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hμ = ∫R
dμ (η) H[x |η] = lim

N→∞
−

N

∑
n

Pr (ηn)∑
x∈A

Pr (x |ηn) log2 Pr (x |ηn)

Blackwell, D. (1957) The entropy of functions of finite-state Markov chains.
Jurgens, A. M., & Crutchfield, J. P. (2021) Shannon entropy rate of hidden Markov processes. Journal of Statistical Physics, 183(2), 32.

Blackwell Entropy Formula
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Mixed States Form Fractals

We can still use the Blackwell formula 
to calculate entropy:

Mixed State Sets are Fractals

hμ = ∫R
dμ(η) H[x |η]

Except finding the Blackwell measure 
is much more difficult. 
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Mixed State Generation  IFS→

ηt+1 = ηtT(x)

Pr(x |ηt)Pr(x |ηt) = ηtT(x)1

px (η) = ηT(x)1 f x(η) = ηT(x)

px (η)
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Mixed States Form Fractals

Convergence theorems about IFSs can now be applied 
to guarantee we can apply the ergodic theorem: 

Entropy Rate of Fractal HMMs

hμ = ∫R
dμ(η) H[x |η]

= lim
T→∞

− 1
T

T

∑
t

H [x ∣ ηt]

= lim
T→∞

− 1
T

T

∑
t

∑
x

px (ηt) log2 px (ηt)

Jurgens, A. M., & Crutchfield, J. P. (2021) Shannon entropy rate of 
hidden Markov processes. Journal of Statistical Physics, 183(2), 32.
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Mixed States Form Fractals

However, the statistical complexity still 
typically diverges.

Complexity of Fractal HMMs

Cμ = − ∫R
Pr (η) log2 Pr (η) dμ (η)

Jurgens, A. M., & Crutchfield, J. P. (2021). Divergent predictive 
states: The statistical complexity dimension of stationary, 
ergodic hidden Markov processes. Chaos: An Interdisciplinary 
Journal of Nonlinear Science, 31(8).

Infinite complexity?



Mixed States Form FractalsStatistical Complexity Dimension

dμ = lim
ϵ→0

− H [R]
log(ϵ)

So, we define the statistical 
complexity dimension as the 

information dimension of the mixed 
state set:

° ln Pr(¥t)

(1, 0, 0) (0, 1, 0)

(0, 0, 1)

10°1 100 101 102

It gives the rate at which 
memory resources diverge as 
we increase predictive power 

of a finitized -machine.  ϵ



P. Frederickson, J. Kaplan, E. Yorke, J. Yorke. (1983). The Lyapunov Dimension of Strange Attractors. J. Diff. Eqs. 49 (2): 185–207.

Kaplan-Yorke Conjecture

dimKY = k +
∑k

i λi

|λk+1 |
= dimI

Kaplan—Yorke conjecture:

Where  is the largest index for which 

the sum  is positive. 

k
k

∑
i

λi

?



Alexandra M. Jurgens, James P. Crutchfield. Divergent Predictive Memory: The 
Statistical Complexity Dimension of Stationary, Ergodic Finite-State Hidden Markov 
Processes. Chaos 31, 083114, 2021. 
Alexandra M. Jurgens, James P. Crutchfield. Ambiguity rate of hidden Markov 
processes. Phys. Rev. E, 104 (2021)

The Overlapping Problem 

dimμ (R) ≤ k +
hμ + ∑k

i λi

|λk+1 |
Problem: this solution does not 
work for “overlapping” IFSs. 

We end up “double counting” 
some of the states. 
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When KY Conjecture Works

dimμ (R) =
hμ

|λ1 |



The Overlapping Problem When KY Conjecture Works

dimμ (R) =
hμ

|λ1 |

Where  is the time-averaged Lyapunov 
exponent of each map. 

λ1



The Overlapping Problem When KY Conjecture Works

dimμ (R) =
hμ

|λ1 |
Let  be an  length word. 
Let  be the mixed state at time , which 
emits observation . 
Let . 

w L
ηt t

wt
ηt = (xt, yt)

λ(w) = lim
L→∞

1
L

n−1

∑
i=0

ln d f (wi) (x)
dx

|
x = xt



The Overlapping Problem Cantor Set Machine

This machine produces a missing  Cantor set.s
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Entropy rate measures uncertainty in the 
next symbol given the present.

