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While Landauer’s Principle sets a lower bound for the work required for a computation, that work
is recoverable for efficient computations. However, practical physical computers, such as modern
digital computers or biochemical systems, are subject to constraints that make them inefficient—
irreversibly dissipating significant energy. Recent results show that the dissipation in such systems
is bounded by the nonreciprocity of the embedded computation. We investigate the consequences
of this bound for different types of memory, showing that different memory devices are better
suited for different computations. This correspondence comes from the time-reversal symmetries
of the memory, which depend on whether information is stored positionally or magnetically. This
establishes that the time symmetries of the memory device play an essential roll in determining
energetics. The energetic consequences of time symmetries are particularly pronounced in nearly
deterministic computations, where the cost of computing diverges as minus log of the error rate. We
identify the coefficient of that divergence as the dissipation divergence. We find that the dissipation
divergence may be zero for a computation when implemented in one type of memory while it’s
maximal when implemented with another. Given flexibility in the type of memory, the dissipation
divergence is bounded below by the average state compression of the computation. Moreover, we
show how to explicitly construct the memory to achieve this minimal dissipation. As a result,
we find that logically reversible computations are indeed thermodynamically efficient, but logical

irreversibility comes at a much higher cost than previously anticipated.

Keywords: thermodynamics of computation, dissipation, entropy production, Landauer bound

I. INTRODUCTION

Modern nonequilibrium thermodynamics has estab-
lished firm lower bounds on the work required to compute
via Landauer’s bound [I]. This is the amount of work
that must be invested to compress state space during a
computation, and thus preserve the Second Law of ther-
modynamics. However, this energy is not irretrievably
lost [2H4]. Tt can be regained through precisely designed
quasistatic control. With sufficient control of the energy
landscape underlying memory states, an arbitrary com-
putation can be achieved with zero true dissipation [5].

However, perfect efficiency is elusive, because most
physical computations are subject to control restrictions
that lead to energy dissipation [6]. These constraints on
control include finite computation rate [7HI], modular-
ity [B, [10], and time symmetry [IT} 12]. Time symmetry
is a particularly limiting control restriction, which ap-
plies to ubiquitous computational frameworks, such as
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biochemical processes or modern computers. Both lack
time-asymmetries in their driving signals [I1].

For biochemical computing [I3HI6], chemical reser-
voirs drive nonequilibrium processes in a thermal system,
which corresponds to effectively constant driving. These
nonequilibrium steady states are a trivial case of time-
symmetric computation. Modern computers are subject
to the same limitation, because they are driven by a pe-
riodic clock signal, which appears the same under time-
reversal [I7, [18]. It seems that time-asymmetric driving
is the exception rather than the rule. And due to the
thermodynamic cost of time-asymmetry in the Brownian
regime [19,[20], autonomous computing may often require
this control constraint for a full accounting. E|

Recent results show that time-symmetrically driven
computing that operates on metastable memories has an
energetic cost well beyond Landauer’s bound [IT], [12].
This corresponds to the nonreciprocity of the computa-
tion, which reflects how often transitions are made that
have less likely reciprocal transitions [I1]. The recipro-

1 In the Brownian regime, any time-asymmetry in driving would
correspond to some external device spending energy just to gen-
erate the control sequence.
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cal of a transition is that same transition viewed under
time reversal, flipping both the time ordering of memory
states and the sign of time-odd physical variables. Non-
reciprocity implies entropy production and dissipated
work because of the thermodynamic cost of irreversibility
[20]. Reciprocal computations, where each transition is
equally likely to its reciprocal, are similar in spirit to log-
ically reversible computations, but a stricter class. Thus,
for most familiar forms of computation, there is a differ-
ent criterion for thermodynamic efficiency, which impli-
cates not just the computation, but also the time-reversal
symmetries of the memory.

For nearly-deterministic time-symmetrically driven
computations, the minimum dissipated work diverges
proportionally to the negative log-error. We identify the
proportionality constant as the dissipation divergence,
which is a measure similar to nonreciprocity. We reduce
the expression for dissipation divergence of a computa-
tion to the trace of an expression that involves only the
computation operator and time-reversal operator on the
memory states.

We find that, along with the computation, the time-
reversal symmetries of the memory states strongly affect
the minimum dissipation of a time-symmetrically driven
computation. If memory is stored in positional memory
states, which are preserved under time-reversal, cycles of
period greater than two are extremely costly. However, in
magnetic memory states, which flip under time-reversal,
we see that computations that iterate a cycle of longer
length can be executed without dissipation, according to
this bound. Conversely, we see computations which are
costly for magnetic memory but efficient for positional
memory, suggesting that different memory devices are
better suited for different tasks.

This begs the question, for a particular computation:
How low can we go? If we choose the right memory
device, can we dissipate zero energy, circumventing the
apparent limitations of time-symmetric computing? We
answer this question by proving, given total freedom in
time-reversal symmetries of the memory, that the dis-
sipation divergence is bounded below by the nullity of
the computation matrix divided by the total number of
states. This is the same as the fraction of states with
no antecedent in the computation. Thus, only invertible
computations can be executed without divergent dissi-
pation. Moreover, we explicitly show how to construct a
memory with time-reversal symmetries that satisfy this
bound.

Thus, while nonreciprocity replaces Landauer’s bound
as a measure of energy consumption for most computers,
we see that it recommends logically reversible (invert-
ible) computations just the same. However, for these
time-symmetrically controlled computations, the ener-

getic cost of logical irreversibility is irretrievable, and
increases without bound as the fidelity of our compu-
tation increases. Thus, logical reversibility’s importance
is elevated for computations in biochemical media and
modern digital computers.

II. COMPUTATIONAL DISSIPATION OF TIME
SYMMETRIC CONTROL

For an erasure implemented in a physical system S
whose environment is at temperature 7', Landauer used
the Second Law of thermodynamics to argue that this
operation should require at least heat of kg7 In 2 to com-
pensate for the decrease in system entropy [21], where kp
is Boltzmann’s constant. This tradeoff between system
entropy and heat bath entropy suggests that irreversible
computations require a net expenditure of energy, while
reversible computations don’t. This bound has been gen-
eralized by setting a lower bound for the average work
invested [4]

(W) > AF™e9 (1)

where the nonequilibrium free energy is the average en-
ergy of the system minus the temperature times the
nonequilibrium entropy of the system

Fr3(t) = (E(t)) — TS(1). (2)

While Landauer’s bound on the energy requirements of
computing is informative, equality is only achieved when
there is no entropy production and the computation is
thermodynamically efficient. Often, computing requires
control restrictions like finite time [8] @], which yield in-
efficiencies. This inefliciency is quantified by the work
beyond the nonequilibrium free energy, known as the dis-
sipated work

(Waiss) = (W) — AF™®4, (3)

In other words, the average dissipated work (Wyss) is the
energy required to compute exceeding Landauer’s bound.

