyRn0iKEZ0mQntCAUc5NoRxJcytlA+YYhxNbjkTgrv88iqpl4ruRbF0Vy5Uyos4siRPTsg5ccklqZBbUiU1wskjeSav5M16sl6sd+tj3pqxFjPH5A+szx82ZJfJ</latexit>

✓0 = even process
<latexit sha1_base64="zTU1ToJ5UJ6tHt2X0KHj5Sp2QF4=">AAACBnicbVDLSgNBEJyNrxhfUY8iDAbRU9iNAb0IAS8eI5gHJCHMTjrJkNnZZaY3GJacvPgrXjwo4tVv8ObfOHkcNLGgoajqprvLj6Qw6LrfTmpldW19I72Z2dre2d3L7h9UTRhrDhUeylDXfWZACgUVFCihHmlggS+h5g9uJn5tCNqIUN3jKIJWwHpKdAVnaKV29riJfUB2Rq9pE+EBExiCopEOORgzbmdzbt6dgi4Tb05yZI5yO/vV7IQ8DkAhl8yYhudG2EqYRsEljDPN2EDE+ID1oGGpYgGYVjJ9Y0xPrdKh3VDbUkin6u+JhAXGjALfdgYM+2bRm4j/eY0Yu1etRKgoRlB8tqgbS4ohnWRCO0IDRzmyhHEt7K2U95lmHG1yGRuCt/jyMqkW8t5FvnBXzJWK8zjS5IickHPikUtSIrekTCqEk0fyTF7Jm/PkvDjvzsesNeXMZw7JHzifP+wJmL8=</latexit>

✓0 = noisy even process
<latexit sha1_base64="FjNoT8mmeFUSH4wZVqW0BkzTDwQ=">AAACDHicbVDLSgMxFM34rPVVdekmWERXZUYLuhEKblxWsA/oFMmkd2wwkwzJnWIZ+gFu/BU3LhRx6we4829MHwtfBwKHc87l5p4olcKi7396c/MLi0vLhZXi6tr6xmZpa7tpdWY4NLiW2rQjZkEKBQ0UKKGdGmBJJKEV3Z6P/dYAjBVaXeEwhW7CbpSIBWfopOtSOcQ+IDugZzREuMNcaWGHFAagaGo0B2tHLuVX/AnoXxLMSJnMUL8ufYQ9zbMEFHLJrO0EfordnBkUXMKoGGYWUsZv2Q10HFUsAdvNJ8eM6L5TejTWxj2FdKJ+n8hZYu0wiVwyYdi3v72x+J/XyTA+7eZCpRmC4tNFcSYpajpuhvaEAY5y6AjjRri/Ut5nhnF0/RVdCcHvk/+S5lElOK4cXVbLteqsjgLZJXvkkATkhNTIBamTBuHknjySZ/LiPXhP3qv3No3OebOZHfID3vsXlu6bTQ==</latexit>

e�hW
max
n (y0:L)i/L

<latexit sha1_base64="kQlb1ilWQ51pEelIBen2n+qR5rM="></latexit>

e�hW
⇥max

n (y0:L)i1
<latexit sha1_base64="kPk6Eenvxk6NWYKXrFJo5Sk8hXk="></latexit>

n = 3
<latexit sha1_base64="Qpylave/JsPtWhp/GtaEwy0nZno=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewmAb0IAS8eI5oHJEuYnfQmQ2Znl5lZIYR8ghcPinj1i7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LRzNJ0I/oUPKQM2qs9CBvqv1iyS27C5B14mWkBBka/eJXbxCzNEJpmKBadz03Mf6UKsOZwFmhl2pMKBvTIXYtlTRC7U8Xp87IhVUGJIyVLWnIQv09MaWR1pMosJ0RNSO96s3F/7xuasJrf8plkhqUbLkoTAUxMZn/TQZcITNiYgllittbCRtRRZmx6RRsCN7qy+ukVSl71XLlvlaq17I48nAG53AJHlxBHe6gAU1gMIRneIU3RzgvzrvzsWzNOdnMKfyB8/kDyNuNbA==</latexit>L = 50

<latexit sha1_base64="ABvZyjq3GEeoCkmZ0xUykZKf/Cc=">AAAB63icbVA9SwNBEJ2LXzF+RS1tFoNgFe5iRBshYGNhEcF8QHKEvc1esmR379jdE8KRv2BjoYitf8jOf+NecoUmPhh4vDfDzLwg5kwb1/12CmvrG5tbxe3Szu7e/kH58Kito0QR2iIRj1Q3wJpyJmnLMMNpN1YUi4DTTjC5zfzOE1WaRfLRTGPqCzySLGQEm0y6v7l0B+WKW3XnQKvEy0kFcjQH5a/+MCKJoNIQjrXueW5s/BQrwwins1I/0TTGZIJHtGepxIJqP53fOkNnVhmiMFK2pEFz9fdEioXWUxHYToHNWC97mfif10tMeO2nTMaJoZIsFoUJRyZC2eNoyBQlhk8twUQxeysiY6wwMTaekg3BW355lbRrVe+iWnuoVxr1PI4inMApnIMHV9CAO2hCCwiM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gAGjI2G</latexit>

e�hW
✓0 i1

<latexit sha1_base64="k6ZdqpRtY14ac0/st6xk167/5P0=">AAACFXicbZBNS8NAEIY39bt+VT16WSyiBymJCnoUvHisYFuhiWGznbRLN5uwOxFK6J/w4l/x4kERr4I3/43b2INfLyy8PDPD7LxRJoVB1/1wKjOzc/MLi0vV5ZXVtfXaxmbbpLnm0OKpTPV1xAxIoaCFAiVcZxpYEknoRMPzSb1zC9qIVF3hKIMgYX0lYsEZWhTWDuCm8CNARn3JVF8C7ViAA0v2xtTXJQt9oWIcjcNa3W24pehf401NnUzVDGvvfi/leQIKuWTGdD03w6BgGgWXMK76uYGM8SHrQ9daxRIwQVFeNaa7lvRonGr7FNKSfp8oWGLMKIlsZ8JwYH7XJvC/WjfH+DQohMpyBMW/FsW5pJjSSUS0JzRwlCNrGNfC/pXyAdOMow2yakPwfp/817QPG95R4/DyuH52PI1jkWyTHbJPPHJCzsgFaZIW4eSOPJAn8uzcO4/Oi/P61VpxpjNb5Iect0/eCJ87</latexit>

e�hW
✓0 i1

<latexit sha1_base64="k6ZdqpRtY14ac0/st6xk167/5P0=">AAACFXicbZBNS8NAEIY39bt+VT16WSyiBymJCnoUvHisYFuhiWGznbRLN5uwOxFK6J/w4l/x4kERr4I3/43b2INfLyy8PDPD7LxRJoVB1/1wKjOzc/MLi0vV5ZXVtfXaxmbbpLnm0OKpTPV1xAxIoaCFAiVcZxpYEknoRMPzSb1zC9qIVF3hKIMgYX0lYsEZWhTWDuCm8CNARn3JVF8C7ViAA0v2xtTXJQt9oWIcjcNa3W24pehf401NnUzVDGvvfi/leQIKuWTGdD03w6BgGgWXMK76uYGM8SHrQ9daxRIwQVFeNaa7lvRonGr7FNKSfp8oWGLMKIlsZ8JwYH7XJvC/WjfH+DQohMpyBMW/FsW5pJjSSUS0JzRwlCNrGNfC/pXyAdOMow2yakPwfp/817QPG95R4/DyuH52PI1jkWyTHbJPPHJCzsgFaZIW4eSOPJAn8uzcO4/Oi/P61VpxpjNb5Iect0/eCJ87</latexit>

samples = 200
<latexit sha1_base64="N3yIlA+9bjw9Z3Wq3CHtZhEE2ks=">AAAB+3icbVBNS8NAEN34WetXrEcvwSJ4Kkkt6EUoePFYwX5AG8pmO2mXbjZhdyItoX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zMCxLBNbrut7WxubW9s1vYK+4fHB4d2yello5TxaDJYhGrTkA1CC6hiRwFdBIFNAoEtIPx3dxvP4HSPJaPOE3Aj+hQ8pAzikbq26UewgQzTaNEgJ7dVl23b5fdiruAs068nJRJjkbf/uoNYpZGIJEJqnXXcxP0M6qQMwGzYi/VkFA2pkPoGippBNrPFrfPnAujDJwwVqYkOgv190RGI62nUWA6I4ojverNxf+8borhjZ9xmaQIki0XhalwMHbmQTgDroChmBpCmeLmVoeNqKIMTVxFE4K3+vI6aVUr3lWl+lAr12t5HAVyRs7JJfHINamTe9IgTcLIhDyTV/JmzawX6936WLZuWPnMKfkD6/MHwc2UMg==</latexit>

