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Abstract

In this project, we studied the consequences of aggregating two
layers of network together. By investigating the simulation of the net-
works of chaotic maps, we compared the difference between aggregating
networks that sharing the same edge property and networks that hav-
ing the same topology. Simulations show that the latter might be more
appropriate to aggregate.

1 Introduction

Many dynamic systems that involve interacting entities can be modeled as
networks. By this method one can relate a lot of different systems and
it has been proved to be beneficial to use this representation. However,
recent study of network science shows that the simplest single layer network
may not capture enough features and a multiplex extension is necessary in
some cases [1] [2]. This kind of extension can distinguish the different kind of
relationship between entities and group them into different layers of network
thus provide more information about the original system.

The above arguments raised an important question: what is a proper
multiplex representation. In some sense, each edge of a network is unique.
For example, in a social network, the relationship between any of two indi-
viduals differs in some aspects. It’s not possible to find two pairs of people
that have exactly the same relationships. We could, for sure, let each edge
be in a different layer, but this kind of formulation won’t give us any insight
about the network. Alternatively, we could also just ignore the difference
between all the relationships and put all of them in a single layer network,
but this is shown to be insufficient for some analysis. Therefore the right
thing to do is to group these relationships into different categories and use
those categories as different layers of network. Then we go back to the
question we asked at the beginning of this paragraph.



The answer to this question depends on the circumstances and the pur-
pose of using the network. Currently this is done by applying domain specific
knowledge or grouping by well recognized standard. However, there is no
guarantee that this will give the correct behavior. It is beneficial to have
a principled way to achieve this. Recently there are only some exploratory
work|[3] there.

There are two situations that things can go wrong. The first one is
that we have more layers than we actually need. More layers typically
means more complex, it will require more computational resources and prone
to over-fitting. More common case is that we have less layers than we
need. There is really no good ways to deal with it other than to add some
information and create more layers. We will need to know what is the
information we should use to create them.

In this project we are trying to understand when two layers of network
can be treat as just one. We will compare the difference between structure
and edge property heterogeneous and try to answer the following question:
Is it more appropriate to aggregate the network with similar structure or
the network with similar edge property?

2 Background

Previously we’ve done some work trying to aggregate US airline network
based on the similarity of network structure using the domestic flight data
from the Bureau of Transportation Statistics. The network is quite intuitive.
Each node is an airport, different carriers form different layers. If there is a
flight run by some carrier flying between two airports, we add an edge in that
carrier’s layer and the weight of the edge will be the number of passengers
in that flight.

We investigated how the passengers distributed among all those edges in
different layers and trying to aggregate those layers with similar distributions
together. The Jensen-Shannon entropy between two layers is defined as:

1 1
Dys(NL, [| N1,) = §DKL(NL1 | NLyo) + §DKL(NL2 | Ne) (1)

where N7, is normalized weight distribution over edge set. and Lis refers the
network generated by aggregating L1 and Lo. This metric can be understood
as the information loss in aggregation of the two individual layers.
Combining this metric and the hierarchical clustering algorithm, we cre-
ated a dendrogram (See Figure 1) of how the carriers are grouped together.
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Figure 1: Dendrogram of hierarchical aggregation.

This approach showed that we could use some information measure to
reduce the network model. However, the result is far from satisfying. We
don’t know what kind of process will have similar result in the reduced net-
work. Therefore we can’t apply this method to a more realistic application.
More properties about these kind of aggregation must be studied before we
can actually use it.

3 Dynamical System

In this project we use networks of 1D chaotic map as a proxy of real networks.
In those networks, each node has a chaotic map and they are connected
through edges by coupling. For node i, the value x; at time t 4 1 is:

€
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f is a chaotic map, edge (i, 7) is linear coupling and k; is the degree of node
i.

In order to have a multiplex setting, we adopt a time-division multiplex-
ing approach. For each time step, the nodes’ values are only updated by the



edges in one single layer.

2t +1) = (1= ep) F@®) + = S° flay(8)) (3)

All the notations are the same as equation 2. L(t) is a function to pick a
specific layer for time ¢.
In the simulations, we used the logistic map with r = 4.0.

f(2) = ra(l - x) (4)

4 Methods

As the first step of understanding the aggregation, we focused on the ag-
gregation of a two-layer network, trying to figure out the consequences of
aggregating them together. Specifically, two different settings are studied
and compared. One setting is two layers with different structures but the
same coupling parameter. Another is two layers with identical structures
but different coupling parameter.

We used the parity of time step t as the function to pick layer, therefore
the edges in two layers will take effects alternately.

Lt :{Layerl t=2N+1

B (5)
Layer 2 t=2N

In the first scenario, the two layers of network are independently gen-
erated and share a same coupling parameter e. We choosed ¢ = 0.05 for
the simulation. In the second one, the edges in two layers are identical but
using different coupling parameters. ¢; = 0.05 and €2 = 0.1. The aggregated
network has € = 0.075.

The smallest two-layer network that has different structure yet the same
number of edges for each layer is a 3-node network. Therefore we started
from this simplest case with two edges in each layer. Then we come to the
Erdos-Renyi random network with 100 nodes. The topology of network can
be found in next section.

The quantity we used to measure the consequences are calculated from
the sequence generated by the chaotic maps. In order to find out excess en-
tropy, we first convert the real value to a finite alphabet using the generating
partition of our logistic map given by:

o Joo<a(t) <4
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Each node starts from a random value and then iterates for 50,000 times.
This gave us a 100,000-symbol sequence for each nodes. We used the excess
entropy calculated from length 10 as a proxy for the process’s property.
According to the simulation, it seems the excess entropy hasn’t converged
yet, but generating more data require more computation resources, and since
we have similar dynamics in all the nodes, the excess entropy at length 10
can give some information.

5 Results

Figure 2 3 4 and 5 show the results of the simulation. In each figure, the
upper one shows the original two-layer network and the lower one shows the
aggregated network. The color of edges indicates the layers they belong to.
Blue and red edges are those only exist in one layer and purple ones are
those in both layer. The color of nodes gave the information of estimated
excess entropy. Red ones have higher excess entropy than blue ones.

For three-node network, when the two layers have different topology,
the node coupled with different node in different layer has a higher excess
entropy. Once we aggregated two layers of network together, all three nodes
are symmetric therefore they will all have similar excess entropy.

When the two layers of network have same topology, the node in the mid-
dle always has a lower excess entropy no matter whether they are simulated
in one layer and two layers.

Similar observations can be made for the Erdos-Renyi network with 100
nodes. When aggregated two layers of network with same edge property
together, the excess entropy for different nodes changed without obvious
pattern. However, for the network with the same topology in different layers,
most nodes stay at a similar excess entropy after aggregation.

From those simulation results, it seems that the dynamics changed a lot
when we aggregate two layers of network with the same edge property but
different structures. Meanwhile, aggregation of two layers of network with
the same topology but different edge property gives a good approximation.

6 Conclusion

It is hard to draw a final conclusion from such a simple simulation with a lot
of arbitrary assumptions. However, the results still shed some light on how
we could approach the bigger problem of aggregating multiplex networks.
Grouping the network layers with similar topology is hypothesized to be a
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Figure 3: Small network
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promising way of reducing the network model. The future work could follow
this line and try to validate this assumption with real data.
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