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Visualizing Modes

Lecture 28: Natural Computation & Self-Organization, Physics 256B (Spring 2013); Jim Crutchfield
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Implicitly, we already visualize modes.

Spectral methods formalize and empower our intuition.
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Some Motivation

Sample of Exact Results Obtained in Closed-Form:

Directly from any HMM presentation of a process:

Dynamics
Correlation functions
Power spectra (including diffraction spectra of disordered
crystals)
Inter-Spike-Interval histograms and return maps
. . .

Directly from the Mixed-State Presentation (MSP) of any HMM:

Myopic entropy rates hµ(L); asymptotic entropy rate hµ
Past–Future Mutual Information (i.e., Excess Entropy E)
Info shared btw. past and future, but not in the present (i.e.,
Elusive Information σµ)
. . .

Directly from MSP of ε-machine:

Average causal-state uncertainty H(L)
Synchronization Information S
. . .
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Functions of operators; overview of spectral decomposition

Dynamics, Correlation Functions, and Power Spectra from
any HMM presentation of a process
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Previously: Power Spectrum of Even Process
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Example Power Spectra

If A = {0, 1} and T is diagonalizable, then the power spectrum is
simply:

Pc(ω) = 〈π|T (1) |1〉+ 2
∑

λ∈ΛT

Re
〈π|T (1)TλT

(1) |1〉
eiω − λ .

Consequences:

# of states of any presentation puts upper bound on # of
peaks in power spectrum

# of peaks in power spectrum gives lower bound on # of
states of any presentation
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Example Power Spectra

Power Spectrum of SNS

The generalized-parameterized SNS:
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Example Power Spectra

Diffraction Pattern (Power Spectrum of Structure
Factors) of Chaotic Crystal
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FIG. 6: A comparison of the calculated reflectivity vs. q⊥ (in
r.l.u.) for different first bilayer models. Red line is the best
fit structure with bulk bilayer parameters. Blue line is a fit
with ρ2Si fixed at a value 25% less than the bulk. Magenta
line is a best fit with the both ∆2Si and∆2C relaxed towards
the bulk by 5%.

a significant stacking fault density in the film. Because
stacking faults cause interference between π∗ states in
adjacent layers, these layers have a larger spacing. The
mean layer spacing can, therefore, be used to estimate
the stacking fault density.[30] If we define the probabil-
ity, γ, that any two adjacent sheets are faulted, then the
inter-layer spacing will range from that of AB... stacked
graphite (3.354Å) when γ = 0 to that of turbostratic
graphite (3.44Å) when γ = 1. In that case the aver-
age inter-layer spacing for some finite number of stacking
faults is approximately;[30]

DG = 3.44 − 0.086(1 − γ2). (6)

Using the measured DG = 3.368Å, gives γ = 0.4 for these
C-face films. In other words, after every 1/(1 − γ) = 1.6
graphene sheets, a stacking fault occurs in the film. The
fact that there are frequent stacking faults is not sur-
prising since there is significant rotational disorder of
graphene layers grown on this surface.[6, 8] A pair of
graphene sheets that are rotated with respect to each
other would lead to regions of local AB... stacking sepa-
rated by regions with other stacking arrangements. The
mean graphite inter-layer spacing would then be deter-
mined by the degree of rotational disorder. Experiments
to quantify the stacking and rotational disorder are cur-
rently underway.

The existence of a large stacking fault density has
an important bearing on the results of conductivity ex-
periments on C-face grown multi-layer graphene films.

Magnetotransport [5], Infared Spectroscopy (IRS) [36]
and photoemission experiments [12] indicate that multi-
layer graphene films grown in SiC behave like isolated
graphene sheets. In the photoemission experiments a
clear Dirac dispersion cone is measured. The origin of
this type of dispersion in the electronic band structure is
the symmetry of carbon bonding in a single graphene
sheet. AB... stacking in multi-layer graphene films
(i.e graphite stacking) would break that symmetry and
causes significant changes to the band structure, even
for a few layers.[13, 14] In the multi-layer graphene films
grown on the C-face of SiC, the AB... stacking disorder
may inhibit symmetry breaking and allow sheets in the
film to behave electronically as if they were physically
isolated.[14]

