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Power spectrafor chaotictransitionsin threedimensionsarepresentedfor a dynamicalsystemfirst proposedby Rdssler.
Relationsbetweenthespectraandthetopologyof thecorrespondingstrangeattractorarediscussed.

Modernexperimentsin CouetteandBénardflows on a digital computer.Theanalogcomputeris only
oftenusepowerspectralanalysisasa measureof the accurateto a percentor so,but highaccuracyis not
temporalbehaviorof fluid motions,andthe transi- neededfor theselargely qualitativestudies.
tion to turbulence[1]. At the sametime thereis in- Fig. 1 displaysthe transitionin asystemoriginally
terestin the studyof simpledynamicalsystemswhich studiedby Rossler[6]:
may exhibit chaoticbehaviorowingto the existence
of a “strangeattractor” [2]. Themost familiar exam- ~ = — + z), fl = x + O.2~
ple is thehighly idealizedmodelfor Bénardconvec- = 0.2 +xz — Cz,
tion of Lorenz [3]. It is naturalto studythe power
spectraof simpledynamicalsystems,in thehopeof astheparameterC is varied.Projectionsontothex—y
gaininginsight for the interpretationof the spectraof plane of theseequationsaftertransientshavebeenal-
realfluids. lowedto die,outare shown.We chosethis particular

Therehasbeensomework on the powerspectraof systemfor studybecausethe“branchedmanifold”
strangeattractors,by Ueda [4], Holmes [5] andoth- [7,8], enclosingits attractorhas thesimplesttopology
ers,butthereremainsa needfor systematicstudiesof which will still producea strangeattractor.
the changesin powerspectraof dynamicalsystemsas To obtain thesepowerspectrawe solvedthe equa-
theybifurcatefrom oneattractortopologyto another. tionson an analogcomputer,with the naturaltime
Wepresenthere resultsfor a particularbifurcation unit takento be 0.01 s,sampledthe solutionsuntil
sequence,onewhich occurswidely in the transitionto 4096pointswere accumulated,andusedan FFT to
chaoticbehaviorof vectorfields in threedimensions, computethe discretespectra.For eachparameter

The constructionof digital computersolutionsto value this processwasrepeated10 timesandthere-
dynamicalsystemsfollowedby powerspectralanaly- suiting spectraaveraged.Someof theresultsfor time
sis is time-consuming.We have developeda hybrid seriesobtainedfrom z(t) are shownin fig. 1.Thetime
computersystemby solvingthe equationson anana- seriesderivedfrom x(t) andy(t) gavesimilar results.
log computerandperformingpowerspectralanalysis The sequenceof bifurcationsis schematicallyrepre-

‘~Thisresearchwas supportedat Uof 0 by anNSFGrant, sentedin fig. 2. The bifurcationsequencefor C < C,,,,
ENG78-18405. 4.20,consistingof the successiveappearanceof
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Fig. 1. Plotsof the solutionsof eq.(1) on the x—yplaneafter transientshavediedout.Directlybeloweachphasetrajectoryis the
correspondingpowerspectraldensity(PSD) asafunctionof frequency.Detailsof theseplotsarecontainedin table1.

I subharmonics,is familiar from thework of May on

—I
i one-dimensionalmaps [9], wasmentionedby Bru-

novsky [10], wasobservedby Feit in two-dimensional
4 maps [11] andhasbeenreportedin a driven oscillator

systemby Coulletet a!. [12]. At eachstepthelimit

cycle “unwinds”, roughly doublingtheperiodof a
completeorbit. This bifurcationwasknownto Poin-

4 caré[13].
4 ‘ The doublingprocessreachesanaccumulation

point at C,,,,, however,and issucceededby a qualita-— * — tively differentbehavior.The largestnon-zeroLia-x < 0 X > 0 punovcharacteristicexponent~(seefig. 3) becomes
positive,reflectingtheexponentialdivergenceof tra-

Fig. 2.The bifurcationsequenceobtainedfrom thedataof jectories[14—16].Familiesof orbits remainconfined
fig. 1. ~increasesfrom left to right. Theshadedregionsde- to thin bands,which rejoin in a pairwisemanner,as
notestrangebands. illustrated.A completebifurcationsequencehasbeen
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a. Fig. 1 displaysthecorrespondingpowerspectra.Eachsubharmonicbifurcationdoublesthenumber
periodIc choohc

of sharpfrequencycomponents,andeachpairwise

-~ A rejoiningbroadenseveryothersharpspike.The fun-
I damental,at about16 Hz, moveslittle during the

series.Typicalparametersare given in table 1.
0 ~ I I Al A remarkablefeatureof this transitionis thepres-

,% \ enceof sharpfrequencycomponentsin a chaoticat-
\ tractor.Evenat the final stage,whenthe trajectories
\ fill outthe completeRässlerattractor,the spectrum
\ o retainsa peakwhich appearsto beinstrumentally

-0.1 sharp.We believethis to be a featureof someattrac-
3.0 4.0 5.0 6.0 torswhosebranchedmanifoldsare simply connected,

C ~ in the sensethatall trajectoriesareconstrainedto re-

Fig. 3. Plot of thelargestnon-zerocharacteristicexponent~ volve abouta singlehole [20]. Attractorscontaining
asa functionof C. Lettersreferto the plotsof fig. 1. A line fixed points,suchasthe familiar Lorenz,do nothave
hasbeendrawnthrougharound300 calculatedpoints, this property,anddo nothavesharpspikesin their

powerspectra.
describedby ShimadaandNagashima[171 andisvisi- It would be convenientto havea simplemeasure
ble in a figurein a paperby Li andYorke [18]. This over the powerspectrumof “chaos”.Severalmea-
sequenceoccursquite generallyin mapsor flows con- suresare capableof distinguishingsharpspikesfrom
tainingsimplefolds. It hasbeenobservedin theRoss- broadfeaturesin powerspectra,but it is unclearto
ler system,theLorenz systemfor highvaluesof theR thewriterswhich,if any,might havea closerelation
parameter[17], andwe haveobservedit in the driven to thetopologyor the characteristicexponentsof the
Van derPol equations,the drivenDuffing equations underlyingattractor.
[19], andseveralothersetsof equations,andone- Onesuchquantityis tabulatedin table 1. The num-
dimensionalmaps.Periodicorbits, or otherbehavior, berof “degreesof freedom”of a discretespectrumof
may be interspersedin the sequence,however. n frequenciesis given by:

Table 1
Datafor the bifurcationsequenceshownin figs. 1 and2. f andT referto thenaturalfrequency(—16 Hz) andperiodofthesystem.
Subharmonicbifuxcationsoccurwherethe curveof fig. 3 hasapoint of tangencywith theline X = 0.

Fig. C Phasetrajectory Spectrallines 103N

1A 2.6 periodiT limit cycle f,andharmonics 1.17

lB 3.5 period2Tlimit cycle ~f,f andharmonics 2.40

1C 4.1 period4T limit cycle ~f,~f,f andharmonics 2.19

1D 4.18 period8Tlimit cycle ~f,~f,~jf,fand harmonics 1.99
a)

1E 4.21 broadeningof bandof period 8T ~f,~f,~f,f andharmonics 1.86

(weak~f present)

iF 4.23 broadeningofbandof period 4T 1~f,~f,f andharmonics 1.84

1G 4.30 broadeningof bandof period — 2T ~f,f andharmonics 2.73

1H 4.60 broadeningof bandof period‘= T landharmonics 5.97

a)Theaccumulationpoint C,,,, occursnearhere.Weareableto resolveaperiod16T limit cycleandbandofperiod 16T,not illus-
trated.
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