MLE - p(s) = �s,s⇤ , ↵ = 0 :
<latexit sha1_base64="KbqJ0P2o3CdUvzrH9GKXHIGtErQ="></latexit>

BAYES - p(s) = �s,s⇤ , ↵ = 1 :
<latexit sha1_base64="rAmb0MeJy+kZ0la1XsUzciSh+ZM="></latexit>

AC - p(s) =
1

n
, ↵ = 0 :

<latexit sha1_base64="R3heDwyiIPtXvn63mzeVNkhMNIY=">AAACIHicbVBNS8NAEN34WetX1aOXxSIoaElqoSIUKl48KlgtNKFstpt26WYTdidiCfkpXvwrXjwoojf9NW7bHPx6MPB4b4aZeX4suAbb/rBmZufmFxYLS8XlldW19dLG5rWOEkVZi0YiUm2faCa4ZC3gIFg7VoyEvmA3/vBs7N/cMqV5JK9gFDMvJH3JA04JGKlbqrvA7iA9PcOHOIv39H7DDRShqZOlMpt6BzjDLhHxgDTsqYJPsm6pbFfsCfBf4uSkjHJcdEvvbi+iScgkUEG07jh2DF5KFHAqWFZ0E81iQoekzzqGShIy7aWTBzO8a5QeDiJlSgKeqN8nUhJqPQp90xkSGOjf3lj8z+skEBx7KZdxAkzS6aIgERgiPE4L97hiFMTIEEIVN7diOiAmIDCZFk0Izu+X/5LrasU5qlQva+VmLY+jgLbRDtpDDqqjJjpHF6iFKLpHj+gZvVgP1pP1ar1NW2esfGYL/YD1+QWNTaKQ</latexit>

CMBD: - p(s) =
1

n
, ↵ = 1 :

<latexit sha1_base64="kMXkJmhB/Iy2qRC+zNTvcHroq5E="></latexit>

2.0
<latexit sha1_base64="8y/zNXYVk6iubwazc2nOIsWaNmk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD7WqOyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSHI0e</latexit>

0.0
<latexit sha1_base64="RgdAuAedIOvmT4d/7P1kAvLhTOo=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvHisaD+gXUo2zbah2eySzApl6U/w4kERr/4ib/4b03YP2vog4fHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPbhVd1Cu2H8Bsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42WLVGbmwypCEsbZPIVmovzsyGhkzjQJbGVEcm1VvLv7n9VIMb/xMqCRFrthyUJhKgjGZ302GQnOGcmoJZVrYXQkbU00Z2nRKNgRv9eR10q5Vvatq7b5eadTzOIpwBudwCR5cQwPuoAktYDCCZ3iFN0c6L86787EsLTh5zyn8gfP5A08QjRw=</latexit> 0.5

<latexit sha1_base64="CFocVmGrH+6WIL5NbudyDhBTCDE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBWpI0h</latexit>

0.5
<latexit sha1_base64="CFocVmGrH+6WIL5NbudyDhBTCDE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBWpI0h</latexit>

1.5
<latexit sha1_base64="aNI/6ak9AMvZW1BpbZ7OUWuTWkg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+9e9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKo0i</latexit>

1.0
<latexit sha1_base64="AZGZQgEIbMdhIvFzN/KXJvOO+GI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau6g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBQlo0d</latexit>

2.0
<latexit sha1_base64="8y/zNXYVk6iubwazc2nOIsWaNmk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD7WqOyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSHI0e</latexit>

1.5
<latexit sha1_base64="aNI/6ak9AMvZW1BpbZ7OUWuTWkg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+9e9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKo0i</latexit>1.0

<latexit sha1_base64="AZGZQgEIbMdhIvFzN/KXJvOO+GI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau6g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBQlo0d</latexit>

2.0
<latexit sha1_base64="8y/zNXYVk6iubwazc2nOIsWaNmk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD7WqOyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSHI0e</latexit>

0.0
<latexit sha1_base64="RgdAuAedIOvmT4d/7P1kAvLhTOo=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvHisaD+gXUo2zbah2eySzApl6U/w4kERr/4ib/4b03YP2vog4fHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPbhVd1Cu2H8Bsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42WLVGbmwypCEsbZPIVmovzsyGhkzjQJbGVEcm1VvLv7n9VIMb/xMqCRFrthyUJhKgjGZ302GQnOGcmoJZVrYXQkbU00Z2nRKNgRv9eR10q5Vvatq7b5eadTzOIpwBudwCR5cQwPuoAktYDCCZ3iFN0c6L86787EsLTh5zyn8gfP5A08QjRw=</latexit> 0.5

<latexit sha1_base64="CFocVmGrH+6WIL5NbudyDhBTCDE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBWpI0h</latexit>

0.5
<latexit sha1_base64="CFocVmGrH+6WIL5NbudyDhBTCDE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBWpI0h</latexit>

1.5
<latexit sha1_base64="aNI/6ak9AMvZW1BpbZ7OUWuTWkg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+9e9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKo0i</latexit>

1.0
<latexit sha1_base64="AZGZQgEIbMdhIvFzN/KXJvOO+GI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau6g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBQlo0d</latexit>

2.0
<latexit sha1_base64="8y/zNXYVk6iubwazc2nOIsWaNmk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD7WqOyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSHI0e</latexit>

1.5
<latexit sha1_base64="aNI/6ak9AMvZW1BpbZ7OUWuTWkg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+9e9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKo0i</latexit>1.0

<latexit sha1_base64="AZGZQgEIbMdhIvFzN/KXJvOO+GI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau6g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBQlo0d</latexit>

2.0
<latexit sha1_base64="8y/zNXYVk6iubwazc2nOIsWaNmk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD7WqOyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSHI0e</latexit>

0.0
<latexit sha1_base64="RgdAuAedIOvmT4d/7P1kAvLhTOo=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvHisaD+gXUo2zbah2eySzApl6U/w4kERr/4ib/4b03YP2vog4fHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPbhVd1Cu2H8Bsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42WLVGbmwypCEsbZPIVmovzsyGhkzjQJbGVEcm1VvLv7n9VIMb/xMqCRFrthyUJhKgjGZ302GQnOGcmoJZVrYXQkbU00Z2nRKNgRv9eR10q5Vvatq7b5eadTzOIpwBudwCR5cQwPuoAktYDCCZ3iFN0c6L86787EsLTh5zyn8gfP5A08QjRw=</latexit> 0.5

<latexit sha1_base64="CFocVmGrH+6WIL5NbudyDhBTCDE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBWpI0h</latexit>

0.5
<latexit sha1_base64="CFocVmGrH+6WIL5NbudyDhBTCDE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBWpI0h</latexit>

1.5
<latexit sha1_base64="aNI/6ak9AMvZW1BpbZ7OUWuTWkg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+9e9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKo0i</latexit>

1.0
<latexit sha1_base64="AZGZQgEIbMdhIvFzN/KXJvOO+GI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau6g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBQlo0d</latexit>

2.0
<latexit sha1_base64="8y/zNXYVk6iubwazc2nOIsWaNmk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD7WqOyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSHI0e</latexit>

1.5
<latexit sha1_base64="aNI/6ak9AMvZW1BpbZ7OUWuTWkg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+9e9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKo0i</latexit>1.0

<latexit sha1_base64="AZGZQgEIbMdhIvFzN/KXJvOO+GI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau6g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBQlo0d</latexit>

C(✓) = �
X

s,y

ln ✓(y|s)
<latexit sha1_base64="zP2oGMKGzO7GKox5OPOw3vuiT9M=">AAACEHicbVDLSgNBEJyNrxhfUY9eBoOYgIbdKOhFCObiMYJ5QDaE2ckkGTI7u8z0CsuaT/Dir3jxoIhXj978GyePgyYWNBRV3XR3eaHgGmz720otLa+srqXXMxubW9s72d29ug4iRVmNBiJQTY9oJrhkNeAgWDNUjPieYA1vWBn7jXumNA/kHcQha/ukL3mPUwJG6mSPK3kXBgxI4QqfujryO4k+iUfYFRJPjXz8oAu4k83ZRXsCvEicGcmhGaqd7JfbDWjkMwlUEK1bjh1COyEKOBVslHEjzUJCh6TPWoZK4jPdTiYPjfCRUbq4FyhTEvBE/T2REF/r2PdMp09goOe9sfif14qgd9lOuAwjYJJOF/UigSHA43RwlytGQcSGEKq4uRXTAVGEgskwY0Jw5l9eJPVS0Tkrlm7Pc+XrWRxpdIAOUR456AKV0Q2qohqi6BE9o1f0Zj1ZL9a79TFtTVmzmX30B9bnD4j4m6Y=</latexit>

FIG. 10. Thermodynamic Machine Learning Performance for Different Processes: For each input process θ′ (Five-State, Even,
and Noisy Even), we randomly sample 200 length L = 50 words and train a 3-state ϵ-machines on each to find the exponential

training work rate eβ⟨W
max
n=3 (y0:L)⟩/L and the exponential testing work rate eβ⟨W