In addition to the stacking fault density, the short bond
length, D0, between the interface and the first graphene
sheet indicates an additional way the graphene sheets
become isolated from the substrate. While the AB...
stacking in bulk graphite breaks the hexagonal symme-
try of an isolated graphene sheet, it has been assumed
that the substrate-graphene interaction will have a sim-
ilar effect.[14] Indeed the short D0 bond length mea-
sured here for the graphene/4H-SiC(0001̄) interface im-
plies a strong interaction that is consistent with Photoe-
mission results.[8] The short bond length we measure for
the C-face films has been recently confirmed by ab-initio
calculations.[15] Those calculations show that when a sin-
gle graphene layer is grown on a SiC substrate the mate-
rial remains insulating. The Dirac cone dispersion, of an
isolated graphene sheet does not appear until a second
graphene layer is formed.[15] Therefore, the first carbon
layer with a graphene density acts like a ”buffer” layer
between the substrate and the rest of the graphene film.
From the structural properties of the graphene/SiC inter-
face measured here, a model emerges that may explain
the graphene character of these films seen in magneto-
transport, IRS, and Photoemission measurements as well
as in band structure calculations. In this model, one or
two graphene layer, primarily responsible for the conduc-
tion, lies between the ”buffer” layer and the imperfectly
stacked graphene layers above it.

While the nature of the buffer layer is not completely
characterized, the reflectivity data offer two possibilities.
(1) In the C-Corrugated model the buffer layer is simply
the first flat graphene layer above the interface. The SiC
bilayer below this layer is relaxed with a lower density of
atoms compared to the bulk. (2) In the C-rich structure,
a highly buckled carbon layer, with a total carbon den-
sity nearly equal to graphene, resides between the sub-
strate and the rest of the film. Low Energy Electron
Diffraction (LEED) experiments show that UHV-grown
multi-layer graphene on the C-face surface exhibits a 2×2
reconstruction.[25] Our x-ray measurements confirm that
a 2 × 2 structure still persists even when the films are
thick enough that LEED is no longer capable of prob-

Figure of XRD from typical zeolite beta sample from Treacy et al.

Figure of XRD of multi-layer grapheme on SiC from Hass et al.
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Further Considerations

RRXOR Process

White noise!?

Regularities unseen; randomness observed.
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Regularities unseen; randomness observed.
→ A need for more sophisticated probes of structure: measures
of information transduction.

Especially as processes become more complex, the
interesting behavior gets processed primarily within very
high-order correlations.
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Definitions

The set of eigenvalues of a square matrix A is:

ΛA ≡ {λ ∈ C : det(λI −A) = 0}

The projection operator associated with the eigenvalue λ is:

Aλ = Res
[
(zI −A)−1, z → λ

]

→ Aλ =
∏
ζ∈ΛA\{λ}

A−ζI
λ−ζ if A is diagonalizable.

The projection operators are mutually orthogonal:

AζAλ = δζ,λAλ

For a stochastic matrix (i.e., all rows sum to unity), all
eigenvalues lie on or within the unit circle; the eigenvalue of
unity is guaranteed with a1 = g1 = 1; single attractor →
T1 = |1〉 〈π|.
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Reasons for Using Projection Operators

They play an important role in determining the amplitudes
of constituent exponential decays. E.g.:

γ[τ ] =
∑

λ∈ΛT

1

λ
〈π|
(∑

x∈A
xT (x)

)
Tλ

( ∑

x′∈A
x′T (x′)

)
|1〉λτ

for τ > 0 and diagonalizable T .

Isolating spectral contributions allows for unusual ease in
extracting poorly behaved modes. E.g.:

E =
∑

λ∈ΛW \{1}
(. . . )

where (. . . ) will soon be revealed.

Degeneracy of eigenvalues unproblematic so long as aλ = gλ
(compare to fuss over ‘degenerate perturbation theory’
although H is always diagonalizable!)

They play nicely with non-diagonalizability and
(optimistically) also ∞-state extensions.
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Seeking the Markovian Dynamic

The length-L entropy rate

hµ(L) ≡ H(L)−H(L− 1)

= H[X0:L|µ0 = π]−H[X0:L−1|µ0 = π]

= H[XL−1, X0:L−1|µ0 = π]−H[X0:L−1|µ0 = π]

= H[XL−1|X0:L−1, µ0 = π]

= H[XL−1|RL−1, R0 = π]

= H
[
XL−1|

(
RL−1|R0 = π

)]
.



