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Abstract:
Information theoretic quantities, such as the entropy density and excess entropy, were measured for the 2-
D lattice of the Schelling Model. These measurements were then used to describe and analyze the
qualitative results previously found in another paper. Methods for finding these quantities in any 2-D
model is discussed.

Introduction

In the late 1960’s, economist Thomas Schelling developed a model for segregation in a
community. Of course, it is no surprise that if a community can be separated into two different
categories, such as black people and white people, where each person has a strong preference
to live near those who are of the same race, then segregation will occur. However, the original
Schelling Model looked at a community in which each person prefers to only have half or more
of their neighbors be of their own type and found that such a community will still completely
segregate. This was considered a surprising result, given that the people only have a mild
preference for like-neighbors. This result doesn’t just apply to people of the same race, but can
also be applied to people wanting to be near others with similar ideas, habits, preferences, etc.
In fact, the model doesn’t have to be restricted to just people. It was shown by [1] that the
Schelling Model has a physical analogue to any system in which there are two types of
particles, and the particles have a tendency to cluster with like-particles. In [1] several qualitative
results and conclusions are made from running simulations of the Schelling Model. The goal of
this paper is to make these results and conclusions more concrete using some tools of
information theory. In class, we primarily discussed the use of information theory in one
dimension, but the dynamics of the Schelling model takes place on a two dimensional lattice,
where each lattice cell can represent a person in a community or a particle in a physical system
or whatever the system being studied requires. The procedure for finding information theoretic
quantities, like the entropy density or excess entropy, of a lattice with two spatial dimensions is
not as straightforward as in one dimension, and can vary depending on the system being
analyzed. The methods used here to study the Schelling Model will closely follow the ones used
by Feldman and Crutchfield in [2] and are briefly discussed below.

Background

Here | will review the definitions of entropy density and excess entropy in one dimension,
and then introduce their corresponding definitions in two dimensions. First, recall that the block
entropy density for a random variable S. conditioned on a sequence of L random variables is
given by:
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and so the entropy density is just this quantity passed to the limit:

) hy=limh,(L).
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The excess entropy is defined as:

(3) E= 37 [h(L)- k)

Now, to extend these quantities to a lattice in two dimensions we look at a template, at the site
Xo as seen in Figure 1 below:

M=1 M=2 M=3

Figure 1: Templates for M = 1, M = 2, M = 3. The blue cell represents and the green cells are the cells being
conditioned on.

The templates given here are designed specifically for next-nearest-neighbor interactions,
where there are always 2 rows (except when M =0 or M = 1) and 2*M + 1 columns. Also, we
define the template to be the single cell, Xo.

With this, we can now define the entropy density and excess entropy density in 2-D:
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Where we have,
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Model Description

The model is fairly simple: We start out with a square lattice of arbitrary size, where each cell is
one of three values: red, blue, or black. The red and blue cells are ‘agents’, while the black cells
are ‘empty’. The system operates in discrete time where after each iteration we get a new grid
(same size), but with the same number of empty cells and same number of red and blue agents.
In other words, the number of red agents, blue agents, and empty cells are preserved
throughout the process. Therefore, it is more intuitive to visualize the cells moving around the
grid on each iteration. The dynamics of the system is governed by a set of rules, which are best
described as follows. First, the red and blue agents are assigned a threshold value of
‘satisfaction’. If the percentage of cells in their Moore neighborhood that are of the same color is
above or equal to this threshold then the agent is satisfied and stays the same color for that
iteration. However, if the percentage of like-neighbors is less than this threshold, then this agent
‘moves’ to an empty cell that will make it satisfied. So, on each iteration, the model finds all the
unsatisfied agents, and moves them to new cells. This, of course, will make other agents
unsatisfied, and so the process continues until it reaches an invariant configuration. An invariant
configuration is one where either all the agents are satisfied or there are no empty cells that will
make any of the unsatisfied agents satisfied.