Θmax
n=3(y0:L)⟩∞ for each regularization strategy:

MLE (orange), BAYES (red), AC (purple), and CMBD (blue). The ovals are centered around the average work rates of these
200 samples, and their dimensions are given by the variance of the work rates. The dashed black lines represent work rates of

zero along each dimension, and the blue lines represent the theoretical limit on the asymptotic work rate, given by eβ⟨W
θ′ ⟩.

the BAYES technique still yields high variance, meaning that some outcomes are dissipating a lot of work.
By contrast, the CMBD algorithm has low variance and its average is nearly the theoretical limit on work
harvesting, indicating that it is reliably discovering the pattern.
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↵ = 1
<latexit sha1_base64="un0ND/FJx6xOg2RgH8dAsrwzyI0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh4MVjBfsBbSiT7aZdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gSomeCSNQ03gnUSxTAKBGsH49uZ335iSvNYPphJwvwIh5KHnKKxUqeHIhnhjdcvV9yqOwdZJV5OKpCj0S9/9QYxTSMmDRWodddzE+NnqAyngk1LvVSzBOkYh6xrqcSIaT+b3zslZ1YZkDBWtqQhc/X3RIaR1pMosJ0RmpFe9mbif143NeG1n3GZpIZJulgUpoKYmMyeJwOuGDViYglSxe2thI5QITU2opINwVt+eZW0alXvolq7v6zUa3kcRTiBUzgHD66gDnfQgCZQEPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDfaWPjg==</latexit>

p(s) = �s,s⇤
<latexit sha1_base64="tlfWxrOGduRcHi7s9R+tFwQdAfA=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQRUpSBd0IBTcuK9gHtDFMJpN26OTBzI0QQv0VNy4UceuHuPNvnD4W2nrgwuGce7n3Hi8RXIFlfRuFldW19Y3iZmlre2d3z9w/aKs4lZS1aCxi2fWIYoJHrAUcBOsmkpHQE6zjjW4mfueRScXj6B6yhDkhGUQ84JSAllyznFTVyXXfZwKIm6sz9XA6ds2KVbOmwMvEnpMKmqPpml99P6ZpyCKggijVs60EnJxI4FSwcamfKpYQOiID1tM0IiFTTj49foyPteLjIJa6IsBT9fdETkKlstDTnSGBoVr0JuJ/Xi+F4MrJeZSkwCI6WxSkAkOMJ0lgn0tGQWSaECq5vhXTIZGEgs6rpEOwF19eJu16zT6v1e8uKo36PI4iOkRHqIpsdIka6BY1UQtRlKFn9IrejCfjxXg3PmatBWM+U0Z/YHz+AMFKlCU=</latexit>

samples = 200
<latexit sha1_base64="sYlgNwbJtjEES27CcyOajocNEiA=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0mioBeh4MVjBfsBbSib7aRduvlgdyItIX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zM8xPBFdr2t1Ha2Nza3invVvb2Dw6PzONqW8WpZNBisYhl16cKBI+ghRwFdBMJNPQFdPzJ3dzvPIFUPI4ecZaAF9JRxAPOKGppYFb7CFPMFA0TASq/dW17YNbsur2AtU6cgtRIgebA/OoPY5aGECETVKmeYyfoZVQiZwLySj9VkFA2oSPoaRrREJSXLW7PrXOtDK0glroitBbq74mMhkrNQl93hhTHatWbi/95vRSDGy/jUZIiRGy5KEiFhbE1D8IacgkMxUwTyiTXt1psTCVlqOOq6BCc1ZfXSdutO5d19+Gq1nCLOMrklJyRC+KQa9Ig96RJWoSRKXkmr+TNyI0X4934WLaWjGLmhPyB8fkDwTOUMA==</latexit>

p(s) =
1

n
<latexit sha1_base64="c3h/2gvVYcanj6jBzTZ8M7snWdc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkpSBb0IBS8eK9gPaEPZbDft0s0m7G4KJeSfePGgiFf/iTf/jds0B219MPB4b4aZeX7MmdKO822VNja3tnfKu5W9/YPDI/v4pKOiRBLaJhGPZM/HinImaFszzWkvlhSHPqddf3q/8LszKhWLxJOex9QL8ViwgBGsjTS07bimLu8GgcQkdbNUZEO76tSdHGiduAWpQoHW0P4ajCKShFRowrFSfdeJtZdiqRnhNKsMEkVjTKZ4TPuGChxS5aX55Rm6MMoIBZE0JTTK1d8TKQ6Vmoe+6QyxnqhVbyH+5/UTHdx6KRNxoqkgy0VBwpGO0CIGNGKSEs3nhmAimbkVkQk2KWgTVsWE4K6+vE46jbp7VW88XlebjSKOMpzBOdTAhRtowgO0oA0EZvAMr/BmpdaL9W59LFtLVjFzCn9gff4ABEyTNw==</latexit>

n = 1
<latexit sha1_base64="a6nahihcaSRzVb35xpDDiDHUj2w=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6EUoePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5aCYJ+hEdSh5yRo2VHuSN1y+V3Yo7B1klXk7KkKPRL331BjFLI5SGCap113MT42dUGc4ETou9VGNC2ZgOsWuppBFqP5ufOiXnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHpFG0I3vLLq6RVrXiXlep9rVyv5XEU4BTO4AI8uII63EEDmsBgCM/wCm+OcF6cd+dj0brm5DMn8AfO5w/F041q</latexit>

n = 2
<latexit sha1_base64="fAQ1oNt3XbzaEGYLn1nbOxh/yqY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6EUoePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5aCYJ+hEdSh5yRo2VHuRNtV8quxV3DrJKvJyUIUejX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dUrOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdoQvOWXV0mrWvEuK9X7Wrley+MowCmcwQV4cAV1uIMGNIHBEJ7hFd4c4bw4787HonXNyWdO4A+czx/HV41r</latexit>

n = 3
<latexit sha1_base64="Qpylave/JsPtWhp/GtaEwy0nZno=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewmAb0IAS8eI5oHJEuYnfQmQ2Znl5lZIYR8ghcPinj1i7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LRzNJ0I/oUPKQM2qs9CBvqv1iyS27C5B14mWkBBka/eJXbxCzNEJpmKBadz03Mf6UKsOZwFmhl2pMKBvTIXYtlTRC7U8Xp87IhVUGJIyVLWnIQv09MaWR1pMosJ0RNSO96s3F/7xuasJrf8plkhqUbLkoTAUxMZn/TQZcITNiYgllittbCRtRRZmx6RRsCN7qy+ukVSl71XLlvlaq17I48nAG53AJHlxBHe6gAU1gMIRneIU3RzgvzrvzsWzNOdnMKfyB8/kDyNuNbA==</latexit>

L (training word length)
<latexit sha1_base64="A5hvd65KLdgHqIWMb91gwKla9+Y=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GITbiLgikDNhYWEcwHJCHsbSbJkr29Y3dODUdKG/+KjYUitv4EO/+Nm49CEx8MPN6bYWaeH0lh0HW/naXlldW19dRGenNre2c3s7dfNWGsOVR4KENd95kBKRRUUKCEeqSBBb6Emj+4HPu1O9BGhOoWhxG0AtZTois4Qyu1M0fXTYQHTGgONRNKqB69D3WHSlA97J+O2pmsm3cnoIvEm5EsmaHcznw1OyGPA1DIJTOm4bkRthKmUXAJo3QzNhAxPmA9aFiqWACmlUweGdETq3RoN9S2FNKJ+nsiYYExw8C3nQHDvpn3xuJ/XiPGbrGVCBXFCIpPF3VjSTGk41RoR2jgKIeWMK6FvZXyPtOMo80ubUPw5l9eJNVC3jvLF27Os6XiLI4UOSTHJEc8ckFK5IqUSYVw8kieySt5c56cF+fd+Zi2LjmzmQPyB87nD2XVmYs=</latexit>

e�hW
✓0 i1

<latexit sha1_base64="INzRPR+OZL8BRmiJXOxAqiyEeaU="></latexit>

↵ = 0
<latexit sha1_base64="HRBTkn/EvyP/+uZgeJBWePhyWMk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh4MVjBfsBbSiT7aZdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gSomeCSNQ03gnUSxTAKBGsH49uZ335iSvNYPphJwvwIh5KHnKKxUqeHIhnhjdsvV9yqOwdZJV5OKpCj0S9/9QYxTSMmDRWodddzE+NnqAyngk1LvVSzBOkYh6xrqcSIaT+b3zslZ1YZkDBWtqQhc/X3RIaR1pMosJ0RmpFe9mbif143NeG1n3GZpIZJulgUpoKYmMyeJwOuGDViYglSxe2thI5QITU2opINwVt+eZW0alXvolq7v6zUa3kcRTiBUzgHD66gDnfQgCZQEPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDfCGPjQ==</latexit>