Alexandra M. Jurgens, James P. Crutchfield. Ambiguity rate of hidden Markov processes. Phys. Rev. E, 104 (2021)

hμ = H [X0, S1 ∣ S0]

Overlap Problem

Rate of new symbols, on average…



Overlap Problem

...
...

...
...

...
...

...
...

But, the branching entropy 
overcounts the average number of 
states generated when it is possible 
for two states to map into the same 
state.   

We need a correction to count the 
average number of new states 
properly. 



Entropy rate measures uncertainty in the 
next symbol given the present.

ha = H [X−1, S−1 ∣ S0]
...

...
...

...
...

...
...

...

...
...

...
...

...
...

...
...

Ambiguity rate measures uncertainty in 
prior symbol given the present. 
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hμ = H [X0, S1 ∣ S0]

New Quantity: Ambiguity Rate 

Alexandra M. Jurgens, James P. Crutchfield. Ambiguity rate of hidden Markov processes. Phys. Rev. E, 104 (2021)



dimμ (R) = k +
hμ − ha + ∑k

i λi

|λk+1 |

Proposed Correction to Kaplan Yorke Conjecture 

Alexandra M. Jurgens, James P. Crutchfield. Divergent Predictive Memory: The 
Statistical Complexity Dimension of Stationary, Ergodic Finite-State Hidden Markov 
Processes. Chaos 31, 083114, 2021. 
Alexandra M. Jurgens, James P. Crutchfield. Ambiguity rate of hidden Markov 
processes. Phys. Rev. E, 104 (2021)



Entropy rate
Ambiguity rate

dimμ (R) = k +
hμ − ha + ∑k

i λi

|λk+1 |

Proposed Correction to Kaplan Yorke Conjecture 

Alexandra M. Jurgens, James P. Crutchfield. Divergent Predictive Memory: The 
Statistical Complexity Dimension of Stationary, Ergodic Finite-State Hidden Markov 
Processes. Chaos 31, 083114, 2021. 
Alexandra M. Jurgens, James P. Crutchfield. Ambiguity rate of hidden Markov 
processes. Phys. Rev. E, 104 (2021)



Proposed Correction to Kaplan Yorke Conjecture 

Alexandra M. Jurgens, James P. Crutchfield. Ambiguity rate of hidden Markov processes. Phys. Rev. E, 104 (2021)



Proposed Correction to Kaplan Yorke Conjecture 

Alexandra M. Jurgens, James P. Crutchfield. Ambiguity rate of hidden Markov processes. Phys. Rev. E, 104 (2021)



What is ha?

Alexandra M. Jurgens, James P. Crutchfield. Ambiguity rate of hidden Markov processes. Phys. Rev. E, 104 (2021)
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What is ha?

ha = H [X0, S0 ∣ S1]



S0 S1

0

1

H[X0 |S0, S1]

Information generated in 
present, not used for 

prediction. 

S0 S1X X0 X

Ephemeral information

R. G. James, C. J. Ellison, and J. P. Crutchfield. Anatomy of a bit: Information in a time series observation. CHAOS. 17. 21(3):037109, 2011. doi:10.1063/1.3637494
A Jurgens, JP Crutchfield. Taxonomy of Prediction. arXiv preprint arXiv:2504.11371, 2025

Components of Ambiguity Rate
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Components of Ambiguity Rate
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0
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I[X0; S0 |S1]
Information in the past and 

present that doesn’t get 
used for future prediction.

S0 S1X X0 X

Binding information

R. G. James, C. J. Ellison, and J. P. Crutchfield. Anatomy of a bit: Information in a time series observation. CHAOS. 17. 21(3):037109, 2011. doi:10.1063/1.3637494
A Jurgens, JP Crutchfield. Taxonomy of Prediction. arXiv preprint arXiv:2504.11371, 2025
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S0
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H[S0 |X0, S1]
Information in past used for 
prediction but then forgotten 

for future prediction.