Complexity Sciences Center

Introduction Quick Review Myopic Entropy Rates Complexity Measures

Seeking the Markovian Dynamic

The length-L entropy rate

hµ(L) ≡ H(L)−H(L− 1)

= H[X0:L|µ0 = π]−H[X0:L−1|µ0 = π]

= H[XL−1, X0:L−1|µ0 = π]−H[X0:L−1|µ0 = π]

= H[XL−1|X0:L−1, µ0 = π]

= H[XL−1|RL−1, R0 = π]

= H
[
XL−1|

(
RL−1|R0 = π

)]
.



Complexity Sciences Center

Introduction Quick Review Myopic Entropy Rates Complexity Measures

Seeking the Markovian Dynamic

The length-L entropy rate

hµ(L) ≡ H(L)−H(L− 1)

= H[X0:L|µ0 = π]−H[X0:L−1|µ0 = π]

= H[XL−1, X0:L−1|µ0 = π]−H[X0:L−1|µ0 = π]

= H[XL−1|X0:L−1, µ0 = π]

= H[XL−1|RL−1, R0 = π]

= H
[
XL−1|

(
RL−1|R0 = π

)]
.



Complexity Sciences Center

Introduction Quick Review Myopic Entropy Rates Complexity Measures

Seeking the Markovian Dynamic

The length-L entropy rate

hµ(L) ≡ H(L)−H(L− 1)

= H[X0:L|µ0 = π]−H[X0:L−1|µ0 = π]

= H[XL−1, X0:L−1|µ0 = π]−H[X0:L−1|µ0 = π]

= H[XL−1|X0:L−1, µ0 = π]

= H[XL−1|RL−1, R0 = π]

= H
[
XL−1|

(
RL−1|R0 = π

)]
.



Complexity Sciences Center

Introduction Quick Review Myopic Entropy Rates Complexity Measures

Seeking the Markovian Dynamic

The length-L entropy rate

hµ(L) ≡ H(L)−H(L− 1)

= H[X0:L|µ0 = π]−H[X0:L−1|µ0 = π]

= H[XL−1, X0:L−1|µ0 = π]−H[X0:L−1|µ0 = π]

= H[XL−1|X0:L−1, µ0 = π]

= H[XL−1|RL−1, R0 = π]

= H
[
XL−1|

(
RL−1|R0 = π

)]
.



Complexity Sciences Center

Introduction Quick Review Myopic Entropy Rates Complexity Measures

Seeking the Markovian Dynamic

The length-L entropy rate

hµ(L) ≡ H(L)−H(L− 1)

= H[X0:L|µ0 = π]−H[X0:L−1|µ0 = π]

= H[XL−1, X0:L−1|µ0 = π]−H[X0:L−1|µ0 = π]

= H[XL−1|X0:L−1, µ0 = π]

= H[XL−1|RL−1, R0 = π]

= H
[
XL−1|

(
RL−1|R0 = π

)]
.



Complexity Sciences Center

Introduction Quick Review Myopic Entropy Rates Complexity Measures

Interlude on Mixed State Presentations

The states η ∈R of the Mixed State Presentation (MSP) are
distributions over the states S of another presentation. Starting
from the MSP’s start state—the stationary distribution π—the
MSP gives the observation-induced evolution of probability
density over distributions-over-S.
The initial distribution over MSP—assuming no prior
observations of the known process—is denoted δπ with
〈δπ| =

[
1 0 0 . . . 0

]
.

The transition matrix W of the MSP is a stochastic matrix with
W1 = |1〉 〈πW |.
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How to Make Things Look Like Linear Algebra

The length-L entropy rate

hµ(L) = H
[
XL−1|

(
RL−1|R0 = π

)]

=
∑

η∈R
Pr(RL−1 = η|R0 = π)H[XL−1|RL−1 = η]

=
∑

η∈R
〈δπ|WL−1 |η〉 × −

∑

x∈A
〈δη|W (x) |1〉 log2

(
〈δη|W (x) |1〉

)

= 〈δπ|WL−1


−

∑

η∈R
|δη〉

∑

x∈A
〈δη|W (x) |1〉 log2

(
〈δη|W (x) |1〉

)