There are several ways the dynamics of this model can be changed. For one, we can
make the boundaries periodic. However, for all the results in this paper, the boundaries were
kept non-periodic. Also, the rules of the model can be changed. In the original model, the agents
can move anywhere on the lattice, but one could make it so that agents move to the closest
empty cell that will make them satisfied, which would correspond to a slower diffusion rate in the
physical analogue. Additionally, one could make it so that satisfied agents are allowed to move
as long as they don’t become unsatisfied, that way the system is always in flux and never
reaches a fixed point. This rule change, serves as a model for the mixture of liquids in the
physical analogue, where our original model serves as model for a mixture forming into a solid.

To conclude our description of the Schelling model, we list the most important
parameters that are involved with this system:

X: Threshold value, percentage of like-neighbors needed to make agents satisfied
EP: Percentage of empty cells.

R: Percentage of red cells

B: Percentage of blue cells

N

In [2], there is a qualitative analysis of how the Schelling Model depends on the values
X and EP . The steady states are presented for threshold values of X = 37.5, 50.0, 62.5 and for
empty cells percentages EP = 2, 10, 30 with 100 x 100 latices (see Figure 2). It is easy to
observe that in general, the steady states become more clustered as X gets larger or EP gets
smaller, except for the case where the combination of high threshold and low number of empty
cells makes it so there are unsatisfied agents that have no empty cell to go to, and so the



system isn’t able to evolve properly and becomes fixed in an unsatisfied state. However, as
more empty cells are added with this threshold kept fixed, we see a phase transition-like
phenomenon where the steady state suddenly becomes highly clustered like in Fig. 2 with X =
62.5, EP = 10. Notice that in this case, the empty cells act like a boundary layer between the
clusters.

X =625

X =50.0

X=37.5

Figure 2:
Replication of figure in physical analogue paper [2] which shows qualitatively how clustering structure varies with
threshold value and percentage of empty cells in the system.

Again, these results are purely qualitative. To see if these results could be described more
quantitatively, | found the entropy densities and excess entropies for these steady states with
the hypothesis being that a lower entropy density and higher excess entropy will correspond to
more clustering.

Methods

To find the block entropy density one has to find the probability distribution for all the possible
configurations of the template. So, for example, if M = 3, then the template consists of 15 cells



and so there are 38 possible configurations, since there are three possible values! for each cell:
red, blue, and empty. This results in a very large event space making it difficult to get enough
data samples to cover the entire space, which results in a biased estimation of the entropy
density. To limit the bias, | used the following entropy estimator(3]:
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Where k; is the number of times the ith configuration occurred for N data samples, and ¥ is the
digamma function.

This equation has an upper bound bias given by:

M+1
(8) <
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So, if we rewrite Eq. 6 as,
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Then we can directly apply Eqg. 7 to find the block entropy density for a given M after using a
computer program to count the frequency of each template configuration for N data samples. To
find the excess entropy, all one has to do is find hy (M) for M < M, where M is the value for
which the entropy density converges, and then apply Eq. 5.

Results

Unfortunately, the execution time for my simulation of the Schelling Model made it difficult to get
good statistics, so | started off by estimating the entropy density with a nearest-neighbor
interaction template at M = 3, where the template only has a thickness of one row instead of
two. This resulted in an overestimate of the true entropy density, but the value did converge with
respect to M. | calculated this entropy density for various values of X and EP. Figures 3a and 3c
show how entropy density changes as more empty cells are added to the system. As expected,
when empty cells are added, we get a larger value for hy which corresponds to less clustering,

! Pedantic note: The choice to label each cell ‘red’, ‘blue’, or ‘empty’ is an arbitrary one. A more natural

labeling might use the alphabet {-1,0,1} for example.
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Figure3:

(a) and (c) plot values of h, for different percentages of empty cells while keeping the threshold value fixed. (b) plots
the number of time steps needed for equilibrium to be reached as a function of percentage of empty cells. (d) Plots h,
as a function of threshold value while keeping percentage of empty cells fixed at 2. The values of R and B are always
such that R=B.