✓0 = even process
<latexit sha1_base64="cmu/JkUhpqMVddp4uXmiR44s5Rs=">AAACBHicbVA9SwNBEN3zM8avU8s0i0G0CndR0EYI2FhGMB+QhLC3mSRL9vaO3blgOFLY+FdsLBSx9UfY+W/cfBSa+GDg8d4MM/OCWAqDnvftrKyurW9sZray2zu7e/vuwWHVRInmUOGRjHQ9YAakUFBBgRLqsQYWBhJqweBm4teGoI2I1D2OYmiFrKdEV3CGVmq7uSb2AdnpdRPhAVMYgqKxjjgYM267ea/gTUGXiT8neTJHue1+NTsRT0JQyCUzpuF7MbZSplFwCeNsMzEQMz5gPWhYqlgIppVOnxjTE6t0aDfSthTSqfp7ImWhMaMwsJ0hw75Z9Cbif14jwe5VKxUqThAUny3qJpJiRCeJ0I7QwFGOLGFcC3sr5X2mGUebW9aG4C++vEyqxYJ/XijeXeRLxXkcGZIjx+SM+OSSlMgtKZMK4eSRPJNX8uY8OS/Ou/Mxa11x5jNH5A+czx81kJhp</latexit>
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<latexit sha1_base64="RgdAuAedIOvmT4d/7P1kAvLhTOo=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvHisaD+gXUo2zbah2eySzApl6U/w4kERr/4ib/4b03YP2vog4fHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPbhVd1Cu2H8Bsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42WLVGbmwypCEsbZPIVmovzsyGhkzjQJbGVEcm1VvLv7n9VIMb/xMqCRFrthyUJhKgjGZ302GQnOGcmoJZVrYXQkbU00Z2nRKNgRv9eR10q5Vvatq7b5eadTzOIpwBudwCR5cQwPuoAktYDCCZ3iFN0c6L86787EsLTh5zyn8gfP5A08QjRw=</latexit>

0.5
<latexit sha1_base64="CFocVmGrH+6WIL5NbudyDhBTCDE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBWpI0h</latexit>

1.5
<latexit sha1_base64="aNI/6ak9AMvZW1BpbZ7OUWuTWkg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+9e9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKo0i</latexit>

1.0
<latexit sha1_base64="AZGZQgEIbMdhIvFzN/KXJvOO+GI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau6g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBQlo0d</latexit>

2.0
<latexit sha1_base64="8y/zNXYVk6iubwazc2nOIsWaNmk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD7WqOyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSHI0e</latexit>

20
<latexit sha1_base64="pzvojpp3M9V/Vd5kM/qH+WV9q68=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimGN34mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6adeq3lW1dl+vNOp5HEU4g3O4BA+uoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+cPjOY=</latexit> 40

<latexit sha1_base64="/bOlIvhYtFwIUvqIODQUUYY69BE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpoe4OyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFpfOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6adeq3lW1dl+vNOp5HEU4g3O4BA+uoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+oZjOg=</latexit>

60
<latexit sha1_base64="NsVrlhdhEDPms/IT48T0XW2T8/8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6rHgxWMV+wFtKJvtpl262YTdiVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSw5XbL5XdijsHWSVeTsqQo9EvffUGMUsjrpBJakzXcxP0M6pRMMmnxV5qeELZmA5511JFI278bH7plJxbZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDGz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpyiDcFbfnmVtKoV77JSva+V67U8jgKcwhlcgAfXUIc7aEATGITwDK/w5oydF+fd+Vi0rjn5zAn8gfP5A+0jjOo=</latexit>

80
<latexit sha1_base64="mitjknrCAbKxZpQC1JuhHR8Cpmo=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz0UHcHpbJbcRcg68TLSRlyNAelr/4wZmmE0jBBte55bmL8jCrDmcBZsZ9qTCib0BH2LJU0Qu1ni0tn5NIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5qw7mdcJqlByZaLwlQQE5P522TIFTIjppZQpri9lbAxVZQZG07RhuCtvrxO2tWKd12p3tfKjVoeRwHO4QKuwIMbaMAdNKEFDEJ4hld4cybOi/PufCxbN5x85gz+wPn8AfAtjOw=</latexit>

100
<latexit sha1_base64="y+QEyENDVwiMT5Yfd8HfKDbgRmM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD57rDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP1OgjR8=</latexit>

0
<latexit sha1_base64="buqwqt41l27EsUXgHsXg9xH5Lpw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AdjGMqg==</latexit> 120

<latexit sha1_base64="UXyUItlCqzy/dFwJClgd8QN5FSU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau5g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBWqo0h</latexit>

0.0
<latexit sha1_base64="RgdAuAedIOvmT4d/7P1kAvLhTOo=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvHisaD+gXUo2zbah2eySzApl6U/w4kERr/4ib/4b03YP2vog4fHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPbhVd1Cu2H8Bsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42WLVGbmwypCEsbZPIVmovzsyGhkzjQJbGVEcm1VvLv7n9VIMb/xMqCRFrthyUJhKgjGZ302GQnOGcmoJZVrYXQkbU00Z2nRKNgRv9eR10q5Vvatq7b5eadTzOIpwBudwCR5cQwPuoAktYDCCZ3iFN0c6L86787EsLTh5zyn8gfP5A08QjRw=</latexit>

0.5
<latexit sha1_base64="CFocVmGrH+6WIL5NbudyDhBTCDE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBWpI0h</latexit>

1.5
<latexit sha1_base64="aNI/6ak9AMvZW1BpbZ7OUWuTWkg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+9e9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKo0i</latexit>

1.0
<latexit sha1_base64="AZGZQgEIbMdhIvFzN/KXJvOO+GI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau6g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBQlo0d</latexit>

2.0
<latexit sha1_base64="8y/zNXYVk6iubwazc2nOIsWaNmk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD7WqOyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSHI0e</latexit>

20
<latexit sha1_base64="pzvojpp3M9V/Vd5kM/qH+WV9q68=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimGN34mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6adeq3lW1dl+vNOp5HEU4g3O4BA+uoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+cPjOY=</latexit> 40

<latexit sha1_base64="/bOlIvhYtFwIUvqIODQUUYY69BE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpoe4OyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFpfOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6adeq3lW1dl+vNOp5HEU4g3O4BA+uoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+oZjOg=</latexit>

60
<latexit sha1_base64="NsVrlhdhEDPms/IT48T0XW2T8/8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6rHgxWMV+wFtKJvtpl262YTdiVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSw5XbL5XdijsHWSVeTsqQo9EvffUGMUsjrpBJakzXcxP0M6pRMMmnxV5qeELZmA5511JFI278bH7plJxbZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDGz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpyiDcFbfnmVtKoV77JSva+V67U8jgKcwhlcgAfXUIc7aEATGITwDK/w5oydF+fd+Vi0rjn5zAn8gfP5A+0jjOo=</latexit>

80
<latexit sha1_base64="mitjknrCAbKxZpQC1JuhHR8Cpmo=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz0UHcHpbJbcRcg68TLSRlyNAelr/4wZmmE0jBBte55bmL8jCrDmcBZsZ9qTCib0BH2LJU0Qu1ni0tn5NIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5qw7mdcJqlByZaLwlQQE5P522TIFTIjppZQpri9lbAxVZQZG07RhuCtvrxO2tWKd12p3tfKjVoeRwHO4QKuwIMbaMAdNKEFDEJ4hld4cybOi/PufCxbN5x85gz+wPn8AfAtjOw=</latexit>

100
<latexit sha1_base64="y+QEyENDVwiMT5Yfd8HfKDbgRmM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD57rDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP1OgjR8=</latexit>

0
<latexit sha1_base64="buqwqt41l27EsUXgHsXg9xH5Lpw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AdjGMqg==</latexit> 120

<latexit sha1_base64="UXyUItlCqzy/dFwJClgd8QN5FSU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau5g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBWqo0h</latexit>

0.0
<latexit sha1_base64="RgdAuAedIOvmT4d/7P1kAvLhTOo=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvHisaD+gXUo2zbah2eySzApl6U/w4kERr/4ib/4b03YP2vog4fHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPbhVd1Cu2H8Bsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42WLVGbmwypCEsbZPIVmovzsyGhkzjQJbGVEcm1VvLv7n9VIMb/xMqCRFrthyUJhKgjGZ302GQnOGcmoJZVrYXQkbU00Z2nRKNgRv9eR10q5Vvatq7b5eadTzOIpwBudwCR5cQwPuoAktYDCCZ3iFN0c6L86787EsLTh5zyn8gfP5A08QjRw=</latexit>

0.5
<latexit sha1_base64="CFocVmGrH+6WIL5NbudyDhBTCDE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBWpI0h</latexit>

1.5
<latexit sha1_base64="aNI/6ak9AMvZW1BpbZ7OUWuTWkg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+9e9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKo0i</latexit>