S0 S1X X0 X

Crypticity 

R. G. James, C. J. Ellison, and J. P. Crutchfield. Anatomy of a bit: Information in a time series observation. CHAOS. 17. 21(3):037109, 2011. doi:10.1063/1.3637494
A Jurgens, JP Crutchfield. Taxonomy of Prediction. arXiv preprint arXiv:2504.11371, 2025
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ΔH [Predictive states] ∼ hμ − ha

Entropy rate
Ambiguity rate

 as Model Growth Rateha

Alexandra M. Jurgens, James P. Crutchfield. Ambiguity rate of hidden Markov processes. Phys. Rev. E, 104 (2021)



 as Model Growth Rateha

Alexandra M. Jurgens, James P. Crutchfield. Ambiguity rate of hidden Markov processes. Phys. Rev. E, 104 (2021)

hμ − ha = H [Xt ∣ St] − H [Xt, St ∣ St+1]
= H [St+1 |St, Xt] + H [St+1] − H [St]
= ΔH [S]



 as Model Growth Rateha

Alexandra M. Jurgens, James P. Crutchfield. Ambiguity rate of hidden Markov processes. Phys. Rev. E, 104 (2021)

hμ − ha = H [Xt ∣ St] − H [Xt, St ∣ St+1]
= H [St+1 |St, Xt] + H [St+1] − H [St]
= ΔH [S]
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What is ha?

ha = H [X0, S0 ∣ S1]

H[X] H[X]

H[X0]

H[S1]

H[S0]

hμ = H [X0 ∣ S0]

If , then ΔH [S] = 0 hμ = ha



For a finite  model: 
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hμ − ha = 0
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Growth Rate of Optimally Predictive Models

Alexandra M. Jurgens, James P. Crutchfield. Ambiguity rate of hidden Markov processes. Phys. Rev. E, 104 (2021)



Growth Rate of Optimally Predictive Models

Alexandra M. Jurgens, James P. Crutchfield. Ambiguity rate of hidden Markov processes. Phys. Rev. E, 104 (2021)

No uncertainty in past:  
hμ − ha = hμ
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Finite states  
hμ − ha = 0

“Every history counts”  
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Alexandra M. Jurgens, James P. Crutchfield. Ambiguity rate of hidden Markov processes. Phys. Rev. E, 104 (2021)



In general: 
hμ > hμ − ha > 0
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Growth Rate of Optimally Predictive Models

Alexandra M. Jurgens, James P. Crutchfield. Ambiguity rate of hidden Markov processes. Phys. Rev. E, 104 (2021)



Calculation of Ambiguity Rate?

Ulam’s method….

Alexandra M. Jurgens, James P. Crutchfield. Ambiguity rate of hidden Markov processes. Phys. Rev. E, 104 (2021)
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A Jurgens, JP Crutchfield. Taxonomy of Prediction. arXiv preprint arXiv:2504.11371, 2025
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Writing Down -Machinesϵ

0100010000101110…

 Lorem ipsum dolor sit amen…

⋮

Data  Causal States  S
• Via the predictive equivalence 

relation

-Machineϵ
• Dynamic over the casual 

states



…0101000101011000 010001010…

…elit. Duis finibus mauris  eget luctus…

Present

Past Future

Xℕ

Space 
of pasts

Space of 
futures

Xℕ

Shalizi, C.R., Crutchfield, J.P. Computational Mechanics: Pattern and Prediction, Structure and Simplicity. Journal of Statistical 
Physics 104, 817–879 (2001). https://doi.org/10.1023/A:1010388907793

Pasts & Futures



…0101000101011000 010111011…
Ut enim ad minim veniam, quis  nostrud ullamco…

…0101000101011000 111000010…
  …elit. Duis finibus mauris,   eget luctus remta…

Lf

…0000011101011010 010001010…
     Lorem ipsum dolor sit amet, consectetur amitra…       

Past Future

…0000011101011010 010001010…
     Lorem ipsum dolor sit amet, consectetur amitra…       

Past Future

…0101000101011000010100011…010101010…010100011…

…elit. Duis finibus mauris  eget luctus…consectetu
r… 

tempor incidi…

Pasts Induce Distribution Over Futures



…where each 
element of the 

partition induces a 
unique distribution 

over futures.

Xℕ

X

Space 
of pasts

Space of 
futures

Xℕ

Space of 
futures

Predictive 
equivalence relation 

induces partition 
over pasts….