= 〈δπ|WL−1 |H(WA)〉 ,
where

|H(WA)〉 ≡ −
∑

η∈R
|δη〉

∑

x∈A
〈δη|W (x) |1〉 log2

(
〈δη|W (x) |1〉

)
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hµ(L) for diagonalizable W

The length-L entropy rate

If W is diagonalizable, then

〈δπ|WL−1 = 〈δπ|
∑

λ∈ΛW

λL−1Wλ

=
∑

λ∈ΛW

λL−1 〈δπ|Wλ

where {Wλ} can by obtained via

Wλ =
∏

ζ∈ΛW
ζ 6=λ

W − ζI
λ− ζ .
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hµ(L) for diagonalizable W

The length-L entropy rate

Hence, for diagonalizable W , the length-L entropy rate can be
rewritten as

hµ(L) = 〈δπ|WL−1 |H(WA)〉
=
∑

λ∈ΛW

λL−1 〈δπ|Wλ |H(WA)〉 ,

which is a closed-form expression for hµ(L) with scalar
exponentiation as the only L-dependence.
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A prototypic sofic system: the Even Process

Example Strictly Sofic Processes

Lecture 28: Natural Computation & Self-Organization, Physics 256B (Spring 2013); Jim Crutchfield

States of States of Knowledge

Mixed State Presentations ... Example

Even Process A B1
2 |!

1
2 |!

1|!µ0(�) � ⇥ = (2/3, 1/3)

[23 !
1
3 ]

[12 !
1
2 ]

[1! 0] [0! 1]1
2 "

1
2 "

1"

1
3 "

1
4 "

2
3 "

3
4 "

21Thursday, April 25, 13

Mmsp

det(λI −W ) =
(λ− 1)(λ+ 1

2)(λ2 − 1
2) = 0

〈δπ| =
[
1 0 0 0

]
.

W =




0 2/3 1/3 0
3/4 0 1/4 0
0 0 1/2 1/2
0 0 1 0


 .

ΛW =
{

1,
√

2
2 , −

√
2

2 , −1
2

}

≈ {1, 0.707, −0.707, −0.5}
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Lecture 28: Natural Computation & Self-Organization, Physics 256B (Spring 2013); Jim Crutchfield

States of States of Knowledge

Mixed State Presentations ... Example

Even Process A B1
2 |!

1
2 |!

1|!µ0(�) � ⇥ = (2/3, 1/3)

[23 !
1
3 ]

[12 !
1
2 ]

[1! 0] [0! 1]1
2 "

1
2 "

1"

1
3 "

1
4 "

2
3 "

3
4 "

21Thursday, April 25, 13

Mmsp

det(λI −W ) =
(λ− 1)(λ+ 1

2)(λ2 − 1
2) = 0

〈δπ| =
[
1 0 0 0

]
.

W =




0 2/3 1/3 0
3/4 0 1/4 0
0 0 1/2 1/2
0 0 1 0


 .

ΛW =
{

1,
√

2
2 , −

√
2

2 , −1
2

}

≈ {1, 0.707, −0.707, −0.5}
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λ 〈δπ|Wλ

1 [0 0 2
3

1
3 ]

√
2/2 [1

2

√
2

3
−2−

√
2

6
−
√

2−1
6 ]

−√2/2 [1
2

−
√

2
3

−2+
√

2
6

√
2−1
6 ]

−1/2 [0 0 0 0]

|H(WA)〉 =




log2(3)− 2/3
2− 3

4 log2(3)
1
0



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hµ(L) =
∑

λ∈ΛW

λL−1 〈δπ|Wλ |H(WA)〉〉

= 2
3 +

(√
2

2

)L−1 (
1
2 log2(3)−

√
2

4 log2(3)− 2
3 +

√
2

2

)

+
(
−
√

2
2

)L−1 (
1
2 log2(3) +

√
2

4 log2(3)− 2
3 −

√
2

2

)

=





2
3 +

(√
2

2

)L−1 (
−
√

2
2 log2(3) +

√
2
)

for even L

2
3 +

(√
2

2

)L−1 (
log2(3)− 4

3

)
for odd L
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W� via:

W� =
Y

⇣2⇤W
⇣ 6=�

W � ⇣I

�� ⇣
,

obtaining:

W1 =

2
664

0 0 1/(2 � p) (1 � p)/(2 � p)

0 0 1/(2 � p) (1 � p)/(2 � p)

0 0 1/(2 � p) (1 � p)/(2 � p)

0 0 1/(2 � p) (1 � p)/(2 � p)

3
775 ,

Wp
1�p =

2
6664

1
2

p
1�p

2�p � 1+
p

1�p
4�2p � (1�p)+

p
1�p

4�2p
(2+p)
4
p

1�p
1
2 � (1�p)+

p
1�p

4�4p � 1+
p

1�p
4

0 0 0 0

0 0 0 0

3
7775 ,

W�p
1�p =

2
6664

1
2 �

p
1�p

2�p � 1�p
1�p

4�2p � (1�p)�p
1�p

4�2p

� (2+p)
4
p

1�p
1
2 � (1�p)�p

1�p
4�4p � 1�p

1�p
4

0 0 0 0

0 0 0 0

3
7775 ,

and

Wp�1 =

2
664

0 0 0 0

0 0 �p/(4 � 2p) p/(4 � 2p)

0 0 (1 � p)/(2 � p) �(1 � p)/(2 � p)

0 0 �1/(2 � p) 1/(2 � p)

3
775 .

Note that W1 = |1i h⇡W |, which is always the case for an

ergodic process.

We construct h�⇡| by placing all of the initial mass at

Mmsp’s start state, representing the stationary distribu-

tion ⇡ over the original presentation M:

h�⇡| =
⇥
1 0 0 0

⇤
.

Table I collects together the spectral quantities of W

necessary for the exact calculation of the various com-

plexity measures.

Di↵erent measures of complexity track the evolution of

di↵erent types of information in (or about) the system.

The entropy of transitioning from the various states of

uncertainty is given by the ket |H(WA)i, whereas the

internal entropy of the states of uncertainty themselves

is given by the ket |H[⌘]i. From the labeled transition

matrices of the mixed state presentation, we find:

|H(WA)i =

2
664

H2(
p

2�p )

H2(
p
2 )

H2(p)

0

3
775 ,

where H2(q) is the binary entropy function: H2(q) ⌘

� h�⇡| W�

1
h
0 0 1

2�p
1�p
2�p

i

p
1 � p

h
1
2

p
1�p

2�p � 1+
p

1�p
4�2p � (1�p)+

p
1�p

4�2p

i

�p
1 � p

h
1
2

�p
1�p

2�p � 1�p
1�p

4�2p � (1�p)�p
1�p

4�2p

i

p � 1
⇥
0 0 0 0

⇤

TABLE I. Useful spectral quantities for the Even Process.

�q log2(q) � (1 � q) log2(1 � q). And from the mixed

states themselves,

X

⌘2R
⌘ |�⌘i =

2
664

( 1
2�p , 1�p

2�p )

( 1
2 , 1

2 )

(1 , 0)

(0 , 1)

3
775 ,

we have

|H[⌘]i =

2
664

H2(
1

2�p )

1

0

0

3
775 .
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L
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(
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i
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s
)

hµ(L)

hµ

FIG. 3. The entropy-rate convergence hµ(L) for the
parametrized Even Process as a function of L > 0 for p = 1/2,
imposing the boundary condition that hµ(0) = 1.

Hence, for the finite-L entropy rate convergence we
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Complexity Measures for Diagonalizable W

Excess Entropy

For diagonalizable W ,

E ≡
∞∑

L=1

[hµ(L)− hµ]

=

∞∑

L=1

∑

λ∈ΛW
|λ|<1

λL−1 〈δπ|Wλ |H(WA)〉

=
∑

λ∈ΛW
|λ|<1

〈δπ|Wλ |H(WA)〉
∞∑

L=1

λL−1

︸ ︷︷ ︸
=
∑∞
L=0 λ

L= 1
1−λ

=
∑

λ∈ΛW
|λ|<1

1

1− λ 〈δπ|Wλ |H(WA)〉
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Alternatively, for any non-diagonalizable W ,

E ≡
∞∑
L=1

[
hµ(L)− hµ

]
=
∞∑
L=1

[
〈δπ|WL−1 |H(W

A
)〉 − 〈δπ|W1 |H(W

A
)〉
]