As shown in Ref. [11], the minimum work required
to execute a computation with time-symmetric control
considerably exceeds Landauer’s bound. If the mem-
ory states m € M are a coarse graining (m C S,
Unemm = S, and mNm' = @ if m # m') of physi-
cal states s € S and metastably store information, then
it was proven that the minimum dissipated work required



to compute is

B(Waiss) ™ = AH (4)

min
+ Z <m‘,uf0>pm—>m/ In
m,m’eM

Pm—m/

Pi(m/)—t(m)

Here, 8 = 1/kgT captures the energy scale of fluctu-
ations in the thermal environment at temperature T,
AHy, is the change in Shannon entropy of the mem-
ory measured in nats, {(m|ug) is the probability of the
memory state m initially, and p,,_. is the probability
of the outcome memory state m’ given the input m to the
computation. The set of memory transition probabilities
{Pm—m’}m,m fully characterizes the computation. The
second term on the right-hand side of the expression,
which dominates, is the state-averaged non-reciprocity.
This term is large for computations in which it is com-
mon to make transitions m to m’, meaning pp,_m is
large, while the reciprocal transition unlikely, meaning
Pi(m/)—+(m) is small. Here, f(m) = {{(s)|s € m} is the
conjugate memory state of m, while f(s) is the time-
reversal of the microstate s which reverses the direction
of momenta and magnetic moments.

Conjugation comes from the time-reversal of compu-
tation, which features in the calculation of entropy pro-
duction from the detailed fluctuation theorem [22], 23].
However, the conjugation can be ignored in many infor-
mation storing systems, whenever the conjugate of the
memory state is itself m = f(m). This is the case in
many systems that are explored in the thermodynamics
of control [7], where the memory states partition posi-
tional variables, as shown in Fig. [T} which don’t change
under time-reversal.

Despite the convenience of the assumption that mem-
ory states are preserved under conjugation, and its fre-
quency of use in theoretical and experimental explo-
rations of thermodynamics, practical information stor-
age is often magnetic. Magnetic fields flip under time
reversal, meaning that if we store information with mag-
netized subregions of a material, then the magnetization
flips under time-reversal, as does the stored information.
As shown in Fig. if we coarse grain up-magnetized
states into a memory state m, then conjugation doesn’t
map m to itself. Rather, the conjugate memory state
t(m) # m corresponds to down-magnetized states, which
we include as its own memory state: t(m) € M. Posi-
tional storage and magnetic storage therefore represent
two extremes which demonstrate the importance of the
type of memory storage to the energy required for com-
putation.

IIT. RELIABLE COMPUTATION

In Eq. we see that the same computation, char-
acterized by the collection of memory-transition prob-
abilities {pm—m’ }m,m/, can have very different bounds
on the work requirements depending on the time rever-
sal symmetries of m and m’. This difference is particu-
larly extreme for computations which are reliable (nearly
deterministic), where there exists a deterministic map
C : M — M such that m maps to C(m) with very low
error € < 1 so that pp,_,c(m) > 1 —€. In Ref. [II] it
is shown that for such low-error computations, the dis-
sipated work is approximately proportional to the loga-
rithm of the inverse-error:

5<Wdiss>min ~ AHM
+In(e™h) Y (mlpo) [C(H(C(m))) # 1(m)]

meM

= B(Waiss)mm (5)
where H is the Iverson bracket, which is equal to one if
its argument is true and is zero otherwise. If we discount
the change in memory entropy, the approximate bound
on the dissipated work (Waiss)abP™ is proportional to
the average of this Iverson bracket, which provides the
frequency with which the computation makes a tran-
sition that is not reciprocated by the time reversal of
the computation. Here, note that we refer to the deter-
ministic map C as the computation, because it approx-
imately characterizes the nearly deterministic computa-
tion: Pmosm’ & Opmr c(m). Ref. [I2] demonstrates that
Eq. is a good approximation for low error and, more-
over, validates Eq. as a tight bound on the required

work for explicit computational models.
The divergent dissipated work in Eq. represents
a general error-dissipation tradeoff that has been rec-
ognized in a variety of biochemically inspired error-
correction systems [I3] 15 [16]. However, beyond the er-
ror rate €, the dissipation depends sensitively on both the
target computation C' and time reversal operator T. The
dependence of the computation on C' and 1 is captured
in averaged terms in the Iverson bracket, which specifies
the rate at which the dissipation diverges. We simplify
the expression for dissipated work by noting that time
reversal enacted twice is the identity {({(m)) = m, and

that [a#b]lzl—[a:b]]:

BWaiss)min =

min

AHp+1In(e™h) Y (mluo) (1 = [H(C(H(C(m)))) = m]).

meM

In what follows, we examine how the dissipation depends
on the interaction between the target computation C' and



the time reversal symmetries of the memory t.

It is useful to reframe this result via objects of lin-
ear algebra. To accomplish this, let the memory states
{|m)}mem form an orthonormal basis. If we define the
linear operators for the forward computation

C=)_|C(m))(m], (6)

the conjugate computation

where JA{ is a linear operator for time-reversal that maps
memory states to their conjugates

= Iim)) (ml, 9)

m

and the initial mixed state

po = Z Im) (polm) (m|, (10)

then the minimum asymptotic work production can be
expressed as the average distance between the forward
then conjugate computation RC' and identity I

(1¢)%)]

(11)
= AHp + In(e V) Tx[po (I — RC)]
=AHn + ln(ﬁil)d - RCAV>[70

5<Wd1ss> approx __

min

= AH g + In(e ) Tr[po (1 —

This allows us to easily calculate how work bounds for
a deterministic computation C change due to different
types of memory. The dependence on memory is cap-
tured in the the time-reversal symmetry operator JA[, and
so the conjugate computation R. The divergent error-
dependent term of the dissipation can be minimized to
zero for any input distribution if operating the computa-
tion with time-reversal is an involution: (fC')? = I. That
is, the computation can then be done thermodynamically
reversibly, yielding no entropy production.

As we show explicitly in the following sections, for a
particular computation C, there are thermodynamically
preferred types of memory storage devices, characterized
by the time-reversal of that memory t. We say that they
are preferred because the desired computation C' can be
applied with less dissipated work.

For a particular combination of computation and mem-
ory device, we characterize the efficiency with the bound
on the asymptotic work required assuming a uniform ini-

tial distribution over memory sates po = I/|M|:

T{i — (1C)]

W s approx __

APPIOX — AHpq + In(e™?) (12)
We choose a uniform initial distribution, because we wish
to consider the contribution to dissipation from each
memory state equally. %T'C)Q] is the fraction of mem-
ory transitions m — C(m) that are not reciprocated by
the conjugate computation ({(C(1(C(m)))) # m), and
so contribute to the divergent dissipation. This mea-
sure of nonreciprocity of a nearly deterministic time-
symmetrically driven computation is the most significant
factor in determining the minimal energetic cost, because
it determines how it must diverge as the error goes to
zZero.