Finally, the entropy rate was measured using the next-nearest-neighbor templates and
are shown in Table 1. We see that the previous measurements were indeed overestimates, but
we see the same trends we were seeing before. In Table 2 are the corresponding excess
entropies. The results here are not as easy to interpret. It should first be noted that the values
most susceptible to bias are those with X = 37.5 or EP = 30, especially the latter because the
event space of template configurations is much greater for this case. Nevertheless, the results
for the most part are promising. As expected, we tend to see the excess entropy go up as the



threshold value increases. This is because the clusters are getting bigger. Another way to look
at it is like this: a larger amount of excess entropy corresponds to more information stored in the
system. If the threshold value is higher then this places more restrictions on the system, so we
get a larger predictability gain than by changing the number of empty cells. The excess entropy
clearly detects structure that the entropy rate doesn’t. For example look at the entropy densities
for X =62.5, EP =2 and X = 37.5, EP = 30; they are nearly the same. However, looking at Fig. 2
it is clear that the former is much more random than the latter. The reason the entropy rates are
the same is because even though one is more clustered, it is also the one with 30% empty cells
so the three states of the system are distributed more evenly, while the other system only has
2% empty cells; it is practically a 2-state system and so it is more predictable from that
standpoint. Looking at the excess entropy, however, correctly reveals that the one with more
empty cells is actually more clustered. | should probably mention that this is the stationary state
most susceptible to bias, and would therefore have an overestimated excess entropy, which can
be a little worrisome, however the difference between the two values is so large that for this
specific case we don’t need to worry about it.

EP=2 EP =10 EP =30
X=62.5 1.07 bits 0.22 bits 0.69 bits
X=50.0 0.31 bits 0.58 bits 0.96 bits
X=375 0.60 bits 0.83 bits 1.03 bits

Table1: Entropy densities as threshold and number of empty cells are varied. We see that entropy
density still increases with percentage of empty cells and decrease with increases in threshold. My
estimation is that all these values have a bias less than 0.01.

EP=2 EP =10 EP =30
X=62.5 0.11 bits 1.25 bits 0.99 bits
X=50.0 0.93 bits 0.93 bits *0.76 bits
X=37.5 0.63 bits *0.70 bits *0.77 bits

Table2:
Excess entropy as threshold and number of empty cells are varied. Asterisked values are one I believe are more
susceptible to bias. Those that aren 't asterisked I have estimated to have a bias less than 0.02.

Conclusion

The main goal of this project was to use information theory to quantify some of the results of



that were qualitatively described in [2]. However, there is much more that could be done. It
would be interesting to perform the same analysis for the different versions of the Schelling
Model as described earlier. While it seems unlikely that changing the rules would change the
structure of the stationary state, since the rules seem to only affect the dynamics that get the
system to the stationary states, it is still worthwhile, in my opinion, to investigate whether or not
the entropy density or excess entropy would change after making these changes to the model.
Even more interesting, might be how these values change with periodic boundary conditions.
However, it is clear that before such investigations can be made, the current procedure must be
improved. Firstly, the simulations need to be made faster so that more data samples can be
made, and secondly, a more rigorous approach analyzing the errors involved should be
developed to better understand how reliable our results are. While | had a good sense of how
small the bias was for many of the values measured, it would be nice to have a way of
estimating the bias accurately. It would also be good to look at the variance, but this issue is a
result of not having enough data. Nevertheless, even with this lack of certainty in our results, it
is good to see that they strongly align with what was expected. The values measured for the
entropy density clearly exhibit the trends we would expect even for smaller block entropy
densities, and the excess entropy proved to be a valuable tool in analyzing the structures of the
steady states by detecting clusters or a lack thereof in systems with ambiguous entropy rate
densities.
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