=
∞∑
L=0

[
〈δπ|WL |H(W

A
)〉 − 〈δπ|W1 |H(W

A
)〉
]

=
∞∑
L=0

〈δπ|
[
(W −W1︸ ︷︷ ︸
≡Q

)
L − δL,0W1

]
|H(W

A
)〉

= − 〈δπ|W1 |H(W
A

)〉︸ ︷︷ ︸
=〈πW |H(WA)〉=hµ

+
∞∑
L=0

〈δπ|QL︸ ︷︷ ︸
=〈δπ|QL

|H(W
A

)〉

= 〈δπ|
( ∞∑
L=0

QL
)
|H(W

A
)〉 − hµ

= 〈δπ| (I −Q)
−1 |H(W

A
)〉 − hµ

= 〈δπ| (I −Q)
−1 |H(W

A
)〉 − hµ .
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Complexity Measures in General

Similar statements result for all of the familiar complexity
measures; T, S, and so on.
Interestingly, they all appear more alike than ever, yielding new
insight for how they are all related. E.g.:

E = 〈δπ| (I −Q)−1 |H(WA)〉 − hµ,

S = 〈δπ| (I −Q)−1 |H[η]〉 − H,

and

T = 〈δπ| (I −Q)−2 |H(WA)〉 − hµ.
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Complexity Measures Anew: Complexity Spectra

E(ω) ≡ Re 〈δπ| (eiωI −Q)−1 |H(WA)〉 − hµ

�⇡ �⇡/2 0 ⇡/2 ⇡

!

�1.5

�1.0

�0.5

0.0

0.5

1.0

B
it

s

Excess Entropy Spectrum of Even Process
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Complexity Measures in General

Thank you!

Exact Complexity: The Spectral Decomposition of Intrinsic Computation
Paul M. Riechers, Christopher J. Ellison, and James P. Crutchfield

Complexity Sciences Center

Abstract

We give exact formulae for a wide family of complexity measures that capture the organization
of hidden nonlinear processes. Spectral decomposition of operator-valued functions leads to
closed-form expressions involving the full eigenvalue spectrum of the mixed-state presentation
of a process’s ✏-machine causal-state dynamic. Measures include correlation functions, power
spectra, past-future mutual information, transient and synchronization informations, and many
others. As a result, a direct and complete analysis of intrinsic computation is now available
for the temporal organization of finitary hidden Markov models and nonlinear dynamical sys-
tems with generating partitions and for the spatial organization in one-dimensional systems,
including spin systems, cellular automata, and complex materials via chaotic crystallography.

Unifilar Hidden Markov Model Presentations of a Process
A hidden Markov model (HMM) M = (A, S, TA) consists of a finite alphabet A, an ordered set of hidden
states S, and a set of |S|-by-|S| labeled sub-stochastic labeled transition matrices TA = {T (x) : x 2 A} which
yield a stochastic symbol-agnostic state-to-state transition matrix T =

P
x2A T (x).

A HMM M together with an initial distribution µ0 over S generates a one-sided process P ⇠ (A, S, TA, µ0).

A unifilar HMM (uHMM) has at most one outgoing edge for each symbol from each state.

The ✏-machine is the unique minimal unifilar presentation of a process.

Mixed State Presentations

A uHMM MMSP = (A, R, W A) whose states
R are observation-induced distributions over the
states S of some other HMM presentation M.
Each ⌘ 2 R is called a mixed state. For our pur-
poses, we take the initial-distribution over R to
be �⇡: peaked at the mixed state corresponding
to the stationary distribution ⇡ over M. W =P

x2A W (x).

E.g., The mixed-state presentation Mmsp of the symbolic

dynamics of the Tent Map at a Misiurewicz parameter:

⌘�

⌘0

⌘01

⌘011

⌘1

⌘11

A
⌘00

B
⌘001

C
⌘10

D
⌘101

a(a+2)(a+3)
3a3+14a2+14a+2

|0 (2a+1)(a2+4a+2)
3a3+14a2+14a+2

|1

a+2
a+3 |1

1
a+3 |0 1

2 |1

1
2 |0

a
a+1 |1

1
a+1 |0

h·i |1

1 � h·i |0

a3+6a2+4a+4
2(a3+5a2+4a+2)

|1

a(a+2)2

2(a3+5a2+4a+2)
|0

1|1 a
2(a+1) |1

a+2
2(a+1) |0

1
a+2 |0 a+1

a+2 |1

a(a+2)
2(a+1)2

|0

a2+2a+2
2(a+1)2

|1

.
.
.