We identify the asymptotic behavior of the dissipation

as the dissipation divergence coefficient:

(C _i_) = lim B<Wdlss>iﬁ§rox

e—0 In(e—1)
$N2

_ Tl — (6 1)

M
where the change in Shannon entropy of the memory
AH,, disappears, because it is bounded by the size of
the memory. Thus to minimize the bound on dissipation,
we focus on minimizing the dissipation divergence, as do-
ing so will minimize the divergent terms and allow us to
design computations which are potentially more thermo-
dynamically efficient by orders of magnitude. In what
follows, we will use this measure of dissipation to show
new bounds on the efficiency of computation, distinct
advantages to different memory devices for certain com-
putations, as well as a new equivalence between logical
reversibility and thermodynamic efficiency, more extreme

than proposed by Landauer [2]].

IV. POSITIONAL AND MAGNETIC STORAGE

For positional storage, where the memory states don’t
change under conjugation the conjugate operation is the
identity JA[pO = I and thus the conjugate and forward
computation are the same RP%S = T CT P = €. This
means that the bound on dissipation for positional stor-
age is only dependent on the forward computation

B<Wdlss>mm ~ pos
B e[l — C?]
M
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FIG. 1. TOP LEFT: Positional storage, where a blue particle
is in one of two memory states, each given by a positional
region: 0 denoting the left, and 1 denoting the right. The
energy barrier between them ensures metastability in each by
preventing frequent transitions from one to the other. BOT-
TOM LEFT: The conjugation operation f, which reverses
time, leaves these states unchanged, meaning that it is the
identity 1 = I. TOP RIGHT: Magnetic storage, with up-
magnetization corresponding to 0 and down-magnetization
corresponding to 1. BOTTOM RIGHT: Since the magnetic
moment is a time-odd variable, the conjugation operation flips
0 to 1 and vice versa.

The dissipation divergence is only zero when c? = 1.
This restricts the class of thermodynamically efficient low
error computations on positional systems to involutions,
which, as we will show, is interestingly the same class of
operations as conjugation operators JA[ Every involution
can be defined by a collection of pairs of swapped mem-
ory states (C(m) = m/ and C(m') = m) and preserved
memory states (C(m) = m).

By contrast, storing information magnetically such
that {(m) # m allows efficiency for very different com-
putations. Magnetic memory allows thermodynamic ef-
ficiency when Rmag( = ]tmagCA’j[magCA’ = I, because the
bound on dissipation for magnetic storage is

B<Wdiss>$iang ~ ma,
W ~ (Cer g)
i — fmee)
M|

To explicitly compute this, it is important to note that if
we have a system of N magnetic dipoles, where the ith
dipole gives the bit value b; = 0 if it is up and b; = 1 if it
is down, then the memory state can be represented by an
N-bit number #(m) = Zf\!ol b;2*. Under the conjuga-
tion ™28, each dipole’s magnetic moment is individually
flipped such that 0 — 1 and 1 — 0. Thus, we can apply
the mapping b; — 1 — b; to each bit b;. This means that
the N-bit number #(m), which represents the memory

state, is mapped to

N-1 N-1
#EE(m) = D 12 = (1 - )2’
i=0 i=0
N—-1 N—-1
=) 20— b2
i=0 i=0
=2V 1 #(m)
Thus, taking the conjugate corresponds to the operator
]tmag, which can be represented in this memory basis as

2N 1

=T RN —1-n) (#0)]
n=0

where # ! is the inverse function that maps back from
the integers Z to the the set of memory states M.

In what follows, we compare the divergent dissipation
term for magnetic and positional storage for a variety
of computations, considering all logical operations on 1
bit and 2 bit systems. We see that, depending on the
computation, one form of storage may be much more
efficient than the other.

V. DISSIPATION OF 1-BIT COMPUTATIONS

Much of the thermodynamics of computation focuses
on a single bit of information. Landauer’s bound de-
scribes how much energy is required to erase a bit. How-
ever, time-symmetrically controlled positional systems
must dissipate much more than the Landauer bound for
high-fidelity erasure [I2]. This prompts the question,
does magnetic information storage give an advantage?
Do the different bounds allow for, on average, less work
invested and less dissipated? Fig. 2| shows the results for
all 1-bit deterministic computations.

While the identity and swap operations require no dis-
sipation, erasing to 0 or erasing to 1 both have dissipation
divergence D(C, t) = 1/2, requiring ~ % In(e™1) of dis-
sipated heat in the small error limit, because one of the
two transitions is not reciprocated. This can be seen in
both the magnetic and positional column by starting in
a state m € {0,1} and following the computation C' from
left to right then following the conjugate computation
R from right to left. If this doesn’t return the memory
to the original state m, then starting in this state leads
to an energetically costly unreciprocated transition. For
each 1-bit computation, the dissipation divergences for
magnetic and positional storage are the same. This an-
swers our question for 1-bit systems, telling us that there
is no advantage in using position or magnetism to exe-
cute reliable computations like erasure. Thus, we must
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FIG. 2. From top to bottom, we enumerate all possible deterministic computations on one bit of information in the computation
column. In the positional storage column, we show how each computation c maps memory states forward with arrows
going from left to right, and how the conjugate computation R maps memory states with arrows going from right to left.
Every rightward arrow going from state m to m’ that isn’t matched by a leftward arrow going from m’ to m corresponds to
an unreciprocated transition. The average number of unreciprocated transitions gives the dissipation divergence coefficient,
allowing us to approximate the dissipation in the (Waiss)Po column. We match the forward computation and conjugate
computation arrows in the same way in the magnetic storage column, and show the approximated dissipation in the (Waiss) e
column. We see that for a single bit, magnetic and positional memory have the same divergent dissipation term for all
computations.

ing on the computation, some forms of information
storage can provide energetic advantages over oth-
ers. In fact, there are cases, shown in the bottom
left and top right corners of Fig. [d] where one form
of storage can execute the computation with the
minimal dissipation of zero, but the other form has
maximal dissipation divergence.

look to 2-bit systems for energetic advantages in different
memory types.

VI. DISSIPATION OF 2-BIT COMPUTATIONS

A. Advantages of Magnetic and Positional Storage

2. There are computations in the top left corner of
Fig. |4} such as the identity C= f, which can be ex-
ecuted with zero dissipation regardless of how the
memory is stored. Similarly, in the bottom right
corner, there are computations which are maxi-
mally dissipative regardless of whether the system
stores positionally or magnetically.

As shown in Fig. |3 2-bit memory can be constructed
from both magnetic and positional memories, with the
time reversal function t given by dashed lines between
memory states. Using these time symmetries, we can
evaluate the dissipation of various computations that
transform two bits. However, the suite of determinis-
tic 2-bit computations is larger than can be graphically
enumerated in this paper. Instead, we consider each com- 3. The plot is symmetric with the flip of magnetic and

putation, evaluate the work done for positional and mag- positional storage. Thus, there is no net advantage

netic storage, and plot the counts for each possible com-
bination of dissipation divergences in Fig. Here we
note a few key features of the plot:

1. There are computations which dissipate more with
magnetic storage (Waiss)imie > (Waiss)hon, and

computations which dissipate more with positional
storage (Waiss)oon > (Waiss) e, Thus, depend-

min min

to magnetic or positional storage when consider-
ing all possible operations over two bits. For every
computation which dissipates more with magnetic
storage than with positional storage, there is a cor-
responding computation which dissipates less with
magnetic storage, and vice versa.