1.0
<latexit sha1_base64="AZGZQgEIbMdhIvFzN/KXJvOO+GI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau6g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBQlo0d</latexit>

2.0
<latexit sha1_base64="8y/zNXYVk6iubwazc2nOIsWaNmk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD7WqOyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSHI0e</latexit>

20
<latexit sha1_base64="pzvojpp3M9V/Vd5kM/qH+WV9q68=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimGN34mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6adeq3lW1dl+vNOp5HEU4g3O4BA+uoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+cPjOY=</latexit> 40

<latexit sha1_base64="/bOlIvhYtFwIUvqIODQUUYY69BE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpoe4OyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFpfOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6adeq3lW1dl+vNOp5HEU4g3O4BA+uoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+oZjOg=</latexit>

60
<latexit sha1_base64="NsVrlhdhEDPms/IT48T0XW2T8/8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6rHgxWMV+wFtKJvtpl262YTdiVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSw5XbL5XdijsHWSVeTsqQo9EvffUGMUsjrpBJakzXcxP0M6pRMMmnxV5qeELZmA5511JFI278bH7plJxbZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDGz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpyiDcFbfnmVtKoV77JSva+V67U8jgKcwhlcgAfXUIc7aEATGITwDK/w5oydF+fd+Vi0rjn5zAn8gfP5A+0jjOo=</latexit>

80
<latexit sha1_base64="mitjknrCAbKxZpQC1JuhHR8Cpmo=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz0UHcHpbJbcRcg68TLSRlyNAelr/4wZmmE0jBBte55bmL8jCrDmcBZsZ9qTCib0BH2LJU0Qu1ni0tn5NIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5qw7mdcJqlByZaLwlQQE5P522TIFTIjppZQpri9lbAxVZQZG07RhuCtvrxO2tWKd12p3tfKjVoeRwHO4QKuwIMbaMAdNKEFDEJ4hld4cybOi/PufCxbN5x85gz+wPn8AfAtjOw=</latexit>

100
<latexit sha1_base64="y+QEyENDVwiMT5Yfd8HfKDbgRmM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD57rDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP1OgjR8=</latexit>

0
<latexit sha1_base64="buqwqt41l27EsUXgHsXg9xH5Lpw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AdjGMqg==</latexit> 120

<latexit sha1_base64="UXyUItlCqzy/dFwJClgd8QN5FSU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau5g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBWqo0h</latexit>

0.0
<latexit sha1_base64="RgdAuAedIOvmT4d/7P1kAvLhTOo=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvHisaD+gXUo2zbah2eySzApl6U/w4kERr/4ib/4b03YP2vog4fHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPbhVd1Cu2H8Bsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42WLVGbmwypCEsbZPIVmovzsyGhkzjQJbGVEcm1VvLv7n9VIMb/xMqCRFrthyUJhKgjGZ302GQnOGcmoJZVrYXQkbU00Z2nRKNgRv9eR10q5Vvatq7b5eadTzOIpwBudwCR5cQwPuoAktYDCCZ3iFN0c6L86787EsLTh5zyn8gfP5A08QjRw=</latexit>

0.5
<latexit sha1_base64="CFocVmGrH+6WIL5NbudyDhBTCDE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBWpI0h</latexit>

1.5
<latexit sha1_base64="aNI/6ak9AMvZW1BpbZ7OUWuTWkg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+9e9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKo0i</latexit>

1.0
<latexit sha1_base64="AZGZQgEIbMdhIvFzN/KXJvOO+GI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau6g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBQlo0d</latexit>

2.0
<latexit sha1_base64="8y/zNXYVk6iubwazc2nOIsWaNmk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD7WqOyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSHI0e</latexit>

20
<latexit sha1_base64="pzvojpp3M9V/Vd5kM/qH+WV9q68=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimGN34mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6adeq3lW1dl+vNOp5HEU4g3O4BA+uoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+cPjOY=</latexit> 40

<latexit sha1_base64="/bOlIvhYtFwIUvqIODQUUYY69BE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpoe4OyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFpfOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6adeq3lW1dl+vNOp5HEU4g3O4BA+uoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+oZjOg=</latexit>

60
<latexit sha1_base64="NsVrlhdhEDPms/IT48T0XW2T8/8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6rHgxWMV+wFtKJvtpl262YTdiVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSw5XbL5XdijsHWSVeTsqQo9EvffUGMUsjrpBJakzXcxP0M6pRMMmnxV5qeELZmA5511JFI278bH7plJxbZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDGz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpyiDcFbfnmVtKoV77JSva+V67U8jgKcwhlcgAfXUIc7aEATGITwDK/w5oydF+fd+Vi0rjn5zAn8gfP5A+0jjOo=</latexit>

80
<latexit sha1_base64="mitjknrCAbKxZpQC1JuhHR8Cpmo=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz0UHcHpbJbcRcg68TLSRlyNAelr/4wZmmE0jBBte55bmL8jCrDmcBZsZ9qTCib0BH2LJU0Qu1ni0tn5NIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5qw7mdcJqlByZaLwlQQE5P522TIFTIjppZQpri9lbAxVZQZG07RhuCtvrxO2tWKd12p3tfKjVoeRwHO4QKuwIMbaMAdNKEFDEJ4hld4cybOi/PufCxbN5x85gz+wPn8AfAtjOw=</latexit>

100
<latexit sha1_base64="y+QEyENDVwiMT5Yfd8HfKDbgRmM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD57rDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP1OgjR8=</latexit>

0
<latexit sha1_base64="buqwqt41l27EsUXgHsXg9xH5Lpw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AdjGMqg==</latexit> 120

<latexit sha1_base64="UXyUItlCqzy/dFwJClgd8QN5FSU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau5g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBWqo0h</latexit>

he�hW⇥max
n (y0:L)i1iY ✓0

0:L
<latexit sha1_base64="2z/uKPCl367VgWlwaA1ILfiMgX0="></latexit>

FIG. 11. The average and variance of the exponential asymptotic testing work rate that results from the four different learning
strategies. We generate 200 words from the even process for each length L ∈ {4, 8, 16, 32, 64, 128}, then train on each using
MLE, BAYES, AC, and CMBD. The un-regularized thermodynamic machine learning does a fairly good job of fitting, in
comparison to the Five-State process. The AC method is a slight improvement over MLE, but not considerable. The BAYES
and CMBD regularization techniques have less divergent work production for small training words, and seem to perform slightly
better in general. One notable distinction between the BAYES and CMBD methods is that there is a clear disadvantage to
using larger memory than necessary (n = 3 instead of n = 2) for the BAYES technique, but the CMBD technique does not
seem to have this difference.
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↵ = 1
<latexit sha1_base64="un0ND/FJx6xOg2RgH8dAsrwzyI0=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh4MVjBfsBbSiT7aZdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gSomeCSNQ03gnUSxTAKBGsH49uZ335iSvNYPphJwvwIh5KHnKKxUqeHIhnhjdcvV9yqOwdZJV5OKpCj0S9/9QYxTSMmDRWodddzE+NnqAyngk1LvVSzBOkYh6xrqcSIaT+b3zslZ1YZkDBWtqQhc/X3RIaR1pMosJ0RmpFe9mbif143NeG1n3GZpIZJulgUpoKYmMyeJwOuGDViYglSxe2thI5QITU2opINwVt+eZW0alXvolq7v6zUa3kcRTiBUzgHD66gDnfQgCZQEPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDfaWPjg==</latexit>

p(s) = �s,s⇤
<latexit sha1_base64="tlfWxrOGduRcHi7s9R+tFwQdAfA=">AAAB/HicbVDLSsNAFJ3UV62vaJduBotQRUpSBd0IBTcuK9gHtDFMJpN26OTBzI0QQv0VNy4UceuHuPNvnD4W2nrgwuGce7n3Hi8RXIFlfRuFldW19Y3iZmlre2d3z9w/aKs4lZS1aCxi2fWIYoJHrAUcBOsmkpHQE6zjjW4mfueRScXj6B6yhDkhGUQ84JSAllyznFTVyXXfZwKIm6sz9XA6ds2KVbOmwMvEnpMKmqPpml99P6ZpyCKggijVs60EnJxI4FSwcamfKpYQOiID1tM0IiFTTj49foyPteLjIJa6IsBT9fdETkKlstDTnSGBoVr0JuJ/Xi+F4MrJeZSkwCI6WxSkAkOMJ0lgn0tGQWSaECq5vhXTIZGEgs6rpEOwF19eJu16zT6v1e8uKo36PI4iOkRHqIpsdIka6BY1UQtRlKFn9IrejCfjxXg3PmatBWM+U0Z/YHz+AMFKlCU=</latexit>