A

B

C D1|1 a
2(a+1) |1

a+2
2(a+1) |0

1
a+2 |0 a+1

a+2 |1

a(a+2)
2(a+1)2

|0

a2+2a+2
2(a+1)2

|1

2

Meromorphic Functional Calculus
Any function f (z) 2 C that is meromorphic at the spectrum of a finite-dimensional matrix A can be extended to
the matrix-valued domain via:

f (A) =
X

�2⇤A

(
A�

✓
1

2⇡i

I

C�

f (z)

z � �
dz

◆
+

⌫��1X

m=1

A�

�
A � �I

�m
✓

1

2⇡i

I

C�

f (z)

(z � �)m+1
dz

◆)
, where:

The spectrum ⇤A of a finite-dimensional matrix A is just its set of eigenvalues:

⇤A = {� 2 C : det(�I � A) = 0}.

The projection operators {A�} of A are the residues of the resolvent of A about each eigenvalue:

A� =
1

2⇡i

I

C�

(zI � A)�1 dz.

The index ⌫� of the eigenvalue � is the size of the largest Jordan block associated with �.

Example: Decomposition of Powers of a Matrix
For L 2 C and any finite-dimensional matrix A:

AL =
X

�2⇤A
� 6=0

�LA�

(
I +

⌫��1X

m=1

1

m!

�(L + 1)

�(L � m + 1)

�
��1A � I

�m
)

+ [0 2 ⇤A]

(
�L,0A0 +

⌫0�1X

m=1

�L,mA0A
m

)
.

Example: Negative Power of a Non-Invertible Matrix
Since W is a stochastic matrix (and hence 1 2 ⇤W with ⌫1 = 1), I � W is non-invertible. Nevertheless, the
negative power of I � W exists via the MF calculus and turns out to be equal to the Drazin inverse of I � W :

(I � W )D = (I � W )�1 =
X

�2⇤W\{1}

(
1

1 � �
W� +

⌫��1X

m=1

1

(1 � �)m+1
W�

�
W � �I

�m
)

.

Complexity Measures of a Process

Some Finite-Length Measures

Correlation functions
The autocorrelation function is a proxy for the range
of pairwise dependencies. The autocorrelation function
�(L) can be obtained from the transition dynamic of any
presentation of a process:

�(L) = hXNXN+LiN
= h⇡|

⇣X

x2A
xT (x)

⌘
TL�1

⇣X

x 02A
x 0T (x 0)

⌘
|1i .

The decomposition of TL�1 can then be used to express
�(L) simply in terms of the sum of decaying scalar eigen-
contributions.
For a process with a single attractor, the asymptotic
behavior of the correlation functions is due to index-
one eigenvalues of T that lie on the unit circle. For an
ergodic process, T1 = |1i h⇡|.

Entropy-Rate Approximates
The entropy-rate approximates measure the e↵ective
randomness of a process given only up-to length-L statis-
tics. The entropy-rate approximates hµ(L) can be ob-
tained via the MSP of any presentation:

hµ(L) = H [XL�1|X0:L�1, µ0 = ⇡]

= h�⇡| W L�1 |H(W A)i
For a diagonalizable mixed-state-to-state transition ma-

trix, this simply reduces to:

hµ(L) =
X

�2⇤W

�L�1 h�⇡| W� |H(W A)i .

For an ergodic process, the asymptotic entropy-rate is:

hµ = h⇡W |H(W A)i .

Presentation-State Uncertainty
The causal-state uncertainty e↵ectively measures the
di�culty of synchronizing to a known process. The ex-
pected causal-state uncertainty H(L) can be obtained
via the MSP of the ✏-machine:

H(L) = �
X

w2AL

P(w)
X

�2S
P(�|w) log2 P(�|w)

= h�⇡| W L |H[⌘]i
For a diagonalizable mixed-state-to-state transition ma-
trix, this simply reduces to:

H(L) =
X

�2⇤W

�L h�⇡| W� |H[⌘]i .