Despite the symmetry of Fig. [ there is a functional
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FIG. 3. Three ways of storing two bits each have a different time-reversal operation (dashed lines from left to right) LEFT:
two positional bistable potentials. MIDDLE: one positional bistable potential and one magnetic dipole. RIGHT: two magnetic
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FIG. 4. The dissipation divergence D(C,t) =
hme_m% varies depending on whether memory

In(e—
is magnetic( or positional (mixed not shown). Because there
are four possible memory states for a computation to act on,
the dissipation divergence can be a multiple of 1/4 within
the closed interval [0,1]. In the 5x5 grid above, each square’s
horizontal location corresponds to dissipation divergence if
implemented in positional memory and its vertical location
corresponds to dissipation divergence if implemented in
magnetic memory. We plot the number of computations
that occupy each element of this grid, revealing that some
computations can dissipate less using magnetic memory,
while others can dissipate less using positional memory.

difference between magnetic storage and positional stor-
age, because the computations which minimize dissipa-
tion for one memory type are very different from those
that minimize dissipation for the other. For example,
any 4-cycle will be maximally dissipative for position-
ally stored information. To see this, first note that

none of the memory states return to themselves un-

der a repeated computation (2. As shown in the top
half of Fig. |5 this means {P°5(C(iP°%(C(m))) # m for
all m. In turn, the dissipation divergence is maximal:
D(C,iP°%) = 1. However, for that same 4-cycle exe-
cuted with magnetic storage, application of the conju-
gate computation to the result of the original compu-
tation returns the memory to its original state, so that
Rmas(' = ]. In other words, the computation is recip-
rocated 1™2&(C'(1™28(C'(m))) = m for all m. Thus the
dissipation divergence is zero D(C, {™?8) = 0, meaning
that the dissipation need not diverge as error rate de-
creases.

Similarly, the bottom half of Fig. [5] shows a compu-
tation which is very efficient for positional memory but
inefficient for magnetic memory. Every memory element
either swaps with another, or remains unchanged. Thus,
when operating the computation twice, we find the iden-
tity C2 = I, so that tP°5(C({*°5(C(m))) = m for all
m. And so, the dissipation divergence is zero for this
computation D(C, P°*) = 0. The reverse computation
applied in magnetic storage, on the other hand, does
not return a single memory element to itself, so that
1mag(C(1™m28(C'(m))) # m and the dissipation divergence
is maximized D(C, ™?¢) = 1. Thus, we see that mag-
netic storage is capable of efficiently implementing com-
putations that would be expensive for positional storage
and vice versa. However, we can look at mixed memory
as well to get a broader picture of the space of possibili-
ties.

Just as we could have two bits represented with two po-
sitional double-wells or two magnetic dipoles, as shown
in Fig.[3] the same figure also shows two bits represented
with one positional bistable device and one magnetic
dipole. The different time reversal symmetries shown
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FIG. 5. TOP: A 4-cycle computation dissipates maximally when it’s implemented with positional storage. This can be seen
from the fact that the forward computation C(m) = m’ (arrows from left to right) does not match up with the conjugate
computation R(m’) # m (arrows from right to left). As a result, {(C({(C(m)))) # m for all memory states m, and the
dissipation divergence is maximized. By contrast, with magnetic storage, each forward computation C(m) = m’ matches up
with a conjugate computation R(m') = m so that {(C((C(m)))) = m for all memory states m, and the dissipation divergence
is minimized meaning (Waiss)2on = k:BTln(efl) and (Waiss)20n &= 0. BOTTOM: In contrast with the 4-cycle, a computation
defined by a single swap of memory states is efficiently implemented with positional storage and dissipates maximally with
magnetic storage.

in the figure affect the thermodynamic bounds. When VII. DEVICE INDEPENDENT BOUNDS
we go through all possible computations on four states,
we find that all three forms of memory (positional, spin,

and mixed) each has its own advantages. We highlight

Hardware may be designed to be more thermodynam-
ically efficient by tailoring the type of information stor-

particular extremal computations in Fig. [f] Any combi-
nation of the three forms of memory can be maximally
dissipative while the others are perfectly efficient except
for one case: there is no computation for which they all
dissipate maximally. This is suggestive, but doesn’t nec-
essarily allow us to determine the best way to implement
a computation.

age to the intended computation. Practically, this would
be especially important for designing thermodynamically
efficient special-purpose sub-routines, like the common
Fast Fourier Transform (FFT).

The previous section shows that by expanding the class
of possible memories, more computations can be exe-
cuted without divergent dissipation. There are ways to
reduce the cost of computations by changing the physi-
cal substrate of computation. For a given computation
C, the lower bound on dissipation can change radically
depending on how the time reversal operator Jf affects the
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FIG. 6. We present computations with extreme dissipation divergences over all three forms of memory on two bits in the
leftmost column, and show that the dissipation diverges with decreasing error for positional memory (second column from the
left), mixed memory (third column from the left), and magnetic memory (last column from the left). We see all extremal
combinations of dissipation except for the case where all three forms of memory dissipate maximally.

memory states. This begs the question: is it always pos-
sible to compute with zero dissipation if one chooses the
right substrate? As we will see here, the answer is no.
Regardless of the type of memory used to store informa-
tion and the corresponding time-reversal operator JA[, we
find that certain types of computations must necessarily
dissipate when operated with time-symmetric control.
The baseline dissipation can be found by noting that
the trace of a matrix is the sum of its eigenvalues, mean-
ing that we can re-express the dissipation divergence

e[l — (1C)?
p(e,f) = S
_ |M| - ZAGA(];C,)Q A
a M|
M= Shen, A
a M| ’

where A ; denotes the collection of eigenvalues of the ma-
trix fl, each occuring the number of times equal to its
algebraic multiplity. Note that JA[, C, and any composi-
tion of them are a subclass of stochastic matrices that are
deterministic. As such, the eigenvalues of (1C)2 = RC

not only have magnitude bounded by |A| < 1, but they
are all either roots of unity, or zero, as shown in App. [A]
This means that the sum of eigenvalues is less than or
equal to the number of nonzero eigenvalues:

doa= Y x+ D> A

AEA}%C‘ )\EARCA/\;ﬁO )\EARC«,AIO

< > L

AEA e, AFO

Because the sum of algebraic multiplicities of the eigen-
values is always the dimension of the underlying space
ZAE,\& .1 =|M]|, the dissipation divergence is bounded

. C'
below by the fraction of zero eigenvalues

|M‘ - ZAGARC A
(M|
> ZAEARC 1= Z)\GAR@,)\#O 1
N M|
_ E,\eARé,A:O 1
- M|

D(C1) =

(14)

The nullity of a matrix lower bounds the number of



zero eigenvalues, so the nullity describes a lower bound
on the dissipation divergence as well:

nullity (RC)

C

(15)
which is the dimension of the input space which maps to
the zero vector under the operator RC'. Note that the
nullity of the product of matrices is bounded below by
the nullity of either of the factors

nullity (RC) > max [nullity(R)7 nullity(C)

> nullity (C).