samples = 200
<latexit sha1_base64="sYlgNwbJtjEES27CcyOajocNEiA=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16CRbBU0mioBeh4MVjBfsBbSib7aRduvlgdyItIX/FiwdFvPpHvPlv3LY5aOuDgcd7M8zM8xPBFdr2t1Ha2Nza3invVvb2Dw6PzONqW8WpZNBisYhl16cKBI+ghRwFdBMJNPQFdPzJ3dzvPIFUPI4ecZaAF9JRxAPOKGppYFb7CFPMFA0TASq/dW17YNbsur2AtU6cgtRIgebA/OoPY5aGECETVKmeYyfoZVQiZwLySj9VkFA2oSPoaRrREJSXLW7PrXOtDK0glroitBbq74mMhkrNQl93hhTHatWbi/95vRSDGy/jUZIiRGy5KEiFhbE1D8IacgkMxUwTyiTXt1psTCVlqOOq6BCc1ZfXSdutO5d19+Gq1nCLOMrklJyRC+KQa9Ig96RJWoSRKXkmr+TNyI0X4934WLaWjGLmhPyB8fkDwTOUMA==</latexit>

p(s) =
1

n
<latexit sha1_base64="c3h/2gvVYcanj6jBzTZ8M7snWdc=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBahXkpSBb0IBS8eK9gPaEPZbDft0s0m7G4KJeSfePGgiFf/iTf/jds0B219MPB4b4aZeX7MmdKO822VNja3tnfKu5W9/YPDI/v4pKOiRBLaJhGPZM/HinImaFszzWkvlhSHPqddf3q/8LszKhWLxJOex9QL8ViwgBGsjTS07bimLu8GgcQkdbNUZEO76tSdHGiduAWpQoHW0P4ajCKShFRowrFSfdeJtZdiqRnhNKsMEkVjTKZ4TPuGChxS5aX55Rm6MMoIBZE0JTTK1d8TKQ6Vmoe+6QyxnqhVbyH+5/UTHdx6KRNxoqkgy0VBwpGO0CIGNGKSEs3nhmAimbkVkQk2KWgTVsWE4K6+vE46jbp7VW88XlebjSKOMpzBOdTAhRtowgO0oA0EZvAMr/BmpdaL9W59LFtLVjFzCn9gff4ABEyTNw==</latexit>

n = 1
<latexit sha1_base64="a6nahihcaSRzVb35xpDDiDHUj2w=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6EUoePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5aCYJ+hEdSh5yRo2VHuSN1y+V3Yo7B1klXk7KkKPRL331BjFLI5SGCap113MT42dUGc4ETou9VGNC2ZgOsWuppBFqP5ufOiXnVhmQMFa2pCFz9fdERiOtJ1FgOyNqRnrZm4n/ed3UhNd+xmWSGpRssShMBTExmf1NBlwhM2JiCWWK21sJG1FFmbHpFG0I3vLLq6RVrXiXlep9rVyv5XEU4BTO4AI8uII63EEDmsBgCM/wCm+OcF6cd+dj0brm5DMn8AfO5w/F041q</latexit>

n = 2
<latexit sha1_base64="fAQ1oNt3XbzaEGYLn1nbOxh/yqY=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6EUoePFY0X5AG8pmO2mXbjZhdyOU0J/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYng2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFcMmi0WsOgHVKLjEpuFGYCdRSKNAYDsY38789hMqzWP5aCYJ+hEdSh5yRo2VHuRNtV8quxV3DrJKvJyUIUejX/rqDWKWRigNE1Trrucmxs+oMpwJnBZ7qcaEsjEdYtdSSSPUfjY/dUrOrTIgYaxsSUPm6u+JjEZaT6LAdkbUjPSyNxP/87qpCa/9jMskNSjZYlGYCmJiMvubDLhCZsTEEsoUt7cSNqKKMmPTKdoQvOWXV0mrWvEuK9X7Wrley+MowCmcwQV4cAV1uIMGNIHBEJ7hFd4c4bw4787HonXNyWdO4A+czx/HV41r</latexit>

n = 3
<latexit sha1_base64="Qpylave/JsPtWhp/GtaEwy0nZno=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewmAb0IAS8eI5oHJEuYnfQmQ2Znl5lZIYR8ghcPinj1i7z5N06SPWhiQUNR1U13V5AIro3rfju5jc2t7Z38bmFv/+DwqHh80tJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+Hbut59QaR7LRzNJ0I/oUPKQM2qs9CBvqv1iyS27C5B14mWkBBka/eJXbxCzNEJpmKBadz03Mf6UKsOZwFmhl2pMKBvTIXYtlTRC7U8Xp87IhVUGJIyVLWnIQv09MaWR1pMosJ0RNSO96s3F/7xuasJrf8plkhqUbLkoTAUxMZn/TQZcITNiYgllittbCRtRRZmx6RRsCN7qy+ukVSl71XLlvlaq17I48nAG53AJHlxBHe6gAU1gMIRneIU3RzgvzrvzsWzNOdnMKfyB8/kDyNuNbA==</latexit>

L (training word length)
<latexit sha1_base64="A5hvd65KLdgHqIWMb91gwKla9+Y=">AAACCHicbVA9SwNBEN3zM8avqKWFi0GITbiLgikDNhYWEcwHJCHsbSbJkr29Y3dODUdKG/+KjYUitv4EO/+Nm49CEx8MPN6bYWaeH0lh0HW/naXlldW19dRGenNre2c3s7dfNWGsOVR4KENd95kBKRRUUKCEeqSBBb6Emj+4HPu1O9BGhOoWhxG0AtZTois4Qyu1M0fXTYQHTGgONRNKqB69D3WHSlA97J+O2pmsm3cnoIvEm5EsmaHcznw1OyGPA1DIJTOm4bkRthKmUXAJo3QzNhAxPmA9aFiqWACmlUweGdETq3RoN9S2FNKJ+nsiYYExw8C3nQHDvpn3xuJ/XiPGbrGVCBXFCIpPF3VjSTGk41RoR2jgKIeWMK6FvZXyPtOMo80ubUPw5l9eJNVC3jvLF27Os6XiLI4UOSTHJEc8ckFK5IqUSYVw8kieySt5c56cF+fd+Zi2LjmzmQPyB87nD2XVmYs=</latexit>

e�hW
✓0 i1

<latexit sha1_base64="INzRPR+OZL8BRmiJXOxAqiyEeaU="></latexit>

↵ = 0
<latexit sha1_base64="HRBTkn/EvyP/+uZgeJBWePhyWMk=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoBeh4MVjBfsBbSiT7aZdutnE3Y1QQv+EFw+KePXvePPfuG1z0NYHA4/3ZpiZFySCa+O6305hbX1jc6u4XdrZ3ds/KB8etXScKsqaNBax6gSomeCSNQ03gnUSxTAKBGsH49uZ335iSvNYPphJwvwIh5KHnKKxUqeHIhnhjdsvV9yqOwdZJV5OKpCj0S9/9QYxTSMmDRWodddzE+NnqAyngk1LvVSzBOkYh6xrqcSIaT+b3zslZ1YZkDBWtqQhc/X3RIaR1pMosJ0RmpFe9mbif143NeG1n3GZpIZJulgUpoKYmMyeJwOuGDViYglSxe2thI5QITU2opINwVt+eZW0alXvolq7v6zUa3kcRTiBUzgHD66gDnfQgCZQEPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDfCGPjQ==</latexit>

✓0 = noisy even process
<latexit sha1_base64="tQahO2Mht0eSfUwrgJcJNCLOpEU=">AAACCnicbVA9SwNBEN3zM8avqKXNahCtwl0UtBECNpYRTCLkQtjbTMzi3u6xOyeGI7WNf8XGQhFbf4Gd/8ZNcoVfDwYe780wMy9KpLDo+5/ezOzc/MJiYam4vLK6tl7a2GxanRoODa6lNlcRsyCFggYKlHCVGGBxJKEV3ZyN/dYtGCu0usRhAp2YXSvRF5yhk7qlnRAHgGz/NES4w0xpYYcUbkHRxGgO1o66pbJf8Segf0mQkzLJUe+WPsKe5mkMCrlk1rYDP8FOxgwKLmFUDFMLCeM37BrajioWg+1kk1dGdM8pPdrXxpVCOlG/T2QstnYYR64zZjiwv72x+J/XTrF/0smESlIExaeL+qmkqOk4F9oTBjjKoSOMG+FupXzADOPo0iu6EILfL/8lzWolOKxUL47KtaM8jgLZJrvkgATkmNTIOamTBuHknjySZ/LiPXhP3qv3Nm2d8fKZLfID3vsX32ia+Q==</latexit>
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<latexit sha1_base64="RgdAuAedIOvmT4d/7P1kAvLhTOo=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvHisaD+gXUo2zbah2eySzApl6U/w4kERr/4ib/4b03YP2vog4fHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPbhVd1Cu2H8Bsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42WLVGbmwypCEsbZPIVmovzsyGhkzjQJbGVEcm1VvLv7n9VIMb/xMqCRFrthyUJhKgjGZ302GQnOGcmoJZVrYXQkbU00Z2nRKNgRv9eR10q5Vvatq7b5eadTzOIpwBudwCR5cQwPuoAktYDCCZ3iFN0c6L86787EsLTh5zyn8gfP5A08QjRw=</latexit>