Past Partitioning 
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-Machine: Finite Statesϵ

Causal states + dynamic over states: -machine ϵ
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σ1 σ20110000111101111000…
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Data  Causal States  S
• Via the predictive equivalence 

relation


1. By inspection 

2. By generation in the space 

spanned by a generating 
model


3. By embedding in a space

-Machineϵ
• Dynamic over the casual 

states



C (x1, x2, …) =
∞

∑
k=1

2xk

(2 |X | − 1)k

Given a sequence of symbols  
 where each  is drawn 

from the alphabet :
x1, x2, x3… xk

X = {0,1,2,…, N}

Cantor Embedded -Machinesϵ
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Data  Causal States  S
• Via the predictive equivalence 

relation


1. By inspection 

2. By generation in the space 

spanned by a generating 
model


3. By embedding in a space

A. Which space? What 

metric properties do we 
need to recreate the 
predictive equivalence 
relation?


B. Dimension reduction?

-Machineϵ
• Dynamic over the casual 

states



-Machines in a Hilbert spaceϵ



Xℕ

X

Space 
of pasts

Space of 
futures

Element of past 
partition induces a 
distribution over 

futures.

A Bit of Abstraction

Riesz & Riesz-
Markov-Kakutani


representation 
theorems

 C (Xℕ)  C* (Xℕ)

 , (Xℕ)

μ [X]

ψ[X]f[X]

Causal States in a Hilbert space



ℙ (X)
ϵ A

K (X)X
x

H (X)

f ϵ A

H′ (X)
L ϵ A

H (X) × H (X)

(f ϵ A
, f ϵ B)

×

ℙ (X) × ℙ (X)

( ϵ A, ϵ B)

K (X) × K (X)

×

ℝ

X
A B

Kernel Causal States

 Riesz 
representation 

theorem

 RMK 
representation 

theorem

⟨ ⋅
, ⋅

⟩ H

⟨ ⋅ , ⋅ ⟩
H



X
x

Hk (X)

(σk,ϵA
, σk,ϵB)

×

X
A

ℝ

σk,ϵA
= ∫ k ( x , ⋅ ) dμϵA

⟨ ⋅ , ⋅ ⟩ H

Hk × Hk

Kernel Causal States



X
x

Hk (X)

(σk,ϵA
, σk,ϵB)

×

X
A

ℝ

σk,ϵA
= ∫ k ( x , ⋅ ) dμϵA

⟨ ⋅ , ⋅ ⟩ H

Hk × Hk

k ( x , x ′ ) = exp −
d ( x , x ′ )

2

β2Universal kernels:

 Guarantees inner product space on 
measures is isometric to RKHS generated by 

→
k

Kernel Causal States



Hk (X)
S

σk,ϵA
= ∫ k ( x , ⋅ ) dμϵA

Dimension Reduction…?

̂σ k,ϵA
= (ψ1, ψ2, …)

ψ1

ψ2

ψ3

Current technique: 

- diffusion mapping




Alexandra M. Jurgens, Nicolas Brodu; Inferring kernel -machines: Discovering structure in complex systems. Chaos 1 March 2025; 35 (3): 
033162. https://doi.org/10.1063/5.0242981

ϵ

Kernel Causal States: n-Butane

https://doi.org/10.1063/5.0242981


Alexandra M. Jurgens, Nicolas Brodu; Inferring kernel -machines: Discovering structure in complex systems. Chaos 1 March 2025; 35 (3): 
033162. https://doi.org/10.1063/5.0242981

ϵ

Kernel Causal States: Sunspot Sequence

https://doi.org/10.1063/5.0242981
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3. By embedding in a space

A. Which space? What 
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-Machineϵ
• Dynamic over the casual 

states?

Complexity &  
Information Measures

• Information measure zoo? 



Thank you and Questions





Kernel Causal States Algorithm
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Lp Lf

xi yi
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Embed Pasts and Futures
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2

43
5α3 α4

α1

kX (x, xi) ↑ ⟹ ↑αi

Calculate Proximity-Based Weights



̂σk,x = ∑
i

αi kY (yi, ⋅ )
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Construct Future Distribution
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Embed Causal State