Finally, we plug into the dissipation divergence and apply
the rank—nullity theorem:

nullity(C)
D(CT) 2 ——7—
IM| — rank(C)
M| '

(16)

Furthermore, the rank of the computation rank(C') is
the dimension of the space spanned by the columns of
the matrix. In this case, it is the dimension of the space
spanned by the outputs, which is simply equal to the
number of possible outgoing memory states for a deter-
ministic mapping
rank(C) = |C(M)| (17)

= |{m € M|3m’ € M such that C(m') =m}| .
Thus, regardless of what form of memory storage is used,

the dissipation divergence is at least one minus the frac-
tion of memory space in the range of the computation:

hII’l ﬁ<Wdiss>min
e—00 1n(€— 1 )

=D(C,1)

21— |CM)/IMI] - (18)

This bound on the dissipation divergence quantifies how
logically irreversible the computation is. If C' is a permu-
tation, mapping onto the entire memory space, then this
bound suggests that it could be executed with zero dis-
sipation with the proper memory device. More precisely,
the dissipation divergence bound is the state compression
of the memory, reflecting the fraction of memory states
that cannot be reached under the computation. This
is conceptually similar to the criterion for irreversibility
identified by Landauer’s bound, but now with a divergent
thermodynamic cost.

However, it remains to be shown whether this device
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independent bound on dissipation is fundamental. Could
it potentially be refined to a tighter bound? We address
this question in the next section. We describe how to
design memory devices that, according to the bound set
on dissipation by nonreciprocity, can achieve device in-
dependent bounds. Thus, if we allow for total flexibil-
ity in how information is stored, Eq. represents the
strictest possible bound on the cost of computing via the
dissipation divergence.

VIII. DESIGNING THERMODYNAMICALLY

EFFICIENT MEMORIES

Here we show how to construct, for any computation
C , a memory device whose dissipation divergence exactly
meets the bound of Eq.[I8 To do this, we break the prob-
lem down into two parts. Both require that we focus on
the device dependent term in the equality for the dissipa-

tion divergence D(C, 1) = T‘r[l‘—T(TlC)Q] the time reversal

operator 3[ For our purposes, the time-reversal symme-
tries of the memory characterize all physically relevant
aspects of the memory device. Though, we note that
in implementing actual physical computations with real-
world constraints, there would naturally be many more
factors to consider in achieving the bound.

First, we consider how flexibility in designing memory
devices allows for different time-reversal operators. A
time-reversal operator returns a memory state to itself
if operated twice: f({(m)) = m. This means that time
reversal operations are at least a subclass of involutions.
Fortunately, we also show that every involution can be
implemented as a time-reversal operator on some mem-
ory device, establishing a formal equivalence between in-
volutions and memory time-symmetries. We show this
by construction, refining a collection of magnetic dipoles
into a memory tailored for exactly our needs. In this way,
we present a class of memory devices that gives us max-
imum flexibility in ensuring an arbitrary time-reversal
operator JA[ on the memory states.

Second, with the flexibility afforded by our ability to
construct a memory device with a time reversal opera-
tor given by any desired involution, we investigate how
close we can come to the device independent bounds. In
fact, for every computation C , we show how to construct
a time-reversal involution ]AL that satisfies the equality
Tr((1C)2) = |C(M)|. We can therefore meet the bound
of Eq. for any computation C.



A. Memories with Flexible Time-Reversal
Symmetries

So far, we have shown a variety of time reversal sym-
metries by combining bistable systems that are either
positional or magnetic. It turns out that we can con-
struct a memory with any involution as its time reversal
using only magnetic dipoles. The basic strategy involves
two parts:

1. Construct a sufficiently large memory by combining
magnetic dipoles.

2. Redefine the coarse graining by merging memory
states until there are the correct number of memory
elements that swap, and the correct number that
are unchanged by the time reversal.

App. [B] proves the generality of the method in detail,
while we describe the outline of the method here.

To understand the effectiveness of this method, it is
important to recognize that any involution is composed
of two types of operations: self-maps, where states don’t
change under the involution, and swaps, where two states
exchange under the map. Moreover, a complete set of
memory states M is a coarse graining of the physical
state space S and can be labeled with total flexibility.
Therefore we only need to construct a physical memory
with an appropriate number of swapping states and un-
changing states and relabel the states according to our
desired involution.

Step 1 in this process, where we construct a memory of
S magnetic dipoles, provides 2° memory states as a sub-
strate. Each combination of up and down orientations
of the dipoles corresponds to a particular memory state.
Fig. [7|shows a memory on the left-hand side that is con-
structed from three dipoles and thus has 23 = 8 memory
states. As shown in Fig.[7] every memory state m in our
dipole memory substrate swaps under time-reversal with
a partner state f(m).

We redefine the memory in Step 2 by merging memory
states with each other. Merging states m and m’ is done
by taking the union of their underlying microstates m U
m' = {s|s € mors € m'}. We can then use the new
state mUm/ to replace m and m’ and define a legitimate
new set of memory states M’ = MU{mUm'}\ {m,m'}.
M’ is also a coarse graining of the physical microstates
S, but with a different time-reversal operator.

Fig. [7]shows how to use this technique to define a phys-
ical memory M’ = (a,b,c¢,d,e), with the time-reversal
(t(a), 1(0), 1(c), 1(d), 7(e)) = (b,a,c,e,d) from the sub-
strate memory that uses three magnetic dipoles to store
information M = {|,1}3. The first task is to create
a memory state ¢ which doesn’t change under time-
reversal. This can be done by taking two memory states
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FIG. 7. By coarse-graining magnetic dipoles, we can
implement a memory device with any involution as its
time-reversal symmetry among memory states. In this
case, we coarse-grain three magnetic dipoles to yield
the memory M’ = (a,b,c,d,e), with the time-reversal
(H@), 1(6), 1(c), 1(d), 1(e)) = (b,a,c,e,d). Combinations of
spins surrounded by the same color border have been merged
into the same memory state.

that are each other’s time reversal, 1)1 and } 1= 1(111),
and merging them into one state ¢ =1\t U |1]. The
new memory state c is fixed under time reversal because,
when conjugated, any microstate s within |1] maps to
a microstate t(s) within 1)1 which is also within ¢. The
converse is also true for states that map from |1] to 141
under conjugation. This leaves us with a memory that
has one unchanging state ¢ and six memory states that
swap under time reversal. However, our desired memory
M’ only has four swapping states, meaning we need to
continue merging states of the substrate.

To reduce the number of swapping states from six to
four, we again merge memory states. However, rather
than merge two states m and m’ that are conjugates of
each other f(m) = m’/, we make sure that t(m) # m/.
We also coarse grain their conjugates f(m) and f(m’)
into a new memory state. Specifically, Fig. [7] shows how
we merge 711 and T}| into a =111 U T]{, as well as
their conjugates into b = T(t11) U (1) =4 U 1.
Any microstate within a, contained by either 111 or 1.,
maps to a microstate within b under time reversal, and
visa versa. This results in two memory states a and b
that swap under time reversal {(a) = b taking the place
of four states. Finally, we relabel the remaining magnetic
states as d and e, resulting in the desired memory system
M.