0.5
<latexit sha1_base64="CFocVmGrH+6WIL5NbudyDhBTCDE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBWpI0h</latexit>

1.5
<latexit sha1_base64="aNI/6ak9AMvZW1BpbZ7OUWuTWkg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+9e9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKo0i</latexit>

1.0
<latexit sha1_base64="AZGZQgEIbMdhIvFzN/KXJvOO+GI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau6g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBQlo0d</latexit>

2.0
<latexit sha1_base64="8y/zNXYVk6iubwazc2nOIsWaNmk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD7WqOyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSHI0e</latexit>

20
<latexit sha1_base64="pzvojpp3M9V/Vd5kM/qH+WV9q68=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimGN34mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6adeq3lW1dl+vNOp5HEU4g3O4BA+uoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+cPjOY=</latexit> 40

<latexit sha1_base64="/bOlIvhYtFwIUvqIODQUUYY69BE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpoe4OyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFpfOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6adeq3lW1dl+vNOp5HEU4g3O4BA+uoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+oZjOg=</latexit>

60
<latexit sha1_base64="NsVrlhdhEDPms/IT48T0XW2T8/8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6rHgxWMV+wFtKJvtpl262YTdiVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSw5XbL5XdijsHWSVeTsqQo9EvffUGMUsjrpBJakzXcxP0M6pRMMmnxV5qeELZmA5511JFI278bH7plJxbZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDGz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpyiDcFbfnmVtKoV77JSva+V67U8jgKcwhlcgAfXUIc7aEATGITwDK/w5oydF+fd+Vi0rjn5zAn8gfP5A+0jjOo=</latexit>

80
<latexit sha1_base64="mitjknrCAbKxZpQC1JuhHR8Cpmo=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz0UHcHpbJbcRcg68TLSRlyNAelr/4wZmmE0jBBte55bmL8jCrDmcBZsZ9qTCib0BH2LJU0Qu1ni0tn5NIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5qw7mdcJqlByZaLwlQQE5P522TIFTIjppZQpri9lbAxVZQZG07RhuCtvrxO2tWKd12p3tfKjVoeRwHO4QKuwIMbaMAdNKEFDEJ4hld4cybOi/PufCxbN5x85gz+wPn8AfAtjOw=</latexit>

100
<latexit sha1_base64="y+QEyENDVwiMT5Yfd8HfKDbgRmM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD57rDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP1OgjR8=</latexit>

0
<latexit sha1_base64="buqwqt41l27EsUXgHsXg9xH5Lpw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AdjGMqg==</latexit> 120

<latexit sha1_base64="UXyUItlCqzy/dFwJClgd8QN5FSU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau5g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBWqo0h</latexit>

0.0
<latexit sha1_base64="RgdAuAedIOvmT4d/7P1kAvLhTOo=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvHisaD+gXUo2zbah2eySzApl6U/w4kERr/4ib/4b03YP2vog4fHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPbhVd1Cu2H8Bsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42WLVGbmwypCEsbZPIVmovzsyGhkzjQJbGVEcm1VvLv7n9VIMb/xMqCRFrthyUJhKgjGZ302GQnOGcmoJZVrYXQkbU00Z2nRKNgRv9eR10q5Vvatq7b5eadTzOIpwBudwCR5cQwPuoAktYDCCZ3iFN0c6L86787EsLTh5zyn8gfP5A08QjRw=</latexit>

0.5
<latexit sha1_base64="CFocVmGrH+6WIL5NbudyDhBTCDE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBWpI0h</latexit>

1.5
<latexit sha1_base64="aNI/6ak9AMvZW1BpbZ7OUWuTWkg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+9e9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKo0i</latexit>

1.0
<latexit sha1_base64="AZGZQgEIbMdhIvFzN/KXJvOO+GI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau6g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBQlo0d</latexit>

2.0
<latexit sha1_base64="8y/zNXYVk6iubwazc2nOIsWaNmk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD7WqOyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSHI0e</latexit>

20
<latexit sha1_base64="pzvojpp3M9V/Vd5kM/qH+WV9q68=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimGN34mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6adeq3lW1dl+vNOp5HEU4g3O4BA+uoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+cPjOY=</latexit> 40

<latexit sha1_base64="/bOlIvhYtFwIUvqIODQUUYY69BE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpoe4OyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFpfOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6adeq3lW1dl+vNOp5HEU4g3O4BA+uoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+oZjOg=</latexit>

60
<latexit sha1_base64="NsVrlhdhEDPms/IT48T0XW2T8/8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6rHgxWMV+wFtKJvtpl262YTdiVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSw5XbL5XdijsHWSVeTsqQo9EvffUGMUsjrpBJakzXcxP0M6pRMMmnxV5qeELZmA5511JFI278bH7plJxbZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDGz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpyiDcFbfnmVtKoV77JSva+V67U8jgKcwhlcgAfXUIc7aEATGITwDK/w5oydF+fd+Vi0rjn5zAn8gfP5A+0jjOo=</latexit>

80
<latexit sha1_base64="mitjknrCAbKxZpQC1JuhHR8Cpmo=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz0UHcHpbJbcRcg68TLSRlyNAelr/4wZmmE0jBBte55bmL8jCrDmcBZsZ9qTCib0BH2LJU0Qu1ni0tn5NIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5qw7mdcJqlByZaLwlQQE5P522TIFTIjppZQpri9lbAxVZQZG07RhuCtvrxO2tWKd12p3tfKjVoeRwHO4QKuwIMbaMAdNKEFDEJ4hld4cybOi/PufCxbN5x85gz+wPn8AfAtjOw=</latexit>

100
<latexit sha1_base64="y+QEyENDVwiMT5Yfd8HfKDbgRmM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD57rDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP1OgjR8=</latexit>

0
<latexit sha1_base64="buqwqt41l27EsUXgHsXg9xH5Lpw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AdjGMqg==</latexit> 120

<latexit sha1_base64="UXyUItlCqzy/dFwJClgd8QN5FSU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau5g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBWqo0h</latexit>

0.0
<latexit sha1_base64="RgdAuAedIOvmT4d/7P1kAvLhTOo=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvHisaD+gXUo2zbah2eySzApl6U/w4kERr/4ib/4b03YP2vog4fHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPbhVd1Cu2H8Bsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42WLVGbmwypCEsbZPIVmovzsyGhkzjQJbGVEcm1VvLv7n9VIMb/xMqCRFrthyUJhKgjGZ302GQnOGcmoJZVrYXQkbU00Z2nRKNgRv9eR10q5Vvatq7b5eadTzOIpwBudwCR5cQwPuoAktYDCCZ3iFN0c6L86787EsLTh5zyn8gfP5A08QjRw=</latexit>

0.5
<latexit sha1_base64="CFocVmGrH+6WIL5NbudyDhBTCDE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBWpI0h</latexit>

1.5
<latexit sha1_base64="aNI/6ak9AMvZW1BpbZ7OUWuTWkg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+9e9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKo0i</latexit>

1.0
<latexit sha1_base64="AZGZQgEIbMdhIvFzN/KXJvOO+GI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau6g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBQlo0d</latexit>

2.0
<latexit sha1_base64="8y/zNXYVk6iubwazc2nOIsWaNmk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD7WqOyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSHI0e</latexit>

20
<latexit sha1_base64="pzvojpp3M9V/Vd5kM/qH+WV9q68=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimGN34mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6adeq3lW1dl+vNOp5HEU4g3O4BA+uoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+cPjOY=</latexit> 40

<latexit sha1_base64="/bOlIvhYtFwIUvqIODQUUYY69BE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpoe4OyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFpfOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6adeq3lW1dl+vNOp5HEU4g3O4BA+uoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+oZjOg=</latexit>

60
<latexit sha1_base64="NsVrlhdhEDPms/IT48T0XW2T8/8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6rHgxWMV+wFtKJvtpl262YTdiVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSw5XbL5XdijsHWSVeTsqQo9EvffUGMUsjrpBJakzXcxP0M6pRMMmnxV5qeELZmA5511JFI278bH7plJxbZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDGz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpyiDcFbfnmVtKoV77JSva+V67U8jgKcwhlcgAfXUIc7aEATGITwDK/w5oydF+fd+Vi0rjn5zAn8gfP5A+0jjOo=</latexit>

80
<latexit sha1_base64="mitjknrCAbKxZpQC1JuhHR8Cpmo=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz0UHcHpbJbcRcg68TLSRlyNAelr/4wZmmE0jBBte55bmL8jCrDmcBZsZ9qTCib0BH2LJU0Qu1ni0tn5NIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5qw7mdcJqlByZaLwlQQE5P522TIFTIjppZQpri9lbAxVZQZG07RhuCtvrxO2tWKd12p3tfKjVoeRwHO4QKuwIMbaMAdNKEFDEJ4hld4cybOi/PufCxbN5x85gz+wPn8AfAtjOw=</latexit>