For an ergodic process, the asymptotic presentation-
state uncertainty is:

H = h⇡W |H[⌘]i .

Power Spectra, Past–Future Mutual Information, and Synchronization Information

Power Spectra
The continuous part of the power spectrum of a process
is

Pc(!) = lim
N!1

1

N

*���
NX

n=1

Xne
�i!n

���
2
+

= lim
N!1

1

N

NX

L=�N

(N � |L|)�(L)e�i!L

= h⇡|
⇣X

x2A
|x|2T (x)

⌘
|1i + 2Re

⇢
h⇡|
⇣X

x2A
xT (x)

⌘

⇥ (ei!I � T )�1
⇣X

x 02A
x 0T (x 0)

⌘
|1i
�

.

Excess Entropy
The past–future mutual information or Excess Entropy
E is:

E = I[X�1:0; X0:1]

=
1X

L=1

[hµ(L) � hµ]

= h�⇡| (I � W + |1i h⇡W |)�1 |H(W A)i � hµ

= h�⇡| (I � W )D |H(W A)i .

Moreover, if W is diagonalizable:

E =
X

�2⇤W
|�|<1

1

1 � �
h�⇡| W� |H(W A)i .

Synchronization Information
The modified Synchronization Information S0 is:

S0 =
1X

L=0

[H(L) � H]

= h�⇡| (I � W + |1i h⇡W |)�1 |H[⌘]i � H
= h�⇡| (I � W )D |H[⌘]i .

Moreover, if W is diagonalizable:

S0 =
X

�2⇤W
|�|<1

1

1 � �
h�⇡| W� |H[⌘]i .

Example: Complexity Measures for a Prototypic Sofic System: The Even Process
M = (A = {⇤,4}, S = {A, B}, TA).

A B1
2 |

1
2 |

1|

For ⇤ = 0 and 4 = 1, we find the continuous part

of the power spectrum to be:

Pc(!) = 1
3

�
1 � 1

5+4 cos!

�
.

0

0.05

0.1

0.15

0.2

0.25

0.3

Power spectrum for Even Process

�

f
c
(�

)

−! −!/2 0 !/2 !

MMSP = (A = {⇤,4}, R, W A), with
R = {(2

3,
1
3), (1

2,
1
2), (1, 0), (0, 1)}.
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States of States of Knowledge

Mixed State Presentations ... Example

Even Process A B1
2 |⇤

1
2 |4

1|4µ0(�) � � = (2/3, 1/3)
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3 ]
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2 ]
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1
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1
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3
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W =
P

x2A W (x) =

2
664

0 2/3 1/3 0
3/4 0 1/4 0
0 0 1/2 1/2

0 0 1 0

3
775

Solving det(�I � W ) = 0 gives W ’s eigenvalues:

⇤W =
n

1,
p

2
2 , �

p
2

2 , �1
2

o
.

H(L) =

8
><
>:

(log2(3) � 2/3)
⇣p

2
2

⌘L
for even L

2
p

2
3

⇣p
2

2

⌘L
for odd L

.

hµ(L) =

8
><
>:

2
3 +
⇣p

2
2

⌘L�1 ⇣
�

p
2

2 log2(3) +
p

2
⌘

for even L

2
3 +
⇣p

2
2

⌘L�1 �
log2(3) � 4

3

�
for odd L

.

hµ = 2/3 bits per step,

Cµ = log2(3) � 2
3 bits,

E = log2(3) � 2
3 bits,

T = 2 log2(3) bits-symbols,

S = 2 log2(3) bits.
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Summary of hµ(L) Manipulation

In short:

hµ(L) = H(L)−H(L− 1)

= H[XL−1|X0:L−1]

= H
[
XL−1|

(
RL−1|R0 = π

)]

= 〈δπ|WL−1 |H(WA)〉 ,

where
|H(WA)〉 = −∑η∈R |δη〉

∑
x∈A 〈δη|W (x) |1〉 log2 〈δη|W (x) |1〉.

hµ(L) = 〈δπ|W1 |H(WA)〉+
∑

λ∈ΛW
|λ|<1

λL−1 〈δπ|Wλ |H(WA)〉

for diagonalizable W .
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