As shown in App.|B| this procedure can be generalized.
App. B] demonstrates that it is possible to construct a
memory where time-reversal acts as an arbitrary invo-



lution on the memory states. This gives a high degree
of flexibility in designing energy-efficient computations.
In the next section, we investigate how to mathemati-
cally construct the requisite involution for us to meet the
error—dissipation bound of Eq.

Note that this technique is contingent on a substrate
memory that is composed of time-antisymmetric swap-
ping states. Such states can be merged to produce time-
symmetric unchanging memory states, but the converse
is not true. Time-symmetric positional memories cannot
be used in this way to create time-antisymmetric mem-
ory states. In the previous sections, we saw no advantage
to positional or magnetic memory substrates for general
computing. While we've seen that some computations
are better suited for certain types of memory, Fig.
shows that, when averaging over all computations, the
two types of memory are energetically equivalent. How-
ever, the result described in this section implies that a
time-antisymmetric memory that is large enough can be
as efficient as any other memory type, because it can be
transformed into a memory with the same time-reversal
symmetries. Therefore, we’ve identified a distinct advan-
tage to storing information with magnetic dipoles over
positional forms of memory.

Finally, while strictly positional time-symmetric mem-
ories are not flexible enough to access a wide variety of
memory symmetries, we need not turn to purely mag-
netic memories. As little as a single magnetic dipole
{1, )} can be added to a time-symmetric positional mem-
ory M to make all the memory states states time-
antisymmetric. The resulting memory states of the ex-
panded space m’ € M’ = {1,]} x M each swap with
a partner under time reversal. For instance, for the
expanded memory state m’ = (T,m), where m € M
is unchanging, the time reversal yields a different state
t(m') = (1(1),T(m)) = ({,m). Therefore, the technique
described above for constructing any memory symmetry
can be applied to such a system. A small amount of
time-asymmetry in memory storage unlocks a vast array
of thermodynamic possibilities.

B. Designing Efficient Time-Reversal Symmetries

As shown in the last section, to make a computation
C efficient, we can change the physical substrate in order
make time-reversal of the memory states t any involution
that we choose. If the computation is as efficient as pos-
sible, then the time-reversal of the memory must achieve
the bound shown in Eq. , meaning that

Te(l — (1€)*) _ M|~ |C(M)]
M| M '
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This condition is met if the trace of (1C)? is the same as
the size of the image of the computation:

Te((1C)?) = [C(M)|- (19)

We will now show how to determine the involution { that
pairs with the computation C to achieve this optimal
thermodynamic efficiency.

In designing the time-symmetries t of the memory to
efficiently support a particular computation, it is useful
to draw out the memory state transitions induced by that
computation m — C(m) as a directed graph as shown
on the left side of Fig.[§] Specifically, we note that there
may be redundant transitions m — C(m) for which there
are other transitions m’ — C(m’) which share the same
computational outcome C(m) = C(m’). We call these
redundant, because they do not contribute to the size
of the image of the computation |C(M)|. Thus, we can
prune the graph by cutting redundant transitions while
preserving the number of memory states to which the
directed graph points.

As shown in Fig. [8) we prune until every memory state
has at most one antecedent state that maps to it under
the mapping described by the pruned graph. This prun-
ing process leaves exactly one edge going to each memory
state of the image of the computation C'. Thus, the num-
ber of cuts made is the total number of initial edges minus
the size of the image of the computation |[M| — |C(M)|.

What’s left after cutting redundant transitions, as
shown on the right side of Fig. |8] will be a new directed
graph where each memory state is part of a connected
component V C M. Every state m has at most one des-
tination state C(m) and at most one antecedent state m’
such that C(m’) = m, implying that each component of
the pruned graph is either a loop or a line with a start
and end state. These are the only possible topologies
for such constraints on connectivity. The end state of ev-
ery line component corresponds to a memory state whose
redundant transition was pruned. Thus, the number of
line components and the number of end states within the
pruned graph are both |[M]|—|C(M)], the number of cuts
made to prune redundant transitions.

We use components of the pruned graph to define
a time-reversal that minimizes the dissipation. For
a loop or line component V with |V| states, we can
relabel the memory states with enumeration V =
{vo,v1,- -+ ,vy—1} such that C(v,) = vny1, except for
the last state. If the component being considered is a
loop, then C(v}y|—1) = vo, but if the component is a line
then C(vjy|—1) # vo. This can happen either because it
transitions to another element of V, or it transitions to
a different component V' # V. It should also be noted
that vy has no antecedent in the original computation if
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FIG. 8. On the left, we have computation C(m) specified over the states M = {A,B,C,D,E,F,G,H,I,J,K,L,M,N,O, P,Q}
with a directed graph representing memory transitions. We prune redundant transitions with the shown scratch marks. The
result is four disconnected components that either have line or loop topology. In this case, we have three line-topology
components V = {M,N,0, P,Q}, V' = {L,K}, and V""" = {A, B}, which means that the computation has nullity= 3. The
single loop component is V' = {C,D,E,F,G,H, I, J}.
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FIG. 9. For each line or loop component, we relabel the states with v, such that C(vn) = vn41. Then, we define the time
reversal involution on each component t(vn) = v|y|—n—1, shown as the dashed lines between memory states on the right. As a
result, every state, except the last state of a line component v}y, _1, maps to itself via the operation of +(C((C(vn)))). This
can be verified for a state in this graph by following a solid directed edge then a dashed bidirectional edge twice. The solid
directed edges on the right diagram represent the memory state transitions of the computation. Only three states do not return
to themselves under the operation {(C(1(C(v»)))), contributing a total of |[M| — |C(M)]| unreciprocated transitions.

it is part of a line component. the time reversal operation on that component by
Whether the component V is a line or a loop, we define

T(vn) = vjy|—n—1, (20)

which maps the component to itself. Note that this op-



eration is an involution {(f(m)) = m and can therefore
be realized by a memory device described in the previ-
ous section. This transformation can be represented by
a bidirectional graph shown by the dashed lines on the
right side of Fig.[9] Note, if you follow the series of oper-
ations 1(C(1(C(m)))), the memory state returns to itself,
unless it’s the final state v)y_; in a line component.

To clarify, there are three cases to consider in evaluat-
ing the action of the operator (3[0)2

1. If V is either a loop or a line component and the ini-
tial memory state v,, is not the last state of the com-
ponent vjy|_1, then the operation of (1C)? maps vy,

to itself:
T(C(H(C(vn)))) = T(C(T(vnt1)))
= T(C(U|V|—n—2))
= 1(vyj—n-1)

2. If V is a loop component and the initial memory
state is the last state of the component vjy)_;, then

the operation of (1C')? maps vjy|_; to itself:

H(C(H(Cvp)-1)))) = T(C(T(vo)))
= T(C(U\Vlfl))
= T(vo)
= V-1

3. If V is a line component and the initial memory
state is the last state of the component vjy_;, then
the operation of (JA[CA')2 cannot map v|y|_; to itself.
If v)y|—; did map to itself, it would imply that

HCH(C(v-1)))) = vv|-1,

which would also imply, by applying 1 to both sides,
that

C(H(C(vy)=1))) = vo-

However, as previously established, the first state
vp in a line component has no antecedents in the
computation, so this is impossible.

These results can be confirmed within the example shown
in Fig. [9 by following an alternating sequence of directed
and undirected edges within the diagram, as described in
the caption.

Thus, if we calculate the trace in the orthonormal
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memory-state basis,
Te((1C)%) = Y (m[ (1C)* jm) = Y (m|(1C)*(m))

=D Om.rCm) »

it returns the number of states that map to themselves
under the operation (1C)2, which is | M| minus the num-
ber of end states for line components. Recall that the
number of end states for these components is the same
as the number of redundant transistions, and thus |M|
minus the dimension of the image of the computation
|C(M)]. Therefore, we have identified an involution |
for which Tr((1C)?) = |C(M)].

The combinatoric result that an involution can be
found such that Tr((fC)2) = |C(M)] for any C is in-
triguing on its own. In the special case that the compu-
tation C' is a permutation, this means that the operator
(JA[C')2 maps every state to itself, which also means that
JA[CA* is itself an involution operator. This is another proof
of the well-known result that any permutation C can be
expressed as a product of two involutions [24], in this
case Jf and JfC'

However, the physical relevance comes from the results
of Sec. [VIITA] where we established that any involution
is the time reversal of an appropriately designed mem-
ory. We can therefore construct a physically realizable
memory device to conduct our computation C' while min-
imizing dissipation divergence according to Eq. Thus,
the dissipation minimum derived for time-symmetrically
controlled operations [T1] obeys the relation

. 5<Wdiss>min o |M| - |C(M)|
ey M

(21)

The cost of memory state compression hinted at by the
device independent inequality in Eq. [I§]is potentially
realizable with a memory designed as described in this
chapter.

IX. CONCLUSION

Time-symmetric control and metastability apply to a
wide range of computations, including biochemical pro-
cesses and modern digital computers. As such, the ther-
modynamic limits on this form of computation should
be considered when addressing practical computation.
We see that for nearly-deterministic computations, with
small error €, the most important term in the work dis-
sipated is the coefficient of Ine~!, which we refer to as
the dissipation divergence. We find a simple expression
for this divergence in terms of both the computation and



the time-reversal operator.

We explore the relevance of the time-reversal operator
by considering different types of memory devices, com-
posed of either magnetic or positional memory. The dif-
ferent time-reversal symmetries lead to different dissipa-
tion divergences and thus different thermodynamic effi-
ciencies that depend on the type of memory device. We
explore some examples, showing that some computations
are much more efficiently implemented within magnetic
memory devices while others are better suited for posi-
tional information storage. Thus, there is an energetic
advantage to using different forms of memory for differ-
ent computations.

Then, using the flexibility of time-reversal symmetries
in memory devices, we ask how much we can minimize
dissipation. We find that the most efficient devices dis-
sipate with divergence proportional to the state com-
pression of the computation. Thus, as with Landauer’s
bound, we see logical reversibility (invertibility) is a ne-
cessity to eliminate energy costs of computing. But, un-
like the kpT In 2 work required to erase a bit, which can
be recovered through quasistatic operations, the logical-
irreversibility in time-symmetrically driven computations
wastes energy that cannot be recovered. Moreover, the
dissipation diverges with the effectiveness of the compu-
tation, elevating the importance of logical reversibility
in designing efficient computations. This suggests that
a transition to reversible universal logic gates, like the
Fredkin gate [25] [26], may provide considerable energetic
benefits beyond Landauer’s bound.

ACKNOWLEDGMENTS

The authors thank the Telluride Science Research Cen-
ter for hospitality during visits and the participants
of the Information Engines Workshops there for help-
ful discussions. We also acknowledge helpful discus-
sions with J. Thompson. This material is based upon
work supported by, or in part by, the Templeton World
Charity Foundation grants TWCF0560 and TWCF0337,
grants FQXi-RFP-IPW-1902 and FQXi-RFP-IPW-1903
from the Foundational Questions Institute and Fetzer
Franklin Fund (a donor-advised fund of Silicon Val-
ley Community Foundation), the U.S. Army Research
Laboratory and the U. S. Army Research Office under
grants W911NF-18-1-0028 and W911NF-21-100048, the
National Research Foundation (NRF), Singapore, under
its NRFF Fellow program (Award No. NRF-NRFF2016-
02), and the Singapore Ministry of Education Tier 1
Grant No. RG146/20. Any opinions, findings and con-
clusions or recommendations expressed in this material
are those of the author(s) and do not reflect the views of

15

the National Research Foundation, Singapore.

Appendix A: Eigenvalues of a Computation

For a computation matrix C that is determined by
the function on the memory states C' : M — M, it is
possible to separate memory M into a transient com-
ponent M~ and a recurrent component Mpg. We de-
fine the transient component as the set of states which
has zero probability of occupation after | M| operations
My = {m/|A m € M such that CMl(m) = m’}. The
choice of the depth |M| comes from the fact that | M|
is the longest possible chain of states that could be fol-
lowed through repeated computations without seeing a
repetition. If we made the condition that we operated
with the computation fewer times, it would be possi-
ble to arrive at a memory state that is never returned
to in future iterations. But all states which satisfy the
converse are thus part of the recurrent memory states
Mg = {m/|3 m € M such that C™I(m) = m'}. Note
that these conditions guarantee that if a memory state
is in the recurrent component m € Mg, then so is the
resulting memory state after computation C'(m) € Mg.
But, if the memory is in a transient state m € M, then
the computation may lead it out of the set of transient
states C(m) € Mg.

Let Ig = > memy Im) (m| be the projection onto
the span of the recurrent states Br = span(Mpg) and
let Iy = Y memy M) (m| be the projection onto the
span of the transient states Br = span(Mr). Re-
call that the net computation operator was defined as
C= Y menm |C(m)) (m]. A proper ordering of memory
states allows the computation matrix to be represented
as the block matrix:

A(1)
— %, 0, (A1)
2 Oy

where we define the restricted linear maps

o Cr : Bg — By with |m) — |C(m)),

o OV By — By with |m) — |C(m)) [C(m) € Br],
and

o O : By — By with [m) — |C(m)) [C(m) € Br].

Ref. [27] pointed out that—due to the triangular block-
diagonal structure of transition matrices—the eigenval-
ues of a transition matrix are the union of the recurrent

eigenvalues and transient eigenvalues. l.e., the eigenval-
ues A € Ap of C satisfy |C' — M| = |C¥) — M| |Cr —



Mg| = 0, which implies that

AC‘ = Aéfrl) @] AéR . (A2)

Since C’(Tl) is by definition nilpotent, it can only have
zero-valued eigenvalues.

Cr is an orthogonal operator since CA'II Cr = Ig.
Therefore, the eigenvalues of Cy are all roots of unity
(i.e., A = e?™/" for n € N, such that [\| = 1).

The takeaway is that all deterministic computations
have eigenvalues which are either zero, or roots of unity.
The roots of unity correspond to the eigenvalues of the
recurrent permutation at the core of the computation.

Appendix B: Construction of Arbitrary Involutions

A memory device is characterized by two parts. First is
a physical system, which is a collection of time-even ¢; €
Q; and time-odd variables p; € P; that compose to make
asystem state s € S = [[; Qi x][; P;. Second is a coarse
graining, which is a set of memory states M = {m} that
partition the physical space. This partitioning can be
described by a surjective function m : S — M where
m(s) = {s'|s € mand s € mandm € M}. Time-
reversal, assumed to be defined on system states, acts on
a memory state by commuting with the coarse-graining:
t(m(s)) = m(f(s)) for each system state s € S. Our task
here is to find both a physical system and coarse-graining
such that time-reversal ¥ : § — S acts on the memory
states according to whatever involution ¢ : M — M that
we desire: f(m(s)) =(m(s)). In short, we will show that
any involution can be realized as the time reversal of a
particular memory system.

The first step in our task is to characterize different
types of involutions. An arbitrary involution on memory
states is composed of two types of operations. For each
memory state, the involution either maps the state to it-
self, or swaps it with a partner state, mapping it to a dif-
ferent memory state which is in turn mapped to the first.
Memory states that are mapped to themselves under the
involution are called unchanging states while those that
swap with a partner are called swapping states. We de-
fine any involution which has M unchanging states and
2N swapping states as type (M, N). This naturally op-
erates on a total M + 2N memory states, where we have
only even numbers of swap states because each of these
states has a partner. Any physical system which supports
an involution of type (M, N) also supports any other in-
volution with the same number of swapping states and
unchanging states.

This can be seen by considering two different involu-
tions 21 and 19 that are of the same type (M, N) acting on
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memory states M and My, respectively. We can then
define a relabeling bijection between the memory states
r: Mi; — M,y that transforms 21 into 25 in the follow-
ing way. For each pair of swapping states {z,y} in Mo,
choose a unique pair of swapping states {a, b} in M;, and
define r(a) =  and r(b) = y. The resulting involution
over My can be expressed in terms of the involution over
M and the bijection r:

12(z) =y =7r(b) =ru(a)
= mlr_l(x) .

The same is true for each unchanging state z: choose
a unique unchanging state ¢ under ¢; and let r(c) = z,
resulting in

12(2) =z =r(c) = ru(c)

rur=t(2) .
Thus, the entire involution can be expressed 25 = r1;r~1.
Suppose further that we already found a physical sys-
tem and coarse-graining with function m; such that time-
reversal 1 on the memory states is 71, but that we need
to find such a memory device for 25. Then let the second
physical system be the same as the first and define the
second coarse-graining function ms by simply composing
the memory state relabeling r with my: mo = rm;. We
then have for each microstate s € S:

tma(s) = ma § (s)
(s)
(s)

= rzlml(s)

:’I’ml'l'

:T'i'ml

= 7’217’71“12(5)

= Z21'112(8) ,

so that fms = 19ms. In other words, time reversal acts
on the memory states of the second memory device in
accordance with the second involution.

So to find a memory device where time-reversal gener-
ates an arbitrary involution of type (M, N), we need only
show how to construct the physical device and coarse-
graining that will generate one such involution under
time-reversal.

We accomplish this in four stages. First, we define
the physical system and a trivial coarse-graining that has
an excessive number of memory states, all of which are
all swap states. Second, we further coarsen the coarse-
graining to define the correct number M of unchanging
memory states. Third, we further coarsen the coarse-
graining so that either 2NV swap states are left, for N > 1,
or two are, for N = 0. For the case of N = 0, we apply



a fourth procedure to reduce the number of swap states
to zero.

As a physical system, we use S magnetic dipoles, where
S is any number such that 25~ > M + N. For example,
we could choose S = [logy(M + N)] + 1. This will guar-
antee we have enough dipoles to construct our ultimate
coarse-graining. Each dipole is restricted to stably exist
in only one of two configurations, meaning that we can
treat the number of system states for our physical system
as 2°. We define our initial coarse-graining to be a triv-
ially fine coarse-graining mapping each of these 2° system
states to a unique memory state. Under time-reversal,
each dipole then flips orientation so that every microstate
swaps with one other microstate, meaning that there are
no unchanging memory states. So time-reversal acts on
our initial memory device as a type (0,2°~!) involution.

Merging memory states m and m’ means creating a
new memory state m’” = merge(m,m’) = {sjm(s) =
m or m(s) = m’'}. The time-reversal of a merged state is
the merger of the time-reversals of the original memory
states:

f(merge(m,m')) = {f(s)/m(s) = m or m(s) = m'}

(B1)

= {slm(s) = (m) or m(s) = 1(m')}
(B2)

— merge(H(m), t(m')). (B3)

Thus, if we also merge the time reversal of m and m’ into
a new memory state m”’ = f(merge(m,m’)), then m”
and m/” will be each other’s time reversal: m” = 1(m'”)
and m"" = {(m").

In order to get N unchanging memory states, we enact
the second stage by merging memory states to define a
new coarse-graining. Consider a pair of memory states
m # m’' that map onto each other under time reversal.
Then the merger m” of these two states maps to itself:
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t(m”) = m”. By then adding a new memory state m’
to M, changing the coarse-graining so that m(s) = m”
for all s that previously mapped to either m or m/, and
throwing out the states m and m’ from M (which will
no longer have support), we create a new coarse-graining.
This ensures that time reversal acts as a type (1,271 —1)
involution. By then repeating this procedure, we can
merge in total 2M swap states into M unchanging states.
This gives a time-reversal of type (M,25~1 — M).
While we now have M unchanging states, we need to
end up with only N pairs of swap states, and 25~1 — M >
N. So the third stage requires us to merge 2°~! — M — N
more pairs of memory states. This time, however, we
need for the resultant memory states to not map onto

themselves under time-reversal. This is achievable by
merging memory states that do not map onto themselves,

as well as merging their time-reverses. That is, we merge
a pair of states m and m/, where fm # m/, into a state
m' | as well as m and tm/ into m'”’. Then m” # m’”’, but
tm’” = m’’. We then throw out the original states m, m/,
tm, and tm’, add the new states m” and m'”’ to M and
update our coarse-graining to properly map to m” and
m/”, like before. By repeating all of this 251 — M — N
times, time-reversal becomes a type (M, N) involution
on the memory states for our new memory device.

However, if N = 0, then we cannot perform the final
merge of the third stage because only one pair of swap
memory states will be available, leaving us with a time-
reversal involution of type (M,1). To finish our coarse-
graining, we instead need to make two more steps at this
point. We first perform one step of the second stage pro-
cedure, leaving us a with time-reversal involution of type
(M + 1,0). Then we merge two of the remaining, un-
changing states. After adding this final merged state, re-
moving the two unchanged states that were merged, and
updating our coarse-graining function, we are finally left
with a time-reversal involution of type (M,0) = (M, N).
And so, we have proved that we can construct a memory
with any involution as its time-reversal.
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