100
<latexit sha1_base64="y+QEyENDVwiMT5Yfd8HfKDbgRmM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD57rDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP1OgjR8=</latexit>

0
<latexit sha1_base64="buqwqt41l27EsUXgHsXg9xH5Lpw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AdjGMqg==</latexit> 120

<latexit sha1_base64="UXyUItlCqzy/dFwJClgd8QN5FSU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau5g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBWqo0h</latexit>

0.0
<latexit sha1_base64="RgdAuAedIOvmT4d/7P1kAvLhTOo=">AAAB6nicbVBNSwMxEJ2tX7V+VT16CRbBU9mtBT0WvHisaD+gXUo2zbah2eySzApl6U/w4kERr/4ib/4b03YP2vog4fHeDDPzgkQKg6777RQ2Nre2d4q7pb39g8Oj8vFJ28SpZrzFYhnrbkANl0LxFgqUvJtoTqNA8k4wuZ37nSeujYjVI04T7kd0pEQoGEUrPbhVd1Cu2H8Bsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42WLVGbmwypCEsbZPIVmovzsyGhkzjQJbGVEcm1VvLv7n9VIMb/xMqCRFrthyUJhKgjGZ302GQnOGcmoJZVrYXQkbU00Z2nRKNgRv9eR10q5Vvatq7b5eadTzOIpwBudwCR5cQwPuoAktYDCCZ3iFN0c6L86787EsLTh5zyn8gfP5A08QjRw=</latexit>

0.5
<latexit sha1_base64="CFocVmGrH+6WIL5NbudyDhBTCDE=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+de9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBWpI0h</latexit>

1.5
<latexit sha1_base64="aNI/6ak9AMvZW1BpbZ7OUWuTWkg=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4Ckmt6LHgxWNF+wFtKJvtpl262YTdiVBKf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXplIY9LxvZ219Y3Nru7BT3N3bPzgsHR03TZJpxhsskYluh9RwKRRvoEDJ26nmNA4lb4Wj25nfeuLaiEQ94jjlQUwHSkSCUbTSg+9e9Uplz/XmIKvEz0kZctR7pa9uP2FZzBUySY3p+F6KwYRqFEzyabGbGZ5SNqID3rFU0ZibYDI/dUrOrdInUaJtKSRz9ffEhMbGjOPQdsYUh2bZm4n/eZ0Mo5tgIlSaIVdssSjKJMGEzP4mfaE5Qzm2hDIt7K2EDammDG06RRuCv/zyKmlWXP/SrdxXy7VqHkcBTuEMLsCHa6jBHdShAQwG8Ayv8OZI58V5dz4WrWtOPnMCf+B8/gBYKo0i</latexit>

1.0
<latexit sha1_base64="AZGZQgEIbMdhIvFzN/KXJvOO+GI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau6g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBQlo0d</latexit>

2.0
<latexit sha1_base64="8y/zNXYVk6iubwazc2nOIsWaNmk=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD7WqOyhX3Kq7AFknXk4qkKM5KH/1hzFLI66QSWpMz3MT9DOqUTDJZ6V+anhC2YSOeM9SRSNu/Gxx6oxcWGVIwljbUkgW6u+JjEbGTKPAdkYUx2bVm4v/eb0Uwxs/EypJkSu2XBSmkmBM5n+TodCcoZxaQpkW9lbCxlRThjadkg3BW315nbRrVe+qWruvVxr1PI4inME5XIIH19CAO2hCCxiM4Ble4c2Rzovz7nwsWwtOPnMKf+B8/gBSHI0e</latexit>

20
<latexit sha1_base64="pzvojpp3M9V/Vd5kM/qH+WV9q68=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsN+3SzSbsToQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKDzV3UK64VXcBsk68nFQgR3NQ/uoPY5ZGXCGT1Jie5yboZ1SjYJLPSv3U8ISyCR3xnqWKRtz42eLSGbmwypCEsbalkCzU3xMZjYyZRoHtjCiOzao3F//zeimGN34mVJIiV2y5KEwlwZjM3yZDoTlDObWEMi3srYSNqaYMbTglG4K3+vI6adeq3lW1dl+vNOp5HEU4g3O4BA+uoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+cPjOY=</latexit> 40

<latexit sha1_base64="/bOlIvhYtFwIUvqIODQUUYY69BE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx6r2A9oQ9lsJ+3SzSbsboQS+g+8eFDEq//Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpoe4OyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFpfOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmb5MhV8iMmFpCmeL2VsLGVFFmbDglG4K3+vI6adeq3lW1dl+vNOp5HEU4g3O4BA+uoQF30IQWMAjhGV7hzZk4L86787FsLTj5zCn8gfP5A+oZjOg=</latexit>

60
<latexit sha1_base64="NsVrlhdhEDPms/IT48T0XW2T8/8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6rHgxWMV+wFtKJvtpl262YTdiVBC/4EXD4p49R9589+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR23TJxqxpsslrHuBNRwKRRvokDJO4nmNAokbwfj25nffuLaiFg94iThfkSHSoSCUbTSw5XbL5XdijsHWSVeTsqQo9EvffUGMUsjrpBJakzXcxP0M6pRMMmnxV5qeELZmA5511JFI278bH7plJxbZUDCWNtSSObq74mMRsZMosB2RhRHZtmbif953RTDGz8TKkmRK7ZYFKaSYExmb5OB0JyhnFhCmRb2VsJGVFOGNpyiDcFbfnmVtKoV77JSva+V67U8jgKcwhlcgAfXUIc7aEATGITwDK/w5oydF+fd+Vi0rjn5zAn8gfP5A+0jjOo=</latexit>

80
<latexit sha1_base64="mitjknrCAbKxZpQC1JuhHR8Cpmo=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt2GPBi8cq9gPaUDbbSbt0swm7G6GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkdu53nlBpHstHM03Qj+hI8pAzaqz0UHcHpbJbcRcg68TLSRlyNAelr/4wZmmE0jBBte55bmL8jCrDmcBZsZ9qTCib0BH2LJU0Qu1ni0tn5NIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5qw7mdcJqlByZaLwlQQE5P522TIFTIjppZQpri9lbAxVZQZG07RhuCtvrxO2tWKd12p3tfKjVoeRwHO4QKuwIMbaMAdNKEFDEJ4hld4cybOi/PufCxbN5x85gz+wPn8AfAtjOw=</latexit>

100
<latexit sha1_base64="y+QEyENDVwiMT5Yfd8HfKDbgRmM=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4WNza3tneJuaW//4PCofHzSNnGqGW+xWMa6G1DDpVC8hQIl7yaa0yiQvBNMbud+54lrI2L1iNOE+xEdKREKRtFKD57rDsoVt+ouQNaJl5MK5GgOyl/9YczSiCtkkhrT89wE/YxqFEzyWamfGp5QNqEj3rNU0YgbP1ucOiMXVhmSMNa2FJKF+nsio5Ex0yiwnRHFsVn15uJ/Xi/F8MbPhEpS5IotF4WpJBiT+d9kKDRnKKeWUKaFvZWwMdWUoU2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOk8+K8Ox/L1oKTz5zCHzifP1OgjR8=</latexit>

0
<latexit sha1_base64="buqwqt41l27EsUXgHsXg9xH5Lpw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUdAelsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4AdjGMqg==</latexit> 120

<latexit sha1_base64="UXyUItlCqzy/dFwJClgd8QN5FSU=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1Fjpwau5g3LFrboLkHXi5aQCOZqD8ld/GLM0QmmYoFr3PDcxfkaV4UzgrNRPNSaUTegIe5ZKGqH2s8WpM3JhlSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeONnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtOyYbgrb68Ttq1qndVrd3XK416HkcRzuAcLsGDa2jAHTShBQxG8Ayv8OYI58V5dz6WrQUnnzmFP3A+fwBWqo0h</latexit>

he�hW⇥max
n (y0:L)i1iY ✓0

0:L
<latexit sha1_base64="2z/uKPCl367VgWlwaA1ILfiMgX0="></latexit>

FIG. 12. The average and variance of the exponential asymptotic testing work rate that results from the four different learning
strategies. We generate 200 words from the noisy even process for each length L ∈ {4, 8, 16, 32, 64, 128}, then train on each
using MLE, BAYES, AC, and CMBD. This process appears much harder to learn than the even process for the unregularized
MLE and AC techniques. The BAYES technique does better, even after 128 training words, the variance in the outcome is still
relatively large, indicating that many samples are failing to effectively learn the process. By contrast, the CMBD technique
appears to approach the upper bound on work production, with variance that’s relatively small for memory sizes n = 2 and
n = 